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Abstract

This paper describes a semartic connection betweenthe symbolic trajectory
evaluation model-cheding algorithm and relational veri cation in higher-order
logic. We prove a theorem that translates correctnessresults from trajectory
ewvaluation over a four-valued lattice into a shallov embedding of temporal
operators over Booleanstreams. This translation connectsthe specializedworld
of trajectory evaluation to a general-purposelogic and provides the semariic
basisfor connecting additional decisionproceduresand model cheders.
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1 Intro duction

The well-known limits to BDD-based model-cheking techniqueshave motivated a great
deal of interest in combining model-chedking with theorem proving [3, 12, 10, 6]. The
foundation of any sud hybrid veri cation approad is a semaric connectionbetweenthe
logic of properties in the model chedker and the logic of the theorem prover. Symbolic
trajectory evaluation [17] is a highly e ective model cheder for datapath veri cation. It
has beenconbined with theorem proving and the combination has beenusede ectiv ely
on complex industrial circuits [1, 13. But two of the featuresthat make trajectory
ewvaluation so e ective asa model cheder createdi culties or limitations in the theorem
proving domain. Trajectory evaluation's temporal logic haslimited expressabiliy, and it
operatesover a lattice of valuescortaining notions of cortradiction (>) and unknown (X).

In this paper, we establisha sematrtic link from symbolic trajectory evaluation (STE)
to higher-orderlogic (HOL). This link allows trajectory evaluation to be usedas a deci-
sion procedurewithout encunbering the theorem proving world with the complications
and limitations of trajectory ewaluation. The trajectory evaluation temporal operators
are de ned in a shallov embedding of predicatesover streamsand the lattice domain is
converted to simple Booleans. This translatestrajectory evaluation resultsinto the con-
vertional ‘relations-over-Boolean-streamsapproad to hardware modelingin higher-order
logic [7].

We beliewe that the relational world is the right domain for connectingmodel ched-
ing engines. Each model chedking algorithm typically hasits own temporal logic. By
translating results into higher-orderlogic, the vestigesof the individual model cheders
are removed, allowing the full power of general-purpsetheorem proving to be brought
to bear.

To give some intuition about the two worlds we reasonabout and the connection
betweenthem, considerthe nand-dela y circuit in Figure 1.

Figure 1: Simple examplecircuit nand-dela y

We will usethis circuit asa running examplethroughout this paper. In this example,for
simplicity, we considerthe nand gate to be zerodelay. Trajectory evaluation typically
usesa more detailed timing model of circuits.

Figure 2 presens simple correctnessstatemeris for both the trajectory evaluation
and relational styles. Trajectory evaluation is basedon symbolic simulation. Correctness
statemerts are of the form ¢ [ant == cons], where== is similar, but not idertical to,
implication (details are givenin Section2). The antecedent ant givesan initial state and
input stimuli to the circuit ckt, while the conseuentcons speci es the desiredresponseof

YIn the rest of the paper we will take the phrase “relational' style to mean “relations over Boolean
streams' with a shallow embedding of temporal operators as predicates.
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Figure 2: Example stream and trajectory evaluation veri cations

the circuit. Circuits are black boxes|their implemertations are not user-visible. Circuit
nodesare namedby strings. In the example,the anteceden drivesthe nodes\i" and\ 0"
with the Booleanvariablesb, and b, at the initial step of the veri cation. The consequen
says that at the next time step the node\ 0" hasthe value: (b * b).

In relational veri cation, correctnessstatemerts are of the form ckt i 0=) speci o,
where=) is true implication. Signals(e.g.i, m, and 0) are modelled by streams which
are functions from time to values. Both the circuit and the speci cation are relations
over thesein nite streams. A streamsatis es a circuit if it is a seriesof valuesthat could
be obsened on the correspnding signalsin the circuit. The correctnesscriterion for the
examplesays that if the streamsi and o satisfy the circuit model, then they must conform
to the speci cation.

At a very cursory level, a mapping from the trajectory ewvaluation result in Figure 2 to
the relational world would result in:

8i; o: 8t:
((it)=b) " ((ot) =b) " (ckti o)
=)
(o(t+1)=:(b" k)
Substituting for by and b, throughout the expressiongives:
8i;0:8t:cktio =) (o(t+1)=:((it)" (ot))

Tednically, this descriptionis not quite correct, but it doesgive the intuition behind our
result that correctnessstatemerts in trajectory evaluation imply relational correctness
statemens. Section5 shows the actual results for the nand-dela y circuit. The di cul-
ties arisein details such astranslation betweendi erent semaric domains(e.g. Boolean
and lattice valued streams)and the treatment of free variablesin trajectory formulas.

Our main result is a formal translation from trajectory evaluation's temporal operators
over lattices to a shallov embedding of the temporal operators over Booleanstreams. We
prove that any result veried by the trajectory ewaluation algorithm will hold in the
relational world. This allows trajectory evaluation to be usedas a decisionprocedurein
a theoremprover without changingthe relational style of veri cation usedin the theorem
prover.



It isinterestingto note that our result is an implication, not an if-and-only-if'; that is,
we do not guararteethat every statemern provablein the relational world will alsohold in
trajectory evaluation. The problem stemsfrom the di erencesin how the relational world
and the trajectory evaluation world handle cortradictions in the circuit and anteceden.
Joyceand Segemave an extra constrairt ontrajectory evaluation that canbe usedto prove
an if-and-only-if relationship [11]. The constraint requiresreasoningabout cortradictions
and top values. Becausewe usetrajectory evaluation asa decisionprocedure,we are able
to avoid the burden of reasoningabout cortradictions.

1.1 Organization of the Paper

Figure 3 is a roadmap of the paper. Section2 beginswith a presenation of trajectory
assertions,the speci cations for symbolic trajectory evaluation, over the standard four-
valued lattice. Our translation then follows two major steps: from the four-valued lattice
to Booleans,and then from meta-logical Booleansto a shallov enbedding of trajectory
formulasin higher order logic.

In Section 3 we introduce our de nition of trajectory assertionsover Booleansand
prove that a trajectory assertionover lattice-valued streamsimplies the sameresult over
Boolean-\alued streams. The proof that relates trajectory assertionsover lattices to
trajectory assertionsover Booleansis a meta-logicalproof about the semartics of the two
languagesand links the free (Boolean) variablesthat appearin theseassertions.

Voss impl
of STE

(Sect 6)

STE algorithm

(Seger FMSD 95:{]: Thm 1

STE correctness
(lattice, meta)

(Sect 2) K\ >

(Sect 3.2)U Thm 2 /

STE correctness Thm3  STE correctness Thm4  STE correctness
(Bool, meta) ——>  (Bool, shallow) <> (Bool, deep)

(Sect3.2) (Sect4.1) (Sect4.1) (Sect4.2) (Sect 4.2)

Figure 3: Roadmapof the paper



In Section 4.1, we then prove that a shallov enbedding of trajectory formulas as
relations over streamsfollows in higher order logic from an STE result in lattice-valued
trajectory logic. Finally, in Section4.2, we transfer our resultsto a deepenbedding.

1.2 Related Work

An early experimert in conbining model cheking and theoremproving wasthe HOL-Voss
System[11]. Within HOL [7], Joyce and Segermroved the correspndencebetweena deep
embedding of the Voss[8] "5-tuple’ implemertation of trajectory assertions(seeSection6)
and a simple speci cation languagethat wasdeeplyembeddedin HOL. This allowedthem
to useVossas an external decisionprocedurefor HOL. Our work focuseson the logical
corntent of trajectory assertionsjndepender of any particular implemertation (e.g.Voss),
and connectsthis to a shallov embedding of temporal operatorsin higher-orderlogic.

The modal mu-calculushas beenembeddedin HOL [2] and in PVS [16]. In the PVS
work, Rajan et al implemerted a shallov embedding upon which they de ned the 8CTL
temporal logic. They connecteda mu-calculus model cheder and veri ed a number of
abstraction opertations. It shouldbe possibleto translate a subsetof the 8CTL formulas
into predicatesover Boolean streams, but given the complexity of 8CTL , it is di cult
to estimate the feasibility of this approad.

Chou has given a set-theoretic semarics of trajectory evaluation, focusingon exten-
sionsto the basicalgorithm [5]. Our work translatestrajectory evaluation resultsinto a
form that can be seamlesslyintegrated with current practice in higher-order-logictheo-
rem proving. It would be interesting to explore connectionsbetweenthe work presened
here and Chou's, to nd a seamlessonnectionfrom extendedtrajectory evaluation to
theorem-proving in higher-orderlogic.

2 Symbolic Trajectory Evaluation

This section presens the logic of trajectory assertions. Our results are meta-logical,
but for conveniencewe usea bold face logical-style notation to state our results. Our
presenation of trajectory evaluation hasthree parts. After a few preliminary de nitions,
we proceedto descrikethe four-valuedlattice in Section2.1. Section2.2then overviewsthe
circuit model usedin trajectory evaluation. Finally, Section2.3 descrikesthe speci cation
logic of trajectory evaluation.

First, somepreliminaries. We supposethere is a setof nodes naming obsenable points
in circuits. A stream is a function from natural numbersrepreseting time to data values
in the stream. A sgjuene takesa node and returns the stream for that node. A stateis
a mapping from nodesto values:

t

stream e N
type

sequence 2° node!  stream
t

state 2° node!



We typically use for sequencesnd s for states. Two corveniert sequenceoperations
are taking the su x and transposinga sequencesothat it is a stream of states:

 not o ( n(t+i)

i
transpose: T = t n: ( nt)
T

( state ) stream

Su X:

o
=

2.1 The Four Valued Lattice

In this paper, the only lattice we useis the four-valued lattice shovn below. The theory
of trajectory evaluation works equally well over all complete lattices. But this lattice
simpli es the presertation andis the lattice usedby the Vossimplemertation of trajectory
evaluation [8]. Our mathematical developmen alsois basedon this lattice|generalizing

our results would be of theoretical interest, but not of immediate practical bene t.

l/T\O
N

The ordering over lattice valuesshonvn above de nes the ordering relation v , which we
lift pointwise and overload over streamsand states.

We inject the set of Booleanvaluesto lattice valueswith the post x operator # (read
“drop’, De nition 1), which mapsthe BooleanvaluesT and F to their courterparts in the
lattice. Drop is lifted pointwiseto states,to sequencesand to state streams.

De nition 1 Droppingfrom Boolean to lattice values.

f

o
llo

f

o
o

F# 0
T# 1

2.2 Circuit Mo dels

In our description of circuit modelswe referto Table 1, which givesthe lattice transition
function for the examplenand-dela y circuit. In trajectory evaluation, the circuit model
Is given by a next state function Y that takesa circuit and mapsstatesto states:

Y :ckt! Ilattice state ! Ilattice state

A lattice state is an assignmen to circuit nodes of valuesdrawn from the four valued
lattice. The rst argumert to Y iderti es the particular circuit of interest, and for the
presen purposesmay be regardedas an uninterpreted constart. Intuitiv ely, the next
state function expresses constrairt on the set of possiblestatesinto which the circuit
may go for any given state. Supposethe circuit is in state s, then Y (s) will give the least
speci ed state the systemcan transition to. Here, ‘leastspeci ed' meansthat if a node
can take on both 1 and O valuesin the next state, then Y (s) will assignthe value X to
that node.



h i o ilhi% o i

00 X 1

0 1 X 1

0 X X 1 o caninitially be X, and o°is still de ned
1 0 X 1

11 X 0

1 X X X a®is unknown, becauseo is unknown

X 0 X 1 i caninitially be X, and od°is still de ned
X 1 X X o%is unknown, becausé is unknown

X X X X

Table 1: Lattice transition function for nand-dela y circuit

A critical requiremen for trajectory evaluation is that the next-state function be mono-
tonic, which is captured in Axiom 1.

Axiom 1 Monotonicity of Y.

For all s;s% (sv s9 implies (Ysv Ys9

Monotonicity canbe seenin the nand-dela y circuit by comparinga transition in which
oneof the current state variables(e.g.0) is X with a transition in which o is either O or 1.
A bit of the algorithmic e ciency of trajectory evaluation is illustrated here. The initial
value for someof the circuit nodescan be X and a meaningful result can still be veri ed.
In this way, the lattice often allows trajectory evaluation to prove resultswith fewer BDD
variablesthan would otherwisebe needed.

A sequence is said to be in the languageof a circuit (De nition 2) if the set of
behaviors that the sequenceencalesis a subsetof the behaviors that the circuit can
exhibit. This meansthat the result of applying Y to any elemen of the state stream T
is no more speci ed (with respect to the v ordering) than the succeedingelemen of .

De nition 2 Seuene is in the languageof a circuit.

ef

2Lckt € Forallt O (Y ckt( Tt) v (T (t+ 1)

2.3 Trajectory Evaluation Logic

Trajectory evaluation correctnessstatemernts (known astrajectory assertiong are written
Foc[ant == cong]

where ant and cons are trajectory formulas. The intuition is that the anteceden ant
provides stimuli to nodes in the circuit and the consequeh cons speci es the values
expected on nodes in the circuit. Before further describing trajectory assertions,we
de ne trajectory formulas (De nition 3) and what it meansfor a sequenceo satisfy a
trajectory formula (De nition 5).

10



De nition 3 Trajectory formulas.

o

f % niso // n hasvalue0

j nisl /[ n hasvalue 1

j fpandf, /I conjunction of formulas

j f wheng /I T is assertedonly wheng is true
j Nf /I f holdsin the next time step

wheref ;f 1; f, rangeover formulas; n rangesover the node namesof the circuit;
and g is a Boolean expressioncommonly called a guard.

Trajectory formulas are guardedexpressionsie ning valueson nodesin the sequence.
Guards may cortain free variables. In fact, guardsare the only placethat free variables
are allowed in the primitiv e de nition of trajectory formulas. But the following Syntactic
sugarfor is allows variablesto appearin the value eld aswell:

De nition 4 Boolean values.
nisb € ((nis1) whenb) and((n is0) when: b)
wheren rangesover node namesand b is a Booleanvariable.

The useof this abbreviation is illustrated in Figure 2 and Section5.

De nition 5 descriteswhen a sequence satis es a trajectory formula f . Satisfaction
is de ned with respectto an assignmeh of Booleanvaluesto the variablesthat appear
in the guardsof the formula.

De nition 5 Seuene satis es a trajectory formula.

o
o
.

;) e (Nis0) now 0
. ) E. (nis1) e now 1

o
o
e,

(5 ) Fe fo) and (( ) Fe f2)
;) Ee (f wheng) ( F9) implies ((; )E:f)
;) Fe (NF) (0 DRt

where [ g meansthat the assignmehthat makesto the free variablesin
g rendersg true.

o
o
.

(
(
(; ) e (frandfy)
(
(

o
o
o

We now have su cient notation to de ne a trajectory assertion (De nition 6). In
trajectory evaluation, correctnesscriteria are formulated astrajectory assertions.
De nition 6 Trajectory assertion.

Foclant == cong] &

For all :( 2L ckt)implies ((; )k ant)implies ((; ) . cons)

The fundamerntal theorem of trajectory evaluation [17] says the trajectory ewvaluation
algorithm (STEckt ant cons) computesthe Boolean condition e on the free variables

11



in ant and cons if and only if any assignmeh satisfying e also provesthe trajectory
assertion fFq[ant == cons] (Theorem 1).

Theorem 1 Correctnessof STE algorithm.
For all circuits ckt, antecedents ant, and conseuene@s cons, the im-
plementation of the STE algorithm returns the value e (that is, e =
STEckt ant cons) if and only if:

For all : F eimplies [Eq[ant == coong]

3 Trajectory Logic over Boolean Streams

In this sectionwe give a de nition of trajectory logic over Boolean streams(as opposed
to the standard lattice-valued streamsin Section2) and prove that trajectory evaluation
results that hold over the four valued lattice also hold over Boolean streams. Boolean
iderti ers (e.g. next-state relations, sequencesand languages)will be distinguishedfrom

their lattice valued courterparts by marking them with a , asin Y, ,andL.

3.1 Denitions and Axioms

In the Booleanworld, circuit behavior is modeledas a relation betweencurrent and next
states. In cortrast, circuit behavior in trajectory evaluation is modeled as a next state
function. The Booleannext state relation, denotedY , hasthe type:

Y ::ckt! bool state ! bool state ! bool

We write Y ckt asan in x operator, asin s (Y ckt) s°

As a concreteexample,the next state relation for the nand-dela y circuit of Figure 1
is de ned by Table 2, where the vectors hi; oi and %03 denote the current and next
states of the input and output. Note that the non-determinismthat was represeted by
Xsin'Y (Table1) appearsas multiple next stateswith the samecurrent state in Table 2.

hi;oilhi%; i
F F F T
F F T T
F T F T
F T T T
T F F T
T F T T
T T F F
T T F T

Table 2: Booleannext-state relation for nand-dela y

Given a circuit's next state relation Y, we sa that a Boolean sequence is in the
languageof the circuit when consecutie statesin the state stream ' areincludedin the
next-state relation (De nition 7).

12



De nition 7 Boolean sequene is in the languageof a circuit.

2Lckt® Forallt 0 ( Tt)(Y ckt) ( T(t+ 1))

Wenow de ne whenaBooleansequence satis esatrajectory formulaf (De nition 8).
The only distinction betweenj= and satisfaction over lattice sequencegfz,) is that for
the formulas (n isO) and (n is1), satisfactionis de ned in terms of valuesin the Boolean
domain rather than the lattice domain.

De nition 8 Boolean sequene satis es a trajectory formula.

(; ) F (nis0)  (no=F

(; YE(Misy % (no=T

(; )E (frandfy) = ((; )Ef) and ((; )Ef2)
(; )F (fwheng) & ( F g)implies ((; )Ff)
(; YE(NT) L GODET

3.2 Correctness of Boolean Valued Trajectory Evaluation

To link the worlds of lattice and Booleanbasedtrajectory evaluation, we require that the
two models of the circuit behavior (Y and Y) descrike the samebehavior. Axiom 2 says
that if two Boolean states s and s° satisfy the next-state relation Y, then the result of
applying the next-state function Y to the dropped versionsof s resultsin a state that is
no higher in the lattice than s% (Y is aternary extensionof Y).

Axiom 2 Relating the next-state relation and
the next-statefunction.

For all ckt; s; s®
s (Y ckt) s? implies (Y ckt (s#)) v (s¥)

Figure 4: lllustration of Axiom 2

Axiom 2, which is illustrated in Figure 4, says that any Boolean next state possiblein
the relational model is consisten with the next state in the lattice-valued model. It also
constrainsY ckt to yield falsewheneer it is appliedto two statess; s°that areinconsistert
with Y ckt (e.g. unreadable states). Inconsistencyis manifestedby Y ckt s giving the
lattice value > (top).

Theorem?2 makesthe connectionbetweentra jectory assertionsover lattice “values'and
Booleantrajectory assertions.If a trajectory assertionholds over lattice-valued streams,
then the sameanteceden leadsto the sameconsequenover Boolean-waluedstreams. This
is the crux of connectionfrom the lattice world to the Booleanworld.

13



Theorem 2 Translatetrajectory logic from lattice to Boolean sequenes.

For all ckt;ant; cons:

For all ;
2 L ckt implies
Forall t O: ((; ) E.ant)implies ((; ). cons)
implies
For all ;
2 L ckt implies

Forallt O (; () Fant implies (; {)fF cons

The proof of Theorem 2 relies on the two simple lemmas given below. The rst,
Lemmal, says that if a Booleansequence is in the Booleanlanguageof a circuit then
the dropped version # is in the lattice-valued languageof the circuit. The proof of
Lemmal is done by unfolding the de nition of 2 L and using Axiom 2.

Lemma 1 Relationship between Boolean and ternary sequenes.

For all : 2 Lckti #2 L ckt

Pro of;

2 L ckt

I fDenition 7(2 L)g

8t: ( T(t) (Yckt) ( T(t+ 1))
I fAxiom 2 (relating Y;Y)g

8t: (Yckt (( "(t)#) v (T (t+ 1)#
i fDenition 1 (drop)g

8t: (Yckt ( "#(t) v ( "#(t+ 1)
I fDenition 2 (2 L)g

#2 L ckt

End of proof (Lemma 1).

Lemma 2 relates satisfaction over Boolean sequencedo satisfaction over lattice-valued
sequenceslts proof is by induction over the structure of trajectory formulas, unfolding
the de nitions of F and j5., and employing properties of the drop operator.

Lemma 2 Satisfaction over Boolean and ternary sequenes.

Forall ;f; :(; YFf i (; #Bif

Pro of: The proof proceedsby induction over the structure of the trajectory formula f .

14



In the basecasewheref is 'nisO" we have, for arbitrary ;
(; )F(nisQ)
I fDenition 8 (F)g
( n0O=F
i fDe nition 1 (drop)g
( nO#=0
i fDe nition 1 (drop)g
( Hn0)=0
i fDenition 5 ()9
(i #) e (nisQ)
The proof for the casewhenf is nisl' is almostidenrtical.
There are three step casespnefor eat of and when and N. The casesare similar, so
we show only the casewhenf is f “wheng’, which is the most interesting of the three.
The induction hypothesisis

GOFfe 0 (G Ak
and the proof proceedsas follows:

(; ) F (f° wheng)
I fDenition 8 (F)g

( F o) implies ((; )Ff9
I fInduction hypothesig

( F o implies ((; #. 19
i fDenition 5 (5.)0

(; #) . (f°wheng)
End of proof (Lemma 2).

Theorem 2 follows by somesimple rst-order reasoningfrom theselemmas. We note
that Theorem 2 is an implication and not an if-and-only-if result. The reasonis that
Lemma2 is universally quarti ed over Booleansequencesnly, and doesnot relate satis-
faction by arbitrary lattice-valued sequenceto satisfactionby Booleanones. Considering
the casewherethe trajectory formula f cortains both nis1 and nisO illustrates why. No
Boolean sequencesatis es both nis1 and nis0, but a lattice-valued sequencan which

n 0= > would satisfy them both.

4 Trajectory Logic as Relations Over Streams

This sectionbeginswith a description of a shallov embedding of trajectory assertionsin
a higher-orderlogic® version of Booleansequenceslin the shallov embedding, trajectory
formulas are predicatesover Booleansequencedater, in Section4.2, we link the shallow
embedding with a deepembedding of trajectory formulas.

2This is not a medanizedimplemertation, but rather a paper description that could be implemented
in a higher-order logic proof system. In what follows, we therefore usethe term "HOL' to refer to higher
order logic generally.
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Although it is simpleto do, the decisionto dewelop both shallov and deepembeddings
was made for important reasons.While we much prefer the shallov embedding for rea-
soning about properties of circuits stated as trajectory assertions,the deep embedding
enablesreasoningabout trajectory logic itself (in particular, it allows quarti cation over
trajectory formulas). We considerboth activities important.

4.1 The Shallow Embedding

The focusof this paper is on the connectionfrom trajectory evaluation over lattice values
to relations over Boolean streams. Formalizing this connectionforcesus to reasonabout
three di erent worlds: trajectory assertionswith both lattice and Boolean values, and
higher-orderlogic. A completely formal represemation of theseworlds (in particular, the
semautics of higher-orderlogic [7]) and mappingsbetweenthem would obfuscatethe focus
of our work. To maintain focus, we glossover someof the semaric mappings between
thesedi erent worlds. In particular, we usethe samerepresemation of trajectory formulas
for both the metalogicalresults and a shallov embedding of trajectory formulasin logic.

Circuits are ordinarily represeted as relations over streamsin the relational style of
modelling; chedking that a sequences in the languageof a circuit is done by simply
applying the circuit relation to the sequence.n this work, however, we treat circuits as
uninterpreted and axiomatize the relationship betweencircuits in our shallov enbedding
and the languageof circuits over Booleansequences.

Axiom 3 Relating languagesn deep and shalow emleddings.

A sguene is in the languageof an emtedded, uninterpreted circuit
ckt ( in_lang ckt) if andonlyif 2 L(ckt).

This is an axiom, rather than a lemma, becausewve do not give interpretations of circuits.
Indeed, for much practical work we only require the ability to distinguish veri cation
results obtained on di erent circuits, and for this purposeit is su cient to leave circuits
uninterpreted. A complete implemertation of the work descrited here would need to
prove that the implemertation of circuits satis es Axiom 3.

De nition 9 presetts the trajectory formula type and the trajectory formula constructs
is , and, when and N for the shallov embeddingin a higher-orderlogic. In the shallov
embedding, a sequencesatis es a formula if applying it to the sequenceyields true.

De nition 9 Shalow emtedding in HOL of trajectory formulas in Boolean
streams.

traj _form fpe (bool sequence ! bool
nis 1 4 no=T

nis 0 e : nO0=F

frand f, % (fy ) (fo )
fwheng % :g=) ()

Nf S
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We are now in a position to use the results of the previous section to derive the
key relationship between the standard trajectory logic and our shallov embedding of
trajectory logic as predicatesover Boolean streamsin HOL (Theorem 3).

Theorem 3 Translate STE resultto shalow emhedding of Boolean streams.
For all circuits ckt, antecedents ant, and conseuenes cons, if an im-
plementation of the STE algorithm returns e:

e = STEckt ant cons

then the following is a true formula in HOL:

F, €=) 8 : in_angckt=) 8t O0:ant( ()=) cons( )

The occurrencesof ant and cons in the HOL formula refer, of course,to the shallow
embedding of the correspnding STE formulas.

Theorem 3 follows directly from the results of the previous sections(Theorems1 and
2), together with the following lemma concerningthe ability to “time shift' trajectory
ewvaluation results. Let N"f denotesn applications of the next-time temporal operator N
to the formula f . Then we have the following lemma.

Lemma 3 Trajectory evaluationtime shifting.
Foe[ant == cons] i (Forallt 0 Fe[Ncons== Nt'oons))

Pro of: For the "if' direction, note that N°f = f. The “only if' direction was proved by
Hazellurst and Segerin previouswork (Theorem111.2 of [9]).

End of proof (Lemma 3).

4.2 The Deep Embedding

We now overlay onto our previousresults a simple deepembedding of trajectory formu-
las in HOL. De nitions for the deepembedding of trajectory formulas and satisfaction
(is ;and, whenNand sat) are not shovn becausethey are direct implemertations of the
metalogicalpresertation in Section3. We simply idertify the deeplyembeddedoperators
by underlining them.

The following de nes a translation [ ] from deeply-entbeddedto shallovly-embedded
trajectory formulas.

De nition 10 Translation from deep to shalow emledding.

o
o
o,

[(nis_ 1)] nis 1
[(nis 0] % niso
[(frandf)] €' [filand[f.]
[(f wheng)] = [f Jwheng
[(NF)] ' ONIf]
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The core of the relationship betweentrajectory formulas in the deepand shallov em-
beddingsis capturedin Theorem4. The theoremsaysthat translating a deeplyembedded
formula f °to a shallov embeddingvia [ ] (De nition 10) resultsin a trajectory formula
that is satis ed by exactly the sameset of sequenceasf ° The proof is doneby induction
over the structure of trajectory formulas in the deepenmbedding.

Theorem 4 Translatetrajectory logic over Booleans in logic from desp to shal-
low emledding.

sf; (If1 )() ( satf)

We can usethis correspndenceto derive our nal result, Theoremb5, which says that
a trajectory evaluation result over Boolean streamsholds if and only if it holds in logic
using a deepembedding of trajectory formulas.

Theorem 5 Translate trajectory logic over Booleans to deep emledding in
higher-order logic.

For all circuits ckt, antecedentsant, and cons&uenes cons, if

For all
F eimplies
For all
F 2 L ckt implies
Foralt O (; () Fant implies (; ¢{)fFcons
then the following is a true formula in HOL:

o €7)
8 : in_lang ckt=) 8t 0: ( {sat ant) =) ( sat cons)

The theorem follows directly from Theorem 3 using Theorem 4. The occurrencesof ant
and cons in the HOL formula refer to the deep enbedding of the correspnding STE
formulas.

5 Simple Example Revisited

We now revisit the simple nand-dela y circuit rst introducedin Section1l. When we
introduced the circuit, we showved an intuitiv e, but not quite technically correct, trans-
lation from a standard trajectory assertionto a relations over Boolean streamsresult.
We now demonstrate how the semairtic link provided by our principal theorem (Theo-
rem 3) inducesa formally correctand intuitiv ely satisfying connectionbetweenuser-le\el
veri cations in trajectory evaluation and higher-orderlogic.
We begin with the trajectory formula that rst appearedin Figure 2.
i € i
el g
#

nand-dela y E'OIZ%Z)) and __ (N (ois: (b ™ b))
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Expanding with the de nition of ‘is (De nition 4) resultsin

(\i" is1whenby,) and(\i" isOwhen: b)) and
(\ 0" is1whenk,) and(\ 0" isOwhen: by)
nand-dela y F == D
(\ 0" islwhen: (b, * b)) and
(\o"isOwhen:: (b " b))

Running the STE algorithm establishesthat the nand-dela y circuit does satisfy the
speci cation, and indeedsatis es it for all valuations of the Booleanvariablesb, and b,.
By instantiating e with T in Theorem 3, we canjustify postulating the HOL axiom showvn
below:

8 : in_lang nand-dela y =)
8t O |
. (\i" islwhenb,) and(\i" isOwhen: by) and _
tF (0 islwhenby) and(\ o' isOwhen: b) )
. (\d"islwhen: (b, * b)) and
tF noisiwhen: (b~ b))

Unfolding the de nition of F (De nition 8) and performing someroutine simpli cation
resultsin

8 : in_lang nand-dela y =)
8t 0: I

N N N SNEO LRI CRN'S)

Becauseb, and b, are free variables, we can universally quartify over them, and then use
the equalitiesin the anteceden to substitute for b, and b, through the consequet This
nally leavesuswith the result we had hoped for, namelythe following intuitiv e user-le\el
HOL theorem.

* 8 : in_ang nand-dela y =)
8t O:(( \o"(t+1)=:(( \i"t)r( \o" 1)

6 Voss Implemen tation of Trajectory Evaluation

In this sectionwe brie y touch onthe Vossimplemertation of trajectory logic. Information
on Vosshasbeenpublished previously [8], we include this sectionto make the connection
to an implementation of trajectory evaluation more concrete. In Voss,the four-valued
lattice is represemed by a pair of Booleans,called a dual-rail value (De nition 11). In
Voss, Booleansare implemerted as BDDs and may therefore be symbolic. A Boolean
valuev is translated to a dual-rail value by putting v on the high rail and its negationon

the low ralil (v#dzef (v;: V).
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De nition 11 Implementation of dual-rail lattice in Voss.

> € (FP
1 = (mp
o = (R
X € (T

Trajectory formulasare represeted in Vossby a very simple, but slightly indirect, deep
embedding. Rather than represeting trajectory formulas by a data type that mirrors the
abstract syntax tree of the formulas, a trajectory formula is a list of "5-tuples' (Figure 5).
The v e elements of eat tuple are the guard, a node name, a Boolean value (which
may be a variable), a natural-number start-time, and a natural-number end-time. The
meaningis "if the guardis true, then the node takeson the givenvalue from the start-time
to the end-time.'

== guad node value start end

traj _form 2° ( bool string bool nat nat ) list
. def

nisv = [(T;n;v;0;1)]

f1 andf, def f, appendf,

f wheng % map( (g% n;v;to;ty): (g°7 g;n;v;to;ty)) f

N f L map( (g;n;Vitets): (Gin;Vito+ Lty + 1)) f

f fromto = map( (g;n;Viz;ty): (g;m;V;to;ty)) f

ftot;, £ map( (6N Vite;2): (;N;Vitoity)) f

Figure 5: Implementation of trajectory formulasin Voss

As the de nitions in Figure 5 shaw, every formula in the trajectory logic can be rep-
reserned quite simply by a 5-tuple list. Moreover, it is clear that the list represemation
doesnot add anything new to the expressie power of our formulas: any 5-tuple whose
duration spansmore than one-time unit can be expressedyy an appropriate conjunction
of applications of the next time operator.

7 Conclusion

The motivation of our work is to conbine the automatic deductive power of nite-state
model cheding with the expressie power and exibilit y of general-purpsetheoremprov-
ing. Key elemerts of sud an architecture are semairtic links betweenthe generallogic of
the theorem prover and the more specialisedmodel-cheder logic. To this end, we have
establisheda semattic link betweencorrectnessresultsin the temporal logic of symbolic
trajectory evaluation and relational hardware speci cations in higher order logic.
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Ultimately, our aim is to combine results from se\eral di erent model chekersin a
single system. The expressie power of typed higher-orderlogic, which is a foundational
formalism, and the generalily of the relational approad are an excellet "glue logic' for
this. For many other linear-time temporal logics, at least, it seemsquite reasonableto
expect smooth embeddingsinto the relational world. Indeed, there have been se\eral
suc enmbeddingsin the literature [19, 4]. Branching time logicsmay be more challenging,
but the PVS results cited earlier are encouraging.More generaltemporal logics, such as
Extended Temporal Logic [18] will provide a further challenge.

Semattically, our work does not prejudge the architectural question of "bladk box'
versus white box' integration of the veri cation tools. Howewer, experiencewith a variety
of techniquesfor conbining trajectory evaluation with theoremproving [11, 1] hasshowvn
that a purely bladk box integration is not an e ectiv e solution for gate-le\el hardware
veri cation. Large projects, sudh asPROSPER[15 and mega [14], that areintegrating
multiple formal tools are pursuing a variety of approades.

We alsodo not prescribe that the model cheder is usedsolely asa decisionprocedure
to disposeof subgoalsgeneratedby the theoremprover in the courseof a veri cation. The
generalideais that veri cation problemscanbe decommsedinto nite state proof obliga-
tions, which are then vulnerableto attack by e cien t model cheking engines.Deductive
reasoningin the theorem prover justi es the decompsition and stitches model-cheding
results together. But the strategy can be viewed as way to extend the reat of model
cheders (by combining resultsto yield properties not provable monolithically) or to im-
prove model cheding e ciency (by transforming speci cations so they are simpler to
verify automatically), aswell as simply automating proof of subgoals.

Indeed,the theorem-proving componert canbe quite lightweight and still add enormous
value. One approad being pursued by the PROSPER group is to view the theorem
prover and its logic as a kind of “scripting language'for enbedded proof enginesbuilt
from reasoningtools componerts. Higher-orderlogic provides a mathematically rigorous
interface betweenthe specialisedlogicsinvolved. And in an LCF-style systemlike HOL,
the functional metalanguage(ML) provides very powerful and exible cortrol language
for orchestrating veri cations and tools.
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