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1 Some reminiscences, and an explanation

It is a great pleasureto contribute this paper to a birthday volume for Dov. Dov and |
arrived at imperial Collegeat around the sametime, and soon he, Tom Maibaum and | were
embarked on a joint project, the Handbook of Logic in Computer Science. We obtained a
generousadvance from Oxford University Press, and a grant from the Alvey Programme,
which allowed us to dewelop the Handbook in a rather unique, interactive way. We held
regular meetingsat Cosener'sHousein Abingdon (a facility run by what was then the U.K.
Scienceand Engineering Researt Council), at which cortributors would presert their ideas
and draft material for their chapters for discussionand criticism. Ideasfor new chapters and
the balance of the volumeswere also discussed. Those were a remarkable seriesof meetings
| a veritable education in themselhes. | must confessthat during this long process,| did
occasionallywonder if it would ever terminate .... But the record shows that v e handsome
volumeswere produced [6]. Moreaover, | believe that the Handbook has proved to be a really
valuable resourcefor students and researters. It hasbeenusedasthe basisfor a number of
summer schools. Many of the chapters have becomestandard referencedor their topics. In a
eld with rapidly changing fashions, most of the material has stood the test of time | thus
far at least!

A large part of this successs due to Dov. Even though this particular Handbook series
(among the many he has edited) is not the closestto his own interests, he not only originally
inspired the project and got it going, but he stayed with it, and his energy and ernthusiasm
were essetial to carrying it through. The ideashe had learned from his previous experience
with the Handbook of Philosophical Logic [16] proved important. For example,every Chapter
had an o cial SecondReader, a friendly critic and conscience;jin many cases,these Second
Readersworked above and beyond the call of duty, and helped to materially improve the
Chapters. Another of Dov's ideaswas that ead Chapter should have a broad division into
three parts. A rst part should be geruinely introductory, and provide a helpful overview to
the browser| who might then return for a more detailed look. The secondpart should be the
technical core of the topic | and the contents of this core should be agreedby a consensus,
in the discussionsat the Handbook meetings. Finally, in the last part the author was free
to ride their own hobby-horses, and pursue those topics they were particularly keenon in
greater depth. The wisdom behind this is that the freedomo ered by this third part made
accepting a wider consensuson the core of the Chapter much more palatable to authors.

Beyond these organizational ideas, Dov's presenceat the Handbook meetingswas crucial
to establishing their distinctiv e, intellectually engagedbut friendly and relaxed atmosphere.
He infused these occasionswith his inimitable senseof humour, and his vision of the great
possibilities of cooperation in Science.



So, thank you Dov, for this and much else| but above all for drawing me into what
proved to be such a worthwhile project.

An Explanation

The sciertic paper which follows requires a few words of explanation. Recalling those days
whenwe were engagedwith the Handbook, roughly the period 1985{90, the thought occurred
to me that writing up a lecture which | had given then, but never published, might be rather
appropriate. For onething, the lecture has somethingto say about modal logic, and henceis
closerto Dov's interests than much of my work.

To whet the appetite of any modal logicians who may be reading this, let me challenge
them with the following questions:

What is the Stone spaceof the free modal algelva?
Which kind of settheay doesit provide a model for?

(If you can answer these questions,you are excusedfrom reading this paper.)

Lectureson versionsof this material were given on seweral occasionsin 1988-89,including:
the 1988 British Colloquium on Theoretical Computer Sciencein Edinburgh; the Workshop
on Logic from Computer Scienceheld at MSRI Berkeleyin 1989;and the International Sym-
posium on Topology held in Oxford in July 1989. The lecture has beenreferencedin seweral
subsequeh publications, e.g. [25, 10, 8, 15]. It hasalways beenrather on my consciencehat
| had not written it up for publication. That is what | have now done. | have added a few
referencesto later work, and tidied up one or two points of technical detail, but essetally
this is a straightforward write-up of the 1988lecture. It is an extended discussionof a single
example, which is usedto illustrate somewider themes. It may not be new, but | hope that
it can still be useful In that sense,it is o ered in the samespirit as the Handbook, which
Dov and Tom and | were working on in those years.

2 Intro duction

Our topic in this paper is a single example: the spaceof nitary non-well-founded sets which
we study from many di erent points of view: processmodels; metric approximation; topology
and the Vietoris construction; modal logic and Stone duality; and domain theory. We obtain
v edistinct characterizations of this space.We alsostudy somebasicfeaturesof its behaviour
as a set-theoretic universe.

The main purposeof this study is to illustrate somegeneralthemes,in particular:

Alternativ e descriptions of models:

{ relating di erent semartics, and semarics and logic
{ deriving one systematically from the other.

Taking our cue from Domain theory [29], the right level for mathematical modelling of
computation is

{ not the strictly nite
{ not the unboundedly in nite



{ but the nitary i.e. those objects appearing as\limits” of nite ones.

Our examplewill arisefrom a topologizing of non-well-founded settheory [14, 7]. We will end
up with something logically weaker, but computationally more meaningful | and perhaps
with somelogical interest in its own right. Along the way, we shall touch on numerouspoints
in denotational semariics, concurrencytheory, modal logic and set theory.

Acknowledgemen ts  We will draw on ideasfrom many sources,notably: Peter Aczel on
non-well-founded set theory [7]; Nivat and de Bakker and Zucker on denotational models of
processedasedon ultrametrics [26, 9]; Milner, Hennessy Park, Bergsta and Klop on process
algebra and bisimulation [17, 27, 11]; and Smyth's topological perspective on computation
[30]. We shall alsodraw extensively on our own work on Domain Theory in Logical Form, A
Domain Equation for Bisimulation, and Total vs. Partial Objects in Denotational Semartics
[1, 2, 3, 4]. The readerin seart of more details is directed to these papers.

3 First approach: nitary sets as limits of nite ones

We begin with the hereditarily nite setsH. Thesehave played a role in logic asa \ro omier"
and more structured alternative to the natural numbers N. They can be de ned inductiv ely

by

(1)

(The basecaseis n = 0, which gives? 2 H.) More formally, we can write the inductive
de nition

Vo = ?
Vka1 = SP (Vk)
Vi s

anddene H=V,.

This de nition reliesimplicitly on the fact that the full powerset construction, applied to
a nite set, can only yield nite subsets. A more conceptually pleasing de nition is to use
the nite powersetconstructor Ps () explicitly. We can then write a xp oint equation for H:

H= X :Pf(X) = [ PE(?) ()
k2!

by the least xp oint theorem, sincePs (), unlike P( ), is continuous.

This starts another train of thought. The nite powerset construction P¢ () builds free
semilattices over sets| i.e. (Ps;fg; )isamonadon Set whosealgebrasarethe semilattices
[22). Thus De nition (2) suggestan algebraic description of H.

3.1 H asthe free processalgebra with one action

We considerthe following algebraic theory:



A fragmen t of CCS [24]

The signature comprisesa binary operation +, a unary pre xing operator e, and a constart
0. The equationsare:

x+0 = X 3)
Xty = y+x 4
X+(y+z) = (x+y)+z (5)
X+X = X (6)

which say that an algebra(S;+;0) is a semilattice (equivalertly, an idempotent, comnutativ e
monoid). There are no axioms for the pre xing operator. We considerthe free algebra with
no generators. (Almost equivalertly, we can considerthe algebra BA of Bergstra and Klop
[11] over one generator.)

The intention is indicated by the following semariics:

JK = 2
P+ QK = JPK[ JOK
J PK = fIPKy

Thusiterations of pre xing allows arbitrary ( nite) levelsof nesting of sets,while within ead
level the semilattice axioms give the structure of a nite powerset.!
We can therefore de ne a menbership relation on this free algebra:

[P12[Q] () 9R:Q=e P+ R:
Note that this is equivalertly expressedasthe usual transition relation on processes:

P12[Q] () Q f P

This leads to a more computational, process-lilke description of hereditarily nite sets, as
nite, rooted trees

Example 3.1
! f?;f?gg

We can characterize equality on processterms or nite rooted trees directly in terms of
the transition relation: this is the now-classicalnotion of bisimulation [27, 17, 24]:

T, T () Tot T2y o2t T2~ 712 12 (7)
ATt 1)y ordTyt T2A TR TS (8)

INote that, if we built complete semilattices at eac level, and iterated the construction through all ordinals,
we would (disregarding set-theoretic subtleties) be building a full set-theoretic universeV asthe initial algebra
for this theory! Subsequerly, Joyal and Moerdijk have developed a sophisticated form of \algebraic set theory"
in a general categorical setting, which in essenceusesthis approach to the description of set-theoretic universes
[19].



This recursively simulates extensionality:

x=y () 8zz2x $ z2y 9)
X y () 8zz2x ) 9ww2y”*rz w (10)
Nz2y ) 9ww2x Mz ow (12)

This is indeed reminiscert of the way that extensionality is imposedin various constructions
of models of set theory (e.g. Boolean-valued models in forcing), and pointed the way to
Aczel's work on non-well-founded set theory.

The recursion in the above coinductive de nition can, in this simple caseof nite trees,
be unwound inductiv ely as follows [17]:

T1 oT> true
Ti ke1 T2 T 1Y) 92Tt 19~ T2 TD
A
0 T2) oreTyt T2~ 710 T2
T T 8k: Ty Ty

3.2 A metric on H

Since every set is the directed union of its nite subsets,we needa more re ned notion of
limit to Iter out computationally unrealistic sets. Thus topology beginsto enter the picture.

The rooted tree represertation of H, and its assaiated bisimulation equivalence. gives
rise to a computationally meaningful notion of distance betweenhereditarily nite sets:

The more work you have to do to distinguish betweenthe sets, the closerthey are.

We equate ‘work' with the depth to which we have to probe the treesto discover a di erence
which distinguishesthem as represertations of sets. This leadsto the following de nition:
0; S T
ds;T) = ‘ _
2 % leastk suththat S6 T otherwise

Example 3.2
d(?;f?g) = 1=2; d(f?g;f?;f?99 = 1=4

We can give an inductiv e de nition of this distance function, de ned directly on hereditarily
nite sets,as follows:

1) d(S;T)=0 fS=T

(2:1) d(?;T)=d(S;?) = 1=2 fS6?26T

(2:2) d(S;T) = 1=2max(supss s infi27 d(S;t); sup,7 infsasd(s;t)) IfS6 2?26 T
Note how, in the inductiv e case(2.2), the standard Hausdor metric [13] appearsasa \min-
imaxing" calculation of 6 x. We can also view the Hausdor metric asthe interpretation of
the de nition of extensionalequality (9) in \real-valued logic" [21].

This de nition doesindeedyield a metric, and in fact an ultra-metric:
d(s;T) max(d(S;U);d(U;T)):

Now that we have an (ultra-)metric space(H; d), we canlook at Cauchy sequenceso see
which limits should arise.



Example 3.3 The squene ?;f?q;ff ?gg fff 299g::: can be visualized as follows, with
suaessivedistances indicated:

O 1=2 i 1=4 1=8

Example 3.4

O 12 i 1=4 1=8

The correspnding seuene of setsis
?, f?2g f?,f?9g ?;f?9, ff 299g:::
We now nally read our rst de nition of the universe of nitary setsF:

De nition 3.5 We de ne F to be the metric completion of (H;d); i.e. (equivalene classes
of) Cauchysequenesin H. Memtership is de ned by:

[Sn] 2 [Th] 8n:9m: Sy 2 Ty

Note that in Example (3.3), these de nitions yield S 2 S! Thus the processof metric
completion automatically givesrise to non-well-founded sets.

4 Interlude: Domain Equations

We considerdomain equations X = F(X). An interpretation of such an equation is provided
by specifying a category C, and an endofunctor F : C ! C. We are generally interested
in an extremal solution of sudh an equation: either an initial algeba : FA ! A, or a
nal coalgeba :A ! FA. (The Lambek lemma [20] guaranteesthat initialit y or nalit y
doesindeed imply that the arrow is an isomorphism). These conceptsgeneralizethe lattice-
theoretic notions of least and greatest xp oint. In most casesof interest, initial algebrascan
be constructed as colimits:
im@©! FO! F?0! )

W
generalizingthe construction of the least xp oint as |, Fk?, while nal coalgebrascan be
constructed as limits:
im(1 F1 F2Z )



generalizing the construction of the greatest xp oint as Vk FK>. (In the domain theoretic
case, the limit-c olimit coincidence [29] meansthat the two constructions coincide, and we
obtain both an initial algebraand a nal coalgebra.) For the nitary casewe are considering,
the functors will be ! -cortinuous in the appropriate sense,and the limit or colimit can be
taken with respect to the ! -chain of nite iterations.

In [1], the view was taken that

‘ Domain equations can, and should, be viewed schematologically. ‘

This meansthat a given language for describing functors can be interpreted in dierent
categories,and the solutions compared. A generalresult of this kind is presered in [1]. We
shall follow this point of view in our treatment of F.

5 Second description of F

We will now characterize the spaceof nitary setsF asthe solution of a domain equation.
We take as our ambient category CUMet , the category of compact ultrametric spacesand
continuous maps. Our functor F : CUMet ! CUMet s

F(X)= 1+ Py (X)

where Py (X)) is the setof all non-empty closedsubsetsof X (note that “closed'and “‘compact'
are equivalert in this cortext), with the Hausdor metric:

ds;T) = maX(iggtIQ; d(s;t); tszuT|og2]fS d(s;t)):

The 1 + term is to code the empty set. We apply a contraction factor (for convenience,

1=2) in taking the disjoint union X + Y, sothat the empty setis a distance of at least 1=2 from

any non-empty set, and we shrink the Hausdor metric by 1=2 in ead recursive iteration.
We now provide our secondcharacterization of F:

Prop osition 5.1 F is the nal coalgebr of the functor F. Moreover, F is cocontinuous, So
F is constructed as the limit of the ! °P-chain

im(0O FO F?20 )

We give a picture of the rst few terms of the construction:

fg f?2,fgg —f?,f?2,fggg ——
2 f?9g f?;f?gg
1 F1 F21 F31

This characterization analyzesour ad hoc inductive de nition into the iterated appli-
cation of a general construction; similarly, the metric completion of the nite levels arises
systematically from the generalnotion of limit usedto construct the nal coalgebra.

We therefore articulate the following principle:

7



A domain equation yields more information than an ad hoc construction.

The metric structure on F has somesigni cance, e.g. we can apply the Banadh xp oint
theorem to deducethat the equation x = fxg has a unique solution, sincethe map x 7! fxg
is cortractiv e, and similarly for

x = f?2g[ ffygjy 2 xg

(yielding our previous examples(3.3) and (3.4)). More generally we get the existence of
unique solutions for guarded equations (those in which the recursion variables appear under
the scope of set-forming braces)[7, 10]. However, for many purp osesthe topological structure
suces | andin any even, the precisede nition of the metric is irrelevant to the structure.
This leadsnaturally to the following

Question: Which metric topologiesarisein CUMet ?

Prop osition 5.2 The category CUMet is equivalentto the category Stone of second-countable
Stone spaces.

Pro of. In onedirection, note that an open ball in an ultrametric is a closedset. Indeed, if
z2 B(x; ) and d(x;y) , then

dix;y) max(d(x; z);d(z;y))

sod(z;y) ,and z 62B(y; ). Thusy 62B(x; ). This implies that the open balls form a
clopen basein the metric topology. SinceM is compact, it is second-coutable.
For the corverse, if a Stone space S is second countable, with dual Boolean algebra
B = fh, jn 2 Ng, de ne
(

dix;y) = x=

2" leastnsuchthat x 2 b,, y62, otherwise.

2
This equivalenceleadsus to our next characterization of F.

6 Third description of F

We now characterize F, qua topological space,asthe solution of a domain equation in Stone .
To do this, we needto answer the following question:

What is the topological construction analogousto the Hausdor metric powerspaceP y ?‘

The answer is provided by the Vietoris construction Py [18]. Although it can be de ned
much more generally we shall view Py asa functor on Stone . Given a StonespaceS, Py (S)
is the set of all compact (which since S is compact Hausdor , is equivalernt to closed)subsets
of S, with topology generatedby

2U
3U

fCjC Ug (12)
fCjC\ U6 ?g (13)



where U rangesover the open setsof S. We canread 2 U asthe setof all C such that C must
satisfy U, and 3 U asthe set of C such that C may satisfy U. The allusion to modal logic
notation is thus deliberate, and we shall shortly seea connectionto standard modal notions.
Note that in our de nition of the Vietoris powerspace,the empty setis included.

We now comparethe Vietoris topology, and the metric topology arising from the Hausdor
powerspacemetric. Givenametric spaceM , we write MT (M) for the topological spacearising
by taking the metric topology on M.

Prop osition 6.1 For any M in CUMet : MT(1+ Py (M)) = Py(MT(M)).

This result is in fact true in much greater generality, but the above is sucient for our
purposes.
Now we obtain the following description of F.

Prop osition 6.2 The space of nitary setsin its metric topology, MT (F), is the nal coal-
geba of the Vietoris functor on Stone.

This is an instance of a generalresult comparing the solutions of a classof domain equations
in CUMet with the corresponding solutions in Stone [1]. (The classcovers many of the
ultrametric processmodels.) This description will be very useful in exploring the structure
of F as a set-theoretic universe.

SinceF is a Stonespace,it hasa dual Booleanalgebra. This can be derived systematically
| asalogic| from the domain equationusedto describe F. This illustrates the generalpro-
gramme for relating denotational semartics and program logics developed under the heading
of "Domain theory in logical form' [2, 3]. It will alsolead usto our next description of F.

7 Fourth description of F

We now describe F asthe Stone space of the free modal algeba (on no geneators). Here we
take a modal algebrato be a BooleanalgebraB equipped with a unary operator 3 satisfying
the axioms

(MA) 3(a_b=3a_3b 30=0:

This is the algebraic variety corresponding to the minimal normal modal logic K [12]. The
Boolean algebrais equipped with a constart 0, sothe free algebra over no generatorscan be
non-trivial. We shall shaw that it is indeed non-trivial.

To derive this characterization systematically, we recall that the Vietoris construction can
be described logically (or localically [18]) as an operation on theories. For the coheren case
[18], V (L), for adistributiv e lattice L, is the distributiv e lattice generatedby 2a, 34a, (a2 L),
subject to the axioms:

2(a”"b=2a"2b 3(a_by=3a_3b (14)
21=1 30=0 (15)
2(a_b 2a_3b 3(a*b 3a”2hb: (16)

In the boolean case,where we have a classical negation, 2 and 3 are inter-de nable (e.qg.
2a=: 3: a), and the axiomatization simplies to (MA). To seethis, note rstly that (MA)



implies that 3 is monotone. Now from Booleanalgebrawe derivea : b_(a” b), from which
by monotonicity we obtain

3a 3(:b_(a™b) = 3:b_3(a”b);

and hence3a” :3: b 3(a” b). The rest of (14){16) follows by duality. Thus we obtain a
construction MA(B), which when applied to a Boolean algebra B constructs a new Boolean
algebrawith generators3 a, a 2 B, subject to the Boolean algebra axioms plus (MA).

Now we can iterate this construction to get the initial solution of B = MA(B) in Bool,
the category of Booleanalgebras. This is constructed by taking a colimit of the nite iterates
MAK(2), starting from the 2-elemen Boolean algebra 2. This colimit can be constructed
concretely as a union, esseftially by taking the Lindenbaum algebra of the propositional
theory which is inductively generated by these iterates. This propositional theory is the
standard modal systemK |but with no propositional atoms. (There are constarts for true
and/or false) Thus another role for domain equations is revealed, as systematizing the
inductiv e de nition of the formulas and inferencerules of a logic. A detailed accourt of how
this works in a directly analogous(and rather more complex) caseis givenin [2, 3].

To seehow hereditarily nite setscanbe completely characterizedby modal formulas (the
\master formula” of the set; cf. [17]), we de ne:

20 (=:31) (17)
F(fxy;iixng = 2 F(x) 2 3F(x): (18)
i=1 i=1

F(?)

The link betweenB and F is given by Stone duality [18]:

Prop osition 7.1 1. B is isomorphic to the Boolean algebrn of clopen subsetsof F, with
the modal operator 3 de ned by

3U=fS2FjS Ug
(recall that F = Py (F)).

2. F is isomorphic to Spec B, the space of ultra lters over B, i.e. modelsof B: f 1(1), for
Boolean homomorphismsf : B ! 2. This space is topologised by:

Up=fx2 SpcBjb2 xg (b2 B):

Again, this is an instance of very generalresults [3].

8 Fifth description of F

Our nal characterization of F is as the subspaceof maximal elemerts of a domain [29, 5].
Onceagain, this characterization will arise systematically, by comparing our previous descrip-
tion of F asthe solution of a domain equation in Stone with the solution of a corresponding
equation in a category of domains Dom . A corveniert choice for Dom for our purposesis
SFP [2§], the countably-based bi nite  domains [5].
We de ne a domain D as the solution (both initial algebraand nal coalgebra) of the
equation
D = P3(D)= 1, Pp(D): (19)



Here Pp () is the Plotkin or corvex powerdomain [28, 5]. The additional term in our domain
equation codesin the empty set, by a \semi-coalescedsum";

D

1? D =

A similar but more general domain equation, which allows for an arbitrary set of possible
actions, is usedin [2, 4] to give a denotational semartics for processcalculi, which is fully
abstract with respect to strong partial bisimulation.

The Plotkin powerdomain on SFP (or more generally Lawson-compact)domains, in fact
coincideswith the Vietoris construction on those domains seenastopological spaceswith the
Scott topology [30, 2, 5].

Given a domain D, we write Max(D) for the subspaceof maximal elemerts, viewed as a
topological space. We can now state our nal characterization of F.

Prop osition 8.1 F = Max(D), where D is the solution of the domain equation (19).

Again, this is an instance of a generalresult, relating solutions of a classof domain equations
in Dom with thosein Stone [1].
We note that D has\partial sets".

e ! f? ;?,;f? ;299
S @
O

The ordering on D is the Egli-Milner ordering [28]:

Example 8.2

Sv T (Bx2S:9y2T:xvy) ™ (By2T:9x 2 S:xV y):

This can be described in terms of \partial bisimulation”; seee.g. [4].
The spaceof partial setshas beenexplored further in [25, 8].

9 Set Theory in F

We now turn to consideringF as a set-theoretic universe,i.e. asa structure (F;2;=). Since
we have the isomorphism

unfold i
F = Pv (F)
fold

we can de ne
S2T S 2 unfold(T):

(We shall often elide usesof fold and unfold.)
How much of ordinary (ZFC) settheory doesF satisfy? It certainly cannot be a model of
full ZFC, sinceF satis es the ultimate anti-foundation axiom:

11



whereV = fx jtrueg = F. Sosomethinghasto give, or Russell'sparadax would apply.

We begin by discussingthe axioms which do straightforwardly apply. Our knowledge of
the structure of the domain equation usedto construct F makesthese properties fall out very
simply.

Extensionality:
[Bz:z2x $ z2y]! x=vy:

This follows immediately from the injectivit y of unfold
The following closure conditions:

{?2F

{ x2F) fxg2F

{ xy2F) x[y2F

{ x2F) x=Ffzj9y2x:z2yg2F

all hold, since (Py (R);[ ;?) is a semilattice (the free topological semilattice generated
by F), and (Py;fg; ) isamonad[18].

A suitable axiom of In nit y holds, sincee.g.
x="f?2g[ ffygjy2xg
has a (unique) solution in F.

The Powerset axiom holds, in the form:
x2F ) Pv(X)2F:

Indeed unfold(x) F; applying Py functorially to the inclusion map we get
Py (unfold(x)) | Py (F):

The image of a compact spaceis compact, and hencePy (unfoldx)) 2 Py (Pv (F)), and
fold?(Py (unfold(x))) 2 F.

Clearly, we cannot have full (classical) separation, since otherwise we could derive an incon-
sistencyfrom V 2 V. We do, however, have continuous versionsof Separation, Replacemet,
and Choice.

Separation  Separationsaysthat fy 2 xj (y)g is a set. Considerthe chacteristic function
of the predicate ,f :F! 2. 1f f is continuous (2 taken as a discrete space),then

fy2xjf (y)=trueg2 F;

since this is the inverse image of a closed set by a cortinuous map, hence closed, hence
compact, hencein F.

12



Replacement If f :x! Fiscontinuous,for x 2 F:

ff(y)jy2xg2F:

Sincex is compact, the imagef (x) F is compact, hencef (x) 2 Py (F), and fold(f (x)) 2 F.

Choice Iff :x ! Py(F)nf?gis continuous,for x 2 F, then for somey 2 F:
8z2x:9w2f(z:w2y N 8w2y:922 x:w 2 f(2):

This arisesfrom a standard topological result about selectionfunctions [23]: given continuous
f :x ! Py(F)nf?g, thereis a cortinuous selectionfunction g : x ! F with g(z) 2 f (2),
for all z 2 x. We can then take

y=1g(z)jz 2 xg:

In order to formulate a logical theory for this set-theoretic universe, we needto impose
syntactic conditions on formulas to ensurethat they give rise to cortinuous functions. These
conditions will, inevitably, involve restrictions on the useof negation. They canthen be used
to formulate appropriate versionsof the Separation, Replacemem and Choice axioms.

For more extensive investigationsin this area, seee.g. [15].
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