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Abstract

Description logics (DLs) are a family of state-of-the-art knowledge representation lan-
guages, and their expressive power has been carefully craft to provide useful knowledge
modeling primitives while allowing for practically e ecti ve decision procedures for the
basic reasoning problems. Recent experience with DLs, hower, has shown that their
expressivity is often insu cient to accurately describe structured objectJobjects whose
parts are interconnected in arbitrary, rather than tree-like ways. DL knowledge bases
describing structured objects are therefore usually undaronstrained, which precludes the
entailment of certain consequences and causes performanpsblems during reasoning.

To address this problem, we propose an extension of DL languges with description
graphga knowledge modeling construct that can accurately describe objects with parts
connected in arbitrary ways. Furthermore, to enable modelng the conditional aspects of
structured objects, we also extend DLs with rules. We preseinan in-depth study of the
computational properties of such a formalism. In particular, we rst identify the sources
of undecidability of the general, unrestricted formalism. Based on that analysis, we then
investigate several restrictions of the general formalisnthat make reasoning decidable.
We present practical evidence that such a logic can be used tmodel nontrivial structured
objects. Finally, we present a practical decision procedus for our formalism, as well as
tight complexity bounds.
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1 Introduction

The Web Ontology Language (OWL) is a well-known language fantology mod-
eling in the Semantic Web [35]. The World Wide Web ConsortiunfW3C) is cur-
rently working on a revision of OWL|called OWL 2 [10]|whose m ain goal is
to address some of the limitations of OWL. The formal underpnings of OWL
and OWL 2 are provided by description logics (DLs)[3]{knovddge representation
formalisms with well-understood formal properties.

DLs are often used to describstructured object$objects whose parts are in-
terconnected in complex ways. Such objects abound in moléubiology and the
clinical sciences, and clinical ontologies such as GALEN)e Foundational Model
of Anatomy (FMA), and the National Cancer Institute (NCI) Th esaurus describe
numerous structured objects. For example, FMA models the lnan hand as con-
sisting of the ngers, the palm, various bones, blood vesselnd so on, all of which
are highly interconnected.

Modeling structured objects poses numerous problems to Dlasd the OWL
family of languages. The design of DLs has been driven by thesire to provide
practically useful knowledge modeling primitives while esuring decidability of the
core reasoning problems. To achieve the latter goal, the melthg constructs avail-
able in DLs are usually carefully crafted so that the resultig language exhibits a
variant of the tree-model property[40]: each satis able DL ontology always has at
least one model whose elements are connected in a tree-likenmer. This property
can be used to derive a decision procedure; however, it alseyents one from accu-
rately describing (usually non-tree-like) structured olbgcts since, whenever a model
exists, at least one model does not re ect the intended strture. This technical
problem has severe consequences in practice [29]. In seaictine \correct” way of
describing structured objects, modelers often create oWercomplex descriptions;
however, since the required expressive power is actuallyssing, such descriptions
do not entail the consequences that would follow if the desptions accurately cap-
tured the intended structure. We discuss the expressivityrhitations of DLs in more
detail in Section 3 and present a practically-motivated exaple.

In order to address this lack of expressivity, in this paper &extend DLs withde-
scription graphs which can be understood as schema-level descriptions etistured
objects. To allow for the representation of conditional steaments about structured
objects, we also extend DLs with rst-order rules [20]. In tls way, we obtain a pow-
erful and versatile knowledge representation formalismt &llows us, for example,
to describe the structure of the hand using description grdys, statements such as
\if a bone in the hand is fractured, then the hand is fracturedas well" using rules,
and nonstructural aspects of the domain such as \a medical dir is a person with
an MD degree"” using DLs.

Unsurprisingly, this formalism is undecidable in its unresicted form. It is widely
recognized that reasoning algorithms are more likely to beeetive in practice if the
underlying logics are decidable. Therefore, we discuss thmin causes of undecid-
ability and investigate restrictions under which the formésm becomes decidable.



We have observed that structured objects can often be dedwed by a possibly
large, yet bounded number of parts. For example, a human bodawpnsists of organs
all of which can be decomposed into smaller parts; howeveurther decomposition
will eventually lead to parts that one does not want or know he to describe any
further. In this vein, FMA describes the skeleton of the handbut it does not de-
scribe the internal structure of the distal phalanges of thengers. The number of
parts needed to describe the hand is therefore determined the granularity of the
hierarchical decomposition of the hand. This decompositionaturally de nes an
acyclic hierarchy of description graphs. For example, thengers can be described
by description graphs that are subordinate to that of the had; however, the de-
scription graph for the hand is not naturally subordinate tothe description graphs
for the ngers. We use this observation to de ne a particularacyclicity restriction
on description graphs. Acyclicity bounds the number of past that one needs to
reason with, which, provided that there are no DL axioms, cabe used to obtain
a decision procedure for the basic reasoning problems.

If description graphs are used in combination with DL axiomsthe acyclicity
condition alone does not ensure decidability due to possibinteractions between
DL axioms, graphs, and rules [26]. To obtain decidability, & limit this interaction
by imposing an additionalrole separationcondition. In particular, we separate the
roles (i.e., the binary predicates) that can be used in DL agms from the roles that
can be used in rules; furthermore, depending on the exprastsi of the DL being
used, we may additionally require DL axioms not to refer to th roles used in the
description graphs.

We present a hypertableau-based [32] reasoning algorithinat decides the sat-
is ability problem in the decidable cases, and acts as a seiecision procedure for
some undecidable ones. Furthermore, we present tight coragity bounds for the
decidable variants of our formalism and identify the main soces of complexity.
We have implemented the reasoning algorithm in the Hermi¥ reasoner [31], and
our initial experiments have shown the algorithm to be ameride to practice.

Evaluation of our approach is currently di cult due to the lack of test data. We
have therefore devised an algorithm that extracts descrifgn graphs from existing
OWL ontologies, and have applied it to GALEN and FMA. The resiting ontolo-
gies should be treated with caution; however, domain expsrhave con rmed that
substantial parts of thus derived ontologies agree with theintuition. Our transfor-
mation can thus be used as a starting point for a more compratg@ve remodeling of
ontologies using description graphs. Our experiments a&rdy allowed us to discover
a modeling error in GALEN, which we take as indication of the gactical usefulness
of our formalism. Furthermore, classi cation times for thetransformed ontologies
are of similar orders of magnitude as for the original ontotpes despite the fact that
our formalism adds considerable expressive power to DLs.

We believe that description graphs can be used for modelinguetured objects
in a number of domains, of which we list a few next.

L http://www.hermit-reasoner.com/



Anatomy. In Sections 3 and 4 we present a comprehensive example of how
description graphs can be applied to model human anatomy.

Chemistry. The precise description of molecules is an important probte in
bioinformatics [23]. A formal representation of moleculeand chemical com-
pounds is often used to integrate information from di erentchemical databases
[23]. The structure of molecules is often not tree-like. Faxample, hydrocarbons
are chemical compounds containing carbon{hydrogen chajnand benzene is a
hydrocarbon whose molecules contain exactly one benzenggriThe structure of
benzene can be described using our formalism: descriptioraghs can be used
to represent the benzene ring (which is bounded in size), Wdistandard OWL
axioms can be used to represent tree-like carbon{hydrogehains.

Scienti ¢ Work ows. Scienti ¢ work ows are descriptions of the steps of scien-
ti c experiments, and they are often represented as direatiegraphs in which each
node depicts a single experiment step and each edge represamformation ow
between two steps. The precise description of work ows isdreasingly impor-
tant, for example, in bioinformatics. Attempts were made tgprovide semantics
to work ows using OWL [16], but the success has been rathenlited so far due
to their non-tree-like structure. Since work ows are typially bounded, however,
they can naturally be represented using description graphs

Engineering. OWL has recently been used in engineering domains, such as th
aerospace industry, which involve the representation of ijecomplex structured
objects such as aeroplanes [19]. The number of parts neededé¢scribe an aircraft
is naturally bounded (in the same way as it is in the case of theuman body),
so such domains can easily be represented using descriptypaphs [17].

2 Preliminaries

The formal underpinnings of OWL 2 are provided by the DLSROIQ [25].
To make our results easier to follow, however, in this papereaconsider the DL
SHOIQ ", which covers all ofSROIQ except for the so-called complex role inclu-
sions. Using a well-known encoding [21,13], complex rolelisions can be encoded
using SHOIQ * axioms, so the decidability results and reasoning algoriths from
this paper can be easily extended t& ROIQ and OWL 2. We present the de -
nition of SHOIQ * in Section 2.1. In Section 2.2, we recapitulate the well-kam
principles for extending DLs with rst-order rules. Finally, in Section 2.3 we present
an overview of the hypertableau algorithm foiSHOIQ * [32].

2.1 The Description LogicSHOIQ *

A SHOIQ " signatureis a triple (Nc; Nr; N, ) consisting of mutually disjoint sets
of atomic conceptsN¢, atomic roles Nr, and named individualsN;, . In the rest of
this paper, we assume that the signature is implicit in all devant de nitions.

A role is eitherR or R (inverse rolg), for R 2 Ng. The function inv( ) is de ned
on the set of roles amv(R) = R andinv(R ) = R. An RBox axiomis an expres-



sion of the formR; v R, (role inclusion), Dis(S;; S;) (role disjointnesy, Ref(R)
(re exivity ), Irr(S) (irre exivity ), Sym(R) (symmetry), AsYS) (asymmetry), and
Tra(R) (transitivity ), where R, Ry, and R, are roles, andS, S;, and S, are sim-
ple roles, as de ned next. ForX a set of RBox axioms, letv , be the re exive-
transitive closure of the relationfR; v Ry;inv(R;) v inv(R,) jR; v R 2 Xg. A
role R is transitive in X if a role R%exists such thatR°v , R, R v, R% and either
Tra(R%Y 2 X or Tra(inv(RY) 2 X. A role S is simple in X if no transitive role R
exists such thatR v  S.

Given a set of RBox axiomsX, the set of conceptsw.r.t. X is the smallest set
containing > (the top concep), ? (the bottom concep}, A (atomic concep), fag
(nominal), : C (negation), C u D (conjunction), Ct D (disjunction), 9R:C (exis-
tential restriction ), 8R:C (universal restriction), 9S:Self (local re exivity), nS:C
(at-least restriction), and n S:C (at-most restriction), where A is an atomic con-
cept, a is an individual, C and D are concepts,R is a role, S is a simple role
w.r.t. X, and n is a nonnegative integer. The set diteral conceptsis de ned as
N. = Nc[f: AJA2 Ncg. ATBox T is a nite set of RBox axioms andgeneral
concept inclusion (GCI) axioms C v D, whereC and D are concepts w.r.t. the
subset of the RBox axioms of .2

An assertionis an expression of the fornC(a) (concept assertion, R(a; b (role
assertion), a b (equality assertior), and a 6 b (inequality assertior), whereC is
a concept,R is a role, anda and b are named individuals. AnABox A is a nite
set of assertions. Finally, &SHOIQ * knowledge bases a pair (T ;A) whereT is a
TBox and A is an ABox.

An interpretation for a signature N¢;Ng;N;)isatuplel =(4"'; "), where4'
is a nonempty set called thenterpretation domain and ' is a function assigning an
elementa' 24 ' to each named individuala2 N,, a setA! 4 ! to each atomic
conceptA 2 N¢, and a relationR' 4 ' 4 ' to each atomic roleR 2 Ng. The
extension of ' to concepts and roles, and satisfaction of axioms and assents in
| is de ned as shown in Table 1. An interpretationl is amodelof (T ;A), written
| F(T;A),if and only if all axioms of T and all assertions ofA are satised in|.

The basic inference problem foBHOIQ * is checking whether T;A) is satis -
abldthat is, whether a model of ( T;A) exists. A conceptC subsumesa concept
D w.r.t. (T;A), written (T;A)E Cv D,if C' D' for each modell of (T;A).
It is well known that (T;A)F Cv D if and only if (T;A[f C(a);: D(a)g) is
unsatis able, wherea is an individual occurring in neither T nor A [3].

The negation-normal form nnf(C) of a conceptC is the concept equivalent toC
in which negations occur only in front of atomic concepts andoncepts of the form
fag and 9S:Self. The conceptnnf(C) can be computed in time linear in the size of
C [3]. With jKj we denote the size of a knowledge bakdthat is, the number of
symbols required to encod& on the input tape of a Turing machine (numbers can
be coded in binary).

2 The TBox T is sometimes assumed to contain only GCls, and all RBox axiom are
represented as a separate seR; however, to simplify the presentation in the following
sections, in this paper we assume thafl contains GCls as well as RBox axioms.



Table 1
Model-Theoretic Semantics of SHOIQ *

Interpretation of Roles and Concepts

(R ) = fthy;xijhx;yi2 R'g
s = g
2l =
fsgg = fs'g
(C) = 4'ncC
(Cub) = c'\ D!
(cCtb) = c'[D!
(9R:C)' = fxj9y:hyi2 R'~ry2C'g
(8R:C)! = fxj8y:myi2 R'! y2Clg
(9S:Sel)! = fxjhx;xi2 S'g
( nS:C) = fxjlfyjhyi2 S'*y2C'g ng
( nS:C) = fxjlfyjhyi2 S'~y2C'g ng
Interpretation of Axioms and Assertions
IFCvD i C' D
| FRiv Ry i R} R,
| F Dis(S1;Sz) i Si\ Sh=;
| F Ref(R) i 8x24':mxi2 R!
Il FIr(S) i 8x24':m;xi62S
| FSymR) i R' (inv(R))
I £ Asy(S) i S'"\ (inwS))' =;
| E Tra(R) i 8x;y;z24':hyi2 R'~hy;zi2 R' th x;zi2 R!
|l FC(a) i a 2cC!
| FR(a;b i h';pi2 R

lFa bi a=0ub
lEa6bi asb
Note: ]N is the number of elements inN.

SHIQ " and SHOQ™ are obtained fromSHOIQ * by disallowing nominals and
inverse roles, respectivepALCHOIQ * is obtained fromSHOIQ * by disallowing
transitivity axioms. ALCIF allows for negation, conjunction, disjunction, existen-
tial and universal restrictions, inverse roles, and axiomsf the form>v  1R:>.
Finally, ALCF is obtained fromALCIF by disallowing inverse roles.

2.2 Extending DLs with Rules

Description logics can be extended withules|clauses interpreted under stan-
dard rst-order semantics|in a straightforward way [26,20,14]. Let Ny be a set of
variables disjoint with the set of individuals N,. An atom is an expression of the
form C(s), R(s;t), or s t, for s andt individuals or variables,C a concept, and
R arole. Arule is an expression of the form

(1) UAiiA U ! VL A



Table 2
Satisfaction of Rules in an Interpretation

I; E C(s) i s 2C!

I; F R(s;t) i s othi2 R

I E t i sho=th

DLV W o

; F o Uit Vi I FUforeachl i m implies

v, W, ' 'I;VJ;\/jforanel j n .

lF Ul v 0 b F o UitV for all mappings
l F R i | F r for each ruler 2R

whereU; and V; are atoms,m 0, andn 0. The conjunctionU, * :::" Uy, is
called the body, and the disjunctionV; _ ::: _V, is called thehead Without loss
of generality, we assume that no rule contains in the body. The empty body
and the empty head of a rule are written as and ?, respectively. A rule isHorn
if the head of the rule contains at most one atom. Variableg and y are directly
connectedin a rule r if they occur together in some body atom of; furthermore,
connectedis the transitive closure of directly connected. A rule is connectedif
each pair of variablesx and y occurring inr is connected inr.

Let | = (4'; ") be an interpretation and :Ny !4 ' a mapping of variables
to elements of the interpretation domain. Leta’ = a' for an individual a and
x"" = (x) for a variable x. Satisfaction of an atom, rule, and a set of ruleR in
| and is de ned in Table 2.

2.3 Hypertableau Calculus foSHOIQ *

We now present an overview of the hypertableau calculus [32]hich can be used
to decide the satis ability of a SHOIQ © knowledge baseT;A).

The algorithm rst preprocesses T ;A) into a set of rules (T) and an ABox
A[ A(T). This transformation consists of three steps. First, tragitivity axioms
are eliminated fromT by encoding them using general concept inclusions; similar
encodings are well known in the context of various descripth and modal logics
[39,38,27]. Second, axioms are normalized and complex @pts are replaced with
atomic ones in a way similar to the structural transformatio [36]. Third, the nor-
malized axioms are translated into rules by using the corrmeendences between
description and rst-order logic [8]. We omit the details ofthe preprocessing for the
sake of brevity; they can be found in [32, Section 4.1]. All s are satis ability
preserving; thus, 1(T)and A[ A(T) are equisatis able with (T ;A).

Preprocessing produces HT-rules|syntactically restricied rules on which the hy-
pertableau calculus is guaranteed to terminate. In the deition of HT-rules and
in the rest of this paper, we often use the following functioar. Given a roleR and
variables or constantss and t, this function returns an atom with an atomic role
that is semantically equivalent toR(s;t).

( o .
R(s;t) if R is an atomic role

ar(R;s;1) = S(t;s) if R is an inverse role andR = S



De nition 1  (HT-Rule). We assume that the set of atomic concepi&: contains
a nominal guard conceptO, for each individuala, and that these concepts do not
occur in any input knowledge base.

An at-most equality is an atom of the forms t@', sz, Wheres, t, and u
are constants or variablesn is a nonnegative integer,S is a role, andB is a
literal concept; the part@',s.z of the atom is called theannotation. This atom is
semantically equivalent tas t.

An HT-rule is a ruler of the form (1) withm Oandn O, in which it must be
possible to separate the variables into@nter variablex, a set of branch variables
yi, and a set of nominal variablesz such that the following properties hold, for
A an atomic concept,B a literal but not a nominal guard conceptO, a nominal
guard concept,R an atomic role, andS a role.

Each atom in the body of is of the form A(x), R(x; X), R(X;Vi), R(Yi; X), A(Yi),
or A(z).

Each atom in the head of is of the form B(x), hS:B(x), B(yi), R(x;x),
R(GYi), R(Yi;x), R(X;Z), R(z;;x), x z,0ry; Yy @psp-

Eachy; occurs in the body of in an atom of the formR(X;y;) or R(y;; X).
Each z occurs in the body of in an atom of the formO,(z).

Each equalityy; y; @ s in the head ofr occurs in a subclause of of the
form (2) and noy, with 1 k h+1 occurs elsewhere im.

1
(2) o [an(Sy o ve) M A(YK)] st e T Yk Y @ pgp i

k=1 1 k<& h+l
Each equalityy; y; @, s.. o In the head ofr occurs in a subclause of of the
form (3) and noy, with 1 k h+1 occurs elsewhere in.

he1 h+1 ~
3) ::ioanS;xyk) ! Ayk) _ Yk VY@ pgoacii:

k=1 k=1 1 k< h+1

Intuitively, the body and the head of HT-rules can be seen asing \star-shaped":
the variable x represents the center of the star, and the branch variablgs can be
connected to the center only through role atoms. Such a shapesures that HT-
rules can enforce only tree-like models|a property that canbe used to explain the
good computational properties of many DLs [40].

Atoms of the formx  z in HT-rules stem from nominals. For example, axiom
C v f ag naturally corresponds to the ruleC(x)! x a. To avoid making the
calculus unnecessarily complex, however, the rules shouldt contain constants
[32]. Therefore, nominal guard concepts are used to \push'l@onstants from the
rules into the ABox. For example, the mentioned rule is trarfermed into an HT-
rule C(x) * O4(z) ! x z and an assertionO,(a). Nominal guard concepts are
unique for the nominal and they are used only internally by te algorithm|that
is, they are not allowed to occur in the input knowledge base.



At-most equalitiesy; y; @ ,g.c stem from the translation of at-most concepts;
for example,>v  1R:> is translated into R(X;y1) * R(X;y2) ! v1 Y@ ;r>-
The annotation @ ,r.. does not aect the meaning of the equality; it merely
records its provenance, and we shall discuss its usage slyithe concept9R:C is
used in the rest of this paper as an abbreviation for 1R:C.

The hypertableau calculus takes a set of HT-ruleR and an input ABox A, and
it decides the satis ability of (R;A).

De nition 2  (Hypertableau Algorithm).

Individuals. Given a set of namedindividuals N,, the set of root individuals
No is the smallest set such thal;, Ng and, if X 2 Ng, then x;hR;B;ii2 Ng
for each roleR, literal conceptB, and integeri. The set of generalized individuals
N, is the smallest set such thallo N and, if X 2 N4, then x:i 2 N, for each
integer i. The individuals in Ny nNg are tree individuals.

A tree individual x:i is a successopof x, and x is a predecessoof x:i. Descendant
and ancestorare the transitive closures of successor and predecessespectively.

ABoxes. The hypertableau algorithm operates on ABoxes that are oipied by
extending the standard de nition as follows.

In addition to standard assertions, an ABox can contain at-wst equalities and
a special assertior? that is false in all interpretations. Furthermore, asserins
can refer to the individuals fromN, and not only fromN; .

Each (in)equalitys t (s6 t) also stands for the symmetric (in)equality s
(t 6 s). The same is true for annotated at-most equalities.

An ABox A can contain renamingsof the form a 7! b wherea and b are root
individuals. The relation 7! in A must be acyclic,A can contain at most one
renaming a 7! b for an individual a, and, if A contains a7! b, then a should
not occur in any assertion or (in)equality inA. An individual bis the canonical
name of a root individual a in A, written b= kaks, i a7! band there exists
no individual c6& bsuch thatb7! c, where7! is the re exive-transitive closure
of 7! in A.

An input ABox contains only named individuals, no at-most equalities, ne-
namings, and in which all concepts are literal and all roleseatomic.

Satisfaction of such ABoxes in an interpretation is obtairteby a straightforward
generalization of the de nitions in Section 2.1: all indiviluals are interpreted as
elements of the interpretation domaird ', and| F a7! bi a =0b.

Merge Target. An individual t is a merge targetfor an individual s if t is a
named individual, ort is a root individual and s is not a named individual, ors is
a descendant of.

Pruning. The ABox prune,(s) is obtained fromA by removing all assertions
containing a descendent os.

Merging. The ABox merge (s! t) is obtained fromprune, (s) by replacing the
individual s with the individualt in all assertions and their annotations (but not in
renamings) and, if boths andt are root individuals, adding the renamings 7! t.



Pairwise Anywhere Blocking. The labels of an individuals and of an indi-
vidual pair hs;ti in an ABox A are de ned as follows:

La(s) = f AjA(s) 2A andA is an atomic concepig
La(s;t) = f RjR(s;t) 2AQ

Let < be a strict ordering (i.e., a transitive and irre exive relaion) on N, con-
taining the ancestor relation|that is, if s°is an ancestor ofs, then s° < s. By
induction on <, we assign to each individuas in A a status as follows:

a tree individual s is directly blocked by a tree individualt i, for s°and t°the
predecessors 0§ and t, respectively, we have

t is not blocked,

t<s,

La(s)= La(t) andLa(s) = La(t9, and

La(s:8) = La(t;t) andLa(s%s) = La(to1);
s is indirectly blocked i it has a predecessor that is blocked; and
s is blockedi it is either directly or indirectly blocked.

Derivation Rules.  Table 3 speci esderivation rules that, given an ABoxA
and a set of HT-rulesR, derive the ABoxesA;:::;A,. In the Hyp-rule, is a
mapping from the set of variables in the HT-rule to the indistuals occurring in the
assertions ofA, and (U) is the result of replacing each variablg in the atom U
with  (x). In the Nl-rule, for u a root individual, R a role, B a literal concept, and
i an integer, we de nerootfor(u;R;B;i) = u:hR;B;ii.?

Rule Precedence. The -rule can be applied to a (possibly annotated) equality
s tinan ABox A only if A does not contain an equalitys t @',z to which
the Nl-rule is applicable.

Clash. An ABox A contains aclashi ? 2 A ; otherwise,A is clash-free
Derivation. For a set of HT-rulesR and an ABox A, a derivation is a pair
(T; ) whereT is a nitely branching tree and is a function that labels the nodes

of T with ABoxes such that the following properties hold for eaclodet 2 T:

(t)= A if t the root of T;
tisaleaf of T if 22 (t) or no derivation rule is applicable to (t) and R;

ing one (arbitrarily chosen, but respecting the rule precedce) applicable rule to
(t) and R in all other cases.

A derivation is successfulf T contains a branchtq;t,;::: such that each ABox (t;)
is clash-free.

3 The function rootfor is not used in the formalization of the algorithm in [32], and has
been introduced here to make the presentation of the algortm in Section 6 easier.
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Table 3

Derivation Rules of the Hypertableau Calculus

fl r2R withr=U ™ :::"Upn! Vi_ 0V, and
2. amapping from vanables of r to the individuals of A exists such that
2.1 (x) is not indirectly blocked for each variable x 2 Ny,

Hyp-rule| 5 (U)2A foreach1 i m,and
2.3 (Vj)62Aforeachl | n,
then A;:= A[f?g ifn=0;
Aj = A[f (Vj)gforl j n otherwise.

If 1. nR:B(s) 2A,
2. sis not blocked in A, and

rule 3. A does not contain individuals uy;:::; us such that
31far(R;s;ui);B(ui)j1 i ng[fu6ujl i<j ng A ,and

3.2y is not indirectly blocked in A foreach1l i n
then Ay := A[f ar(R;s;ti); B(ti)j1 i ng[ft6tjl i<j ng

wherety;:::;t, are fresh distinct tree successors .
If1. s t2A (the equality can possibly be annotated),
-rule 2. s6t,and
3. neither s not t is indirectly blocked
then Aj:= merge (s! t)if tis merge target fors, and
A1 := merge (t! s) otherwise.
If s6 s2A orfA(s);: A(s)g A wheres is not indirectly blocked
?-rule then A := A[f?g
If1. s t@,grg 2A (the symmetry of applies as usual),
2. U is a root individual,
NI -rule | 3. sis neither a root individual nor a tree successor oil,
4. tis not a root individual, and
5. neither s nor t is indirectly blocked
then A; := merge (s!k rootfor(u;R;B;i)ka) foreach1 i n.

The Hyp-rule is similar to the one of the hypertableau calculus forrst order logic
[6]: given an HT-rule of the form (1) and an ABoOxA, the Hyp-rule tries to unify
the atoms Uy;:::; U, with a subset of the assertions iA; if a unier is found,
the rule nondeterministically derives (V,) forsome 1 j n. For example, given
R(x;y)!'9 R:C(x) _D(y) and an assertionR(a;b), the Hyp-rule derives either
9R:C(a) or D(b). The -rule deals with existential quanti ers; for example, giva
9R:C(a), the rule introduces a fresh individualt and derivesR(a;t) and C(t). The

-rule deals with equality; for example, givera b, the rule replaces the individual
ain all assertions with the individual b, and it introduces arenaminga 7! bin order
to keep track of the merge. As discussed in [32], renaming® arecessary to ensure
soundness of theNl -rule. Finally, the ? -rule detects contradictions such a#\(a)
and: A(a), or a6 a.

Termination of the calculus is ensured througlblocking the correctness of which
relies on the notion offorest-shaped ABoxesSuch an ABox is shown in Figure 1,
where nodes and edges correspond to individuals and roleesiens, respectively.
Named individuals (shown as black nodes) originate from thmput ABox, and they
can be connected in arbitrary waysTree individuals (shown as white nodes and
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Fig. 1. A Forest-Shaped ABox

called blockableindividuals in [32]) are introduced by the -rule, and they can be
connected either to arbitrary named individuals, or to othetree individuals in a
tree-like way. For convenience, tree individuals are represented imd algorithm
as strings; for examples = a:1 denotes thats is the rst successorof a. Now it
is possible to show that the -rule can be applied only to nonblocked individuals
without jeopardizing completeness. Intuitively, ifs is blocked byt in an ABox A
and no derivation rule is applicable toA, then a model of the knowledge base can
be constructed by \unraveling" A|that is, by replicating the fragment between s
andt in nitely often. E ectively, blocking means that we do not need to introduce
tree successors in order to satisfy assertions of the formn R:C(s) because we can
\reuse" the successors df.

Applications of most derivation rules preserve the foresthape of an ABoX;
however, inverse roles, nominals, and number restrictiortause subtle problems.
Consider again Figure 1 and assume thal must satisfy an at-most restriction

1R :>. This impliesv s, so one individual should be merged into the other;
however, this can compromise the tree shape of the ABox. TiN -rule deals with
this problem by promoting one ofv or s into a root individual: such individuals
can be connected in arbitrary ways even if they do not occur ithe input ABox.
Thus, an application of the Hyp-rule to the ABox in Figure 1 and the HT-rule
R(y;; X) " R(y2;xX) ! y1 Y@ ,r .. derives the at-most equalityv s@ , ..
By examining the annotation on the equality, theNI -rule can detect that the equal-
ity stems from an at-most concept, in response to which it tuns eitherv or s into a
root individual. It is possible to establish a bound on the nmber of the introduced
root individuals and thus prove termination.

The complexity of the hypertableau calculus is due to a posdée interaction
between number restrictions, inverse roles, and nominalf. a description logic
does not support at least one of these constructors, then thdT-rules in  +(T)
have a simpler form, which prevents the derivation of ass@éohs that satisfy the
preconditions of theNI -rule. In such cases, each atom of the form y; @ rs
can be simplied toy; y;, and the set of root individuals becomes the same as
the set of named individuals. Furthermore, Condition 3.2 othe -rule is always
satis ed, so it need not be explicitly checked.

On SHOQ™", the HT-rules in 1 (T) have the following simpler form.

De nition 3  (Simple HT-Rule). A simple HT-rule is a rule r of the form (1) in
which it must be possible to separate the variables intacanter variablex, a set of
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branch variablesy;, and a set of nominal variablesz; such that the following prop-
erties hold, for A an atomic concept,B a literal but not a nominal guard concept,
O, a nominal guard concept, andRk an atomic role.

Each atom in the body of is of the formA(x), R(x; x), R(X;yi), A(yi), or A(z).
Each atom in the head of is of the form B(x), nR:B(x), B(yi), R(x;x),
R(%Yi), R(X;z), x z,0ry; .

Eachy; occurs in the body of in an atom of the formR(X;y;).

Each z occurs in the body of in an atom of the formO,(z).

Simple HT-rules allow for a simpler version of blocking: itsad of pairs of indi-
viduals, one needs to consider only single individuals.

De nition 4.  Single Anywhere Blocking. By induction on <, each individual
sin A is assigned a status as follows:

a tree individual s is directly blocked by a tree individual t if t is not blocked,
t<s,andLa(s)= La(t);

s is indirectly blocked if it has a predecessor that is blocked; and

s is blockedif it is either directly or indirectly blocked.

3 Problems with Modeling Complex Structures

To understand the limitations of modeling structured objets in DLs (and hence
in OWL as well), consider the problem of modeling the skeletoof the human hand,
whose structure is shown in Figure 2a. The carpal bones forine base of the hand.
The central part of the hand contains the metacarpal bones,ne leading to each
nger. The ngers consist of phalanges: the proximal phalages are connected to the
metacarpal bones, and all ngers apart from the thumb conta a middle phalanx
between the proximal and the distal phalanx. This structurecan be intuitively
conceptualized as shown in Figures 2b{2&.

This structure can be straightforwardly encoded in a DL ABoxA. ABox as-
sertions, however, represent concrete data; thug, would represent the structure
of one particular hand. In this paper, we are concerned with modeling structed
objects at the schema levédthat is, we want to describe the general structure of
all hands. We should be able to instantiate such a description mg times. For
example, if we say that each patient has a hand, then for eacbrrete patient we
should instantiate adi erent hand, each with the structure as shown in Figures 2b{
2e; depending on the properties of the patient and the axionrs the ontology, each
such structure can then exhibit distinct features. This clarly cannot be achieved
using ABox assertions.

4 The relationship attached_to is assumed to be bidirectional, so the edges labeled with
it are not oriented.
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Fig. 2. The Anatomy of the Hand and its Conceptual Models

We can give a logical, schema-level interpretation to Figas 2b{2e by treating
vertices as concepts and arrows garticipation constraints between the concepts.
For example, vertices 1 and 6 would correspond to concepiand and Index_ nger ,
whose instances would be all hands and all index ngers, resgively. Furthermore,
the arrow from 1 to 6 would be interpreted as a statement thatach hand has an
index nger as its part. In DLs, such a participation constrant would commonly
be represented by axioms (4){(5).

(4)
(5)

Thus, the knowledge bas& containing axioms (6){(19) would provide a formal-
ization of the structure shown in Figure 2€>

Hand v 9 part:Index_ nger
Handv  1part:Index_nger

(6) Index_ nger v 9 part:Distal _phalanxoif
(7 Index_nger v 9 part:Middle_phalanxoif
(8) Index_ nger v 9 part:Proximal_phalanx_oif
(9) Distal phalanxoif v 9 attached to:Middle_phalanx oif
(20) Middle_phalanx.ooif v 9 attached to:Distal _phalanxoif

5> The sux _of .index_nger has been abbreviated to_oif .
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(11 Middle_phalanx.ooif v 9 attached to:Proximal_phalanx oif

(12) Proximal _phalanxoif v 9 attached to:Middle_phalanx oif
(13) Index_nger v 1lpart:Distal _phalanxoif
(14) Index_nger v  1part:Middle_phalanxoif
(15) Index_nger v lpart:Proximal _phalanxoif
(16) Distal phalanxoif v lattachedto:Middle_phalanx oif
a7 Middle_phalanxoif v lattachedto:Distal_phalanxoif
(18) Middle_phalanxooif v lattachedto:Proximal _phalanxoif
(29) Proximal _phalanxoif v  lattachedto:Middle_phalanx oif

Let | be an interpretation corresponding to Figure 2e in the obvigs way. Clearly,
| satis es K, which justi es the formalization of Figure 2e usingK.

Let us extend K with knowledge about bone fractures. For example, lek° be
an extension ofK with axiom (20) stating that, if the middle phalanx of the index
nger is broken, then the index nger is broken as well:

(20) Index_nger u 9part:(Middle_phalanxoif u Broken) v Broken

Given the structure of the index nger shown in Figure 2e, we ight expect K°
to imply that if the index nger has a distal phalanx that is attached to a broken
middle phalanx, then the index nger is broken as well:

(21) Index_ nger u 9part:(Distal _phalanx.oif u
9attached to:(Middle_phalanxoif u Broken)) v Broken

Unfortunately, K°is underconstrained, and some models Kf do not correspond
to the structure of the index nger shown in Figure 2e. Axiomg7) and (9) both
imply the existence of middle phalanges of the index nger,ut K°does not capture
the fact that, for any given index nger, these two middle ph#é&anges must be the
same object. Thus, the in nite interpretation | ° shown in Figure 3 is also a model
of K% In 1° even if the middle phalanx of the index nger is broken, the naddle
phalanges at the second level of the model need not be brokaence, axiom (20)
does not necessarily derive that the index nger is broken anconsequently, axiom
(21) is not a consequence df°

That K%is underconstrained can also lead to problems with the perfoance of
reasoning. In order to disprove an entailment, a DL reasonaill try to construct a
\canonical" model of KYthat is, a model that contains as little information deriv-
able from K° as possible. Such models, however, are often highly repiett and
much larger than the intended ones, so constructing them cdre costly. The inter-
pretation 1%is an example of such a \canonical" model, and it contains am nite
tree of phalanges instead of a nite structure shown in Figur 2e. In our experience,
this is the main reason why DL reasoners cannot process compbntologies such
as FMA and certain versions of GALEN.

These problems could be addressed by ensuring thait models ofK° resemble
as much as possible the intended conceptualization shown kiigures 2b{2e. DL
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axioms, however, are usually syntactically restricted shcthat the resulting logic
exhibits (a variant of) the tree model property[40]: whenever a DL knowledge base
has a model, it has a model of a certain tree shape (such lds The tree model
property is generally considered desirable because its abse often leads to the
undecidability of reasoning. At the same time, however, itlao means that we must
leave the con nes of DLs if we want to faithfully represent suctured objects.

Rule formalisms such as datalog [1] can routinely expressnditions over nontree
structures; however, they typically do not provide for exiential quanti cation.
Such rules can thus be applied only to the individuals explity mentioned in
a knowledge base and cannot express schema constraints sash\each patient
has some (unknown) hand." Ontology languages such as OWLIgtit [12], Telos
[34], and the logic programming variant of F-Logic [22] aredsed on datalog and
therefore share its restrictions.

Combining rules with description logics overcomes the litations of datalog and
yields a very expressive knowledge representation fornsai capable of axiomatizing
nontree structures [20,26]. Similarly, the rst-order vesion of F-Logic [22] provides
a combination of existential quanti cation with rules. Sud solutions, however, are
quite complex and susceptible to modeling errors. Furtherone, the extension of
DLs with rules is undecidable even for very simple DLs [26]nd the same is the
case for the rst-order version of F-Logic.

A number of decidable combinations of DLs and rules have be@noposed in
practice, and decidability is typically achieved by syntatically restricting the ap-
plicability of the rules. For example, DL-safe rules [33] ar restricted such that
they apply only to the explicitly named objects. Role-safe2f] and weakly safe
[37] rules also impose restrictions that prevent the appktion of the rules to arbi-
trary elements of the domain, and similar restrictions arelao employed by various
nonmonotonic rule extensions of DLs [15,37,30]. Conseqthgrsuch extensions are
useful mainly for query answering, but not for schema modalj.
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To address the problems outlined in this sectiorfSROIQ [25] providescomplex
role inclusiongaxioms of the form R; ::: R, v S, where stands for role com-
position. Such axioms are restricted in a way that ensures ddability of the basic
reasoning problems. The use of complex role inclusions ssl\some of the identi ed
problems; however, they still cannot axiomatize arbitrarystructures such as the
one in Figure 2b.

In the rest of this paper, we propose a formalism for modelingrbitrarily con-
nected structured objects by extending DLs withdescription graphs For example,
Figure 2d can be seen as a description graph showing that edbbhmb has a prox-
imal and a distal phalanx that are attached to each other. Dierent structured
objects can be represented using separate description drapwhich can be appro-
priately connected. For example, the hand and the thumb canedrepresented using
two di erent description graphs, which are connected to edcother. Furthermore,
structured objects often need to be modeled at di erent leve of abstraction. For
example, we would like to describe the abstract structure oumon to all ngers as
shown in Figure 2c, and then specialize it for, say, the inderger by introducing
the middle phalanx as shown in Figure 2e. To this end, our foratism provides for
graph specialization statements, which can represent thadt that one structure is
more general than another. Finally, in order to represent calitional aspects of the
domain, we also allow for arbitrary rules over the descriptn graphs; for example,
we can state that, if a bone in the hand is fractured, then thednd is fractured as
well. We introduce the formalism in the following section, ad show how it can be
used to exclude unintended in nite models such as the one indure 3.

Our formalism is related to weakly guarded tuple generatindependencies [9] and
the guarded fragment of rst-order logic [2], which allow fo axiomatizing nontree
structures of bounded treewidth. Unlike these formalism$&owever, graph-extended
knowledge bases allow for functional roles and arbitrary hes; furthermore, we
present di erent syntactic restrictions to achieve decidhility of reasoning.

4 A Formalism for Modeling Complex Structures

In this section, we present our knowledge representationrfoalism. We start by
de ning the notion of a description graph.

De nition 5  (Description Graph). An “-ary description graphG = (V;E; ;M)
is a directed labeled graph where

E V Vs asetofedges

is a labeling function that assigns a set of literal conceptdii  N_ to each
vertexi 2 V and a set of atomic roles h;ji Ng to each edgei;ji2 E, and

M  Nc is a set of main conceptsfor G.
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For A an atomic concept,V, is the set of vertices that contairA in their label; that
is, VA= fk2V A2 Kig.

We de ne the vertices of G to be integers in order to be able to use them as
indices. The main concepts o6 identify the objects whose structure is de ned by
G. In Figure 2, main concepts are framed with rounded rectangg. Thus, the main
concepts for the description graph shown in Figure 2b atdand and Palm, meaning
that this graph de nes the structure of all hands and palms.ntuitively, an instance
of a main concept implies the existence of the correspondiggaph instanceof G.

As a notational convenience, we sometimes us& | to denote that a description
graph contains anR-labeled edge from a vertex to a vertexj .

In order to represent conditions over the structure of a grdp our formalism
allows for graph rules. The following de nition re nes the gneral notion of a rule
introduced in Section 2.2.

De nition 6 (Graph Rule). A graph atomis an atom of the formG(ty;:::;t),
whereG is an "-ary description graph and; 2 N, [ Ny for1 i . A graphrule
is a rule in which all concepts and roles in atoms are atomicnd whose head and
body can contain graph atoms.

Next, we introduce graph specializations, which allow us tepresent structured
objects at di erent levels of abstraction. For example, wean capture the abstract
structure common to all ngers by a description graphG ger shown in Figure
2c, and we can specialize this structure for the thumb by intrducing a description
graph Gyump shown in Figure 2d. The following graph specialization axio captures
the relationship between these two description graphs:

(22) G nger C C':‘thumb

De nition 7  (Graph Specialization) A graph specializationis an axiom of the
form G; C G,, whereG; = (V1;Eq; 1; M) and G, = (V,; Eo; ;M) are descrip-
tion graphs withV; V..

Next, we introduce axioms that allow us to appropriately conect graph in-
stances. For example, the description grapBna.,¢ shown in Figure 2b contains the
vertices 3 and 4 that represent the thumb and its proximal phHanx, which corre-
spond to the vertices 1 and 3 of the description grapBy.um, shown in Figure 2d.
We can specify this correspondence using the followiggaph alignment

(23) Ghand[3;4]$  Gihumb [1; 3]

This axiom ensures that, whenever two instances @nang and Gyump Share the
thumb vertex, they share a proximal phalanx vertex as well,ral vice versa.

De nition 8 (Graph Alignment). A graph alignmentis an axiom of the form

of verticesV; and V,, respectively, andv; 2 V; andw; 2 V, for1 1 n.

Finally, we de ne GBoxes and graph-extended knowledge base
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Table 4
Satisfaction of GBox Elements in an Interpretation

|l EGforG=(V;E; ;M )i
Key property:

8Xxq1;:ix yl;:::;y\24I i
xi;iixi2 G Mhyg;iyi2 GN A X = yi ! Xj =Y
10 ° 1
Disjointness property:
8x1 Xy iy 24 iy inxei2 G Ahygiinyi2 G Xi 8 Y
1 i

Start property: for each atomic conceptA 2 M, W
8x 24" :x2A" 19 x:iiix 24 ihkgriiixi2 G A X = Xg

K2V
Layout property: Vv Vv
8y iiiix 24 ihqyiixi2 GH x; 2 B!~ hi;xji2 R
i2V; B2 hi h;jji2E;R2 hiji
| EG1CGyi
8xp;iix, 24 ki x,i2 Ghh xgpiinxe,i2 GY
| E Gq[vi;:ii;vn]$ Gofwy;:::wp]i,foreachl i n,
8X1;ii XYy, 24 Y,
hxq;:i0x,i2 G AMhyg i y,i2 GhL2A Xy, = Y, ! Xy, = Yw,

Note: "(;) is the arity of the description graph G;,.

De nition 9  (Formalism). A graph box (GBox) is a tuple G= ( Gs; Gs; Ga) where
Gs, Gs, and Gy are nite sets of description graphs, graph specializatienover Gz,
and graph alignments ovets, respectively. The de nition of ABoxes from Section

“-ary graph and eachg;, 1 i 7, is an individual. A graph-extended knowledge
baseis a 4-tupleK = (T;P;G, A) whereT is a TBox, P is a nite set of connected
graph rules,G is a GBox, andA is an ABox.

Next, we de ne the semantics of the formalism.

De nition 10  (Semantics) An interpretation | = (4 '; ') is de ned as usual, with
the addition that it interprets each -ary description graphG as an -ary rela-
tion over 4 '|that is, G' (4'). Each tuple inG' is called agraph instance

graph alignment inl is de ned in Table 4. A knowledge bask = (T;P;G;A) is
satised in I, written | E K, if all its components are satis ed inl .

The key and disjointness properties in Table 4 ensure that ntwvo distinct in-
stances ofG can share a vertex; for example, di erent instances dbn,,g Cannot
share the vertex that represents the thumb. These properseare required to en-
sure that the representation of the structured objects is hmded, which is a core
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assumption of our formalism. In particular, they prevent tle existence of in nite
\chains" of instances ofGyang, Which is crucial for the decidability of our formalism.

The start property in Table 4 ensures that each instance of aam conceptA of
G occurs in an instance o6s. For example, sinceHand is a main concept forGpang,
each instance oHand must occur as vertex 1 in an instance 0Bpang. Similarly,
vertex 3 ofGnang IS labeled withThumb, which is the main concept ofsy,mp ; hence,
each vertex 3 in an instance 0B IS @lso a vertex 1 in an instance dBy,ymp (but
not the other way around). The disjunction in the start propety handles the case
when a main concept labels multiple vertices. For exampld, we were to describe
the hand and the ve ngers in a single graph without a distindgion between the
ve ngers, then, given an instance of aFinger, we would have to guess which of
the ve ngers we are dealing with. Finally, the layout propety ensures that each
instance ofG is labeled and connected as speci ed in the de nition db.

Graph specializations are interpreted as inclusions ovené graph relations; for
example, axiom (22) states that each instance of a thumb issal an instance of a
nger. The two graphs share all the vertices of the more gerargraph, and the
more speci ¢ graph can introduce additional vertices.

Finally, graph alignments state that, whenever two graphstare some vertex
from the speci ed list, then they share all other vertices fsm the list as well. For
example, alignment (23) states that, if instances dBnang and Gyump Share vertices
3 and 1, respectively, then they must also share vertices 4da3, respectively.

The main reasoning problem for graph-extended knowledge d&s is satis abil-
ity checking, since concept subsumption and instance chaulx can be reduced to
satis ability as usual.

Description graphs allow us to faithfully represent the namee connections be-
tween the parts of a structured object. For example, conside¢he graph-extended
knowledge baseK= (T%;;G";) where T ®contains axioms (13){(20), andG*®
contains description graphGingex_nger Shown in Figure 2e. The GBoxG*°correctly
axiomatizes the structure of the index nger and, unlike theDL knowledge baseK°
from Section 3, the graph-extended knowledge bak&®entails axiom (21).

Note that De nition 10 does not ensure that objects in an insince of a de-
scription graph G are connected only by the edges as speci ed @|that is, the
maximum cardinality of the edges in an instance db is not xed. Because of that,
axioms (13){(19) are strictly necessary for the inferencedm the previous para-
graph. Although De nition 10 could be straightforwardly exended with conditions
that impose appropriate cardinality restrictions, we refain from doing so for several
reasons. First, cardinalities can always be axiomatized @icitly as shown in the
previous example, so the presented formalism is more gerne&econd, the adopted
approach allows us to study at a ner-grained level the impa®f various constructs
on the decidability of reasoning.
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5 Undecidability of Reasoning

Checking the satis ability of a graph-extended knowledgedseK = (T ;P; G A)
is clearly undecidable since the combination of DLs such A& C with unrestricted
Horn rules is already undecidable [26]. We next show that, en if T = ;, checking
the satis ability of K is undecidable due to an interaction between description
graphs and unrestricted Horn rules. In our proof, we use theall-known undecidable
problem of checking emptiness of the intersection of contefxee grammars [18].
A context-free grammaris a tuple G =(T;N;P;S), where T is a nite set of
terminal symbols,N a nite set of nonterminal symbols,S 2 N is a start symbol,
andP N (T[ N) is a nite set of productions. The language generated by
G is denoted asL(G). Given two context-free grammarsG =(T;N;P;S) and
GO%=(T;N%P?%S9 over the same set of terminal symbol$ and with N\ N°= ;,
checking whetherL (G)\ L(G9 = ; is undecidable [18].

Proposition 1. Checking the satis ability of a graph-extended knowledgasbk
K=(;;P;G A) where all rules inP are Horn andG=( Gs;;;;) is undecidable.

Proof. Let G = (T;N;P;S)andG°%=(T;N%P?%S9 be two context-free grammars
with N\ N°= ;. We rst construct a graph-extended knowledge baskg.go that
simulates the derivations ofc and G° Let Rp be an atomic role uniquely associated
with each symbolP 2 T [ N [ N@ The knowledge bas# s .co contains a Horn rule
of the form (24) for each production inP [ P°of the formP ! Q1:Q,: ::: :Q,.

(24) Ro, (X0; X1) * Ra,(X1;X2)  11:” R, (Xn 15Xn) ' Rp(Xo; Xn)

For each terminal symbolP 2 T, the GBox of Kg.go contains description graphs
Gi = (V& ER; L;ME)and G3 = (V% ES; ;M 2) de ned as follows:

=f1;29 MF1>=ng | Re
Lhi = fAg  b2i = fBg T

=f1;29 MngBg | Re
2Hli = fBg  22i = fAg T

G} : 2

G2 : 2
Finally, the ABox of K¢.go contains the assertionA(a).
It is straightforward to see that Ks.co is satis able. Let | be any interpretation

obtained by intersecting all models ofKg.go that have the same interpretation
domain4 ', andletw= P;:::::P, 2 T bea nite Word over the set of nonterminal

such that h i 1; 112 Rk for each 1 i n. It is straightforward to see that the
rules (24) encode the derlvatlons db and GYthat is, for each nonterminal symbol
Q2 N (resp.Q 2 N9, we haveh ¢; i2 R' if and only if a derivation of Q from
w exists inG (resp.G9. Now let K'tho be the graph-extended knowledge obtained
by extending K¢ .go with the Horn rule (25).

(25) Rs(X;y) ™ Rso(x;y) ! ?
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Clearly, K‘(’;“;Go is unsatis able if and only if L(G)\ L(GY 6 ;, which proves the
claim of this proposition. O

One might try to regain decidability by assuming thatP = ;. As we show next,
this is not su cient: an interaction between description graphs in G and num-
ber restrictions in T is another source of undecidability. In our proof, we presen
reductions from the well-known domino tiling problem. Adomino systemis a
triple S=(D;H;V) whereD = fDy;:::;Dnhg is a set of tiles, andH D D
andV D D arehorizontal and vertical compatibility conditions, respectively.
An S-tiling is a function :N N! D such thath (i;j); (i+1;j)i2 H and
h(i;j); (i;j +1)i2 V. Itis well known that, given a domino systemS, check-
ing whether anS-tiling exists is undecidable [7].

Proposition 2. Checking the satis ability of a graph-extended knowledgask
K=(T;;;GA) withT aTBox in ALCF and G=(Gg;;;;) is undecidable.

Proof. We rst present a graph-extended KBK g that implies the existence of an
in nite grid. The TBox of Kgiq contains the followingALCF axioms:

(26) >V 1H
(27) >v 1V

The ABox of Kyig consists of a single assertioA;(a). The GBox of K4ig contains
four graphsG; = (V;;Ei; i;M;i),1 1 4. The sets of verticed/;, edges;, and the
labels of the edges are the same for &} and are shown in Figure 4a. Furthermore,
M; = fA;g, and the labels ; of vertices in eachG; are as given next:

1= f171F A1Q; 27 F ApQ; 37! T Azg; 47! Asgg
2= f17F A 27 A1Q; 371 f A4Q; 47! f AsQg
3=f17'fA30,27!f A4g; 37! f A1g;4 7! f Axgg
4= T171FA40;27 F A3Q; 37! AQ;47! f AQg

We next show thatK g4 is satis able and that each model of K4y contains an
in nite two-dimensional grid, as shown in Figure 4b. Indivdual a corresponds to
the top left corner of the grid, and instances of descriptiographs are labeled using
lowercase letters. Sincé\; is a main concept forG,, | contains the instanceg, of
G;. Vertex 2 of g, is labeled with A,, sol contains the instanceg, of G,; sinceV
is functional by (27), the two graphs are \glued together" imo a grid. By a similar
argument, one can see that contains the instancegs of Gz and the instanceg, of
G4, which are \glued" with g; and g, into a grid. By repeating the same argument,
it is clear that the grid extends inde nitely to the right and downwards.

For a domino systemS=(D;H;V), let Ks be the graph-extended knowledge
base obtained by extending the TBox oKy with the following axioms, where

6 N is the set of all natural numbers.
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Fig. 4. Grid Construction for ALCF
eachtileD; 2 D,1 i m, corresponds to an atomic concedD;:
(28) >v Dyt :::t Dy
(29) DiuDjv? foreach 1 i<]j m
(30) Diu9H:D; v? for each O;;D;) 62H
(31) Diu9V:D; v? for each O;;D;) 62V

These axioms ensure that each point in a grid is labeled wittome D; according
to the compatibility conditions of S. Thus, if Ks is satis able, an S-tiling can be
extracted from a model ofKs; conversely, if anS-tiling exists, a model ofKs can
be obtained by labeling vertices in the grid shown in Figurebtaccording to the
S-tiling. These two facts then imply the claim of this propodion. O

The proofs of Propositions 1 and 2 suggest that undecidalyi arises partly
because graph-extended knowledge bases can axiomatize e®dontaining un-
bounded sequences of description graph instances. In piaet however, structured
objects are usually modeled up to a certain level of granuigy, which naturally
determines a bound on the sequence of graphs one needs toesgnt. In such
cases, we can describe the structure of an object by an acgdtierarchy of parts;
for example, carpal bones are parts of the hand, but the hand not a part of the
carpal bones. To re ect the acyclic nature of such a represation, it therefore
seems reasonable to impose an acyclicity condition in ourrd@alism. Intuitively,
this condition ensures that the description graphs are arrged in a hierarchical
manner and that their instantiation always provides a boundd representation.

De nition 11 (Acyclic GBox). Let G=( Gs;Gs; Gy) be a GBox, and letC be the
re exive{transitive closure of the graph specializationelation C in Gs. The GBox
G is acyclicif a strict (i.e., an irre exive and transitive, but not necessarily total)
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order on Gs exists such that, for eaclG = (V;E; ;M ) andG°=(V%E% %M9
in Gs such thatG 6 G° and for eachA 2 M the following two conditions hold:

G°CG implies: A 2 Hhi for eachi 2 V nV% and
G°6 G implies: A 2 Hhi for eachi 2 V.

A graph-extended knowledge baseasyclic if its GBox is acyclic.

Intuitively, G; G, means that an instance ofG; is allowed to imply the ex-
istence of an instance o65,. In our example, we would haveGhang G nger and
Ghand  Gihumb, Which allows an instance of a hand to imply the existence of a
nger and/or a thumb. We would also have G nger ~ Gihumb, SiNCe nger is more
general than thumb. The conditions in De nition 11 state tha, if G; 6 G,, then an
instance ofG, cannot imply the existence of an instance db; because each node
of G, must be labeled with a negation of each start concept @;. For example,
sinceGinumb 6 Ghand, NO Vvertex in an instance ofGyump Should ever become labeled
with a main concept ofGhang . E ectively, this prevents cyclic implications between
instances of description graphs.

Requiring the GBox to be acyclic invalidates Proposition 1In fact, checking
the satis ability of K =(;;P;G;A) where G is acyclic is decidable:G can then
axiomatize only structures that can be obtained by unfoldig Gin a straightforward
way, so it does not matter if the rules inP are not tree-like. Furthermore, in Section
6.2 we show that checking satis ability ofK = (T;;;G;A) is decidable ifT is in
SHOQ ™. We next show, however, that an interaction between invergeles, number
restrictions, and description graphs leads to undecidaly even if G is acyclic.

Proposition 3. Checking the satis ability of a graph-extended knowledgasb
K=(T;;;GA) with T a TBox in ALCIF and G=(Gg;;;;) an acyclic GBox
is undecidable.

Proof. Let Kyig be the graph-extended KB in which the GBox contains four de-
scription graphsG; = (V;;Ei; i;M;),1 1 4 with the structure as shown in Fig-
ure 5a andM; = fA;g. To make the GBox acyclic, we assume that all vertices in
each G; are labeled with: A; for i 6 j; these negative labels are not shown in
Figure 5a for the sake of clarity. The ABox ofKyiq contains the assertionA;(a).
Finally, the TBox of Kgjq contains the followingALCIF axioms:

>V 1H >V 1V >V 1R
B:Vv9RA, CiVI9RA,
B, Vv9RA; C, VI RIA;
Bz VI R:A, C3; VI RA,
Bsv9 R:A3 CisVvVIRA;

We next show thatKyq is satis able and that each model of K4y contains an
in nite two-dimensional grid, as shown in Figure 5b. Instaies of description graphs
are denoted with lowercase letters. Due to the ABox asserticA;(a), | contains
the instance g; of G;. Due to B; v9 R:A,, vertex 2 of g; is connected with an
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instance ofA,, sol contains the instanceg, of G,. SinceR is inverse-functional,
however, vertex 1 ofg, must be the same as vertex 2 af;, as shown by the arrow
m;. Furthermore, sinceV is functional, vertex 4 ofg, must be the same as vertex
3 of g;, as shown by the arromm,. Hence,g; and g, form the top two squares of
the grid. By a similar argument, one can see thalt contains the instanceg, of G,
and that g, and g4 share the vertices as shown by the arrows; and m4. Finally, |
contains the instanceg); and g2 of G, which share vertices withg, and g, as shown
my the arrowsms{mg. Thus, g and g3 share vertex 1, so by the key property they
must be the one and the same instance. Consequently, g, g3 = g5 = gs, and g4
are connected inl in a grid-like manner. Note that no two instancegy, share vertex
5, sol satis es the concept A; occurring in the label of each vertex o6; fori 6 j.
By repeating the same argument, it is clear that the grid exteds inde nitely to
the right and downwards.

Now given a domino systenS=(D;H;V), we can extendKgiq with axioms
(28){(31) to a knowledge base& s that is satis able if and only if an S-tiling exists,
which proves our claim. O

This result can be intuitively understood as follows. LeG; and G, be description
graphs with start conceptsA; and A,, respectively; furthermore, letg; and g, be
instances ofG; and G,, respectively. Then, inverse roles and number restrictign
can mergeg; and g, such that the vertex ofg, labeled with A, is not contained ing,
and, conversely, the vertex of, labeled with A, is not contained ing,. Therefore,
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even if all vertices ofG; and G, are labeled with: A, and : A;, respectively, it is
still possible to enforce the existence of in nite non-treéike structures.

6 Reasoning with Graph-Extended Knowledge Bases

In this section, we present an algorithm for reasoning with graph-extended
knowledge bas&K = (T;P;G;A). In order to overcome the undecidability results
from the previous section, in Section 6.1 we introduc®le separationas a way of
attaining decidability. Intuitively, role separation places restrictions on the usage
of atomic roles inT, P, and G in order to limit the possible interaction between
di erent types of axioms. In Section 6.2 we then present a hystableau-based
algorithm for checking the satis ability of K. When K is weakly separatedi.e., when
the roles occurring inP do not occur inT and vice versa), our algorithm provides
a decision procedure ifT is in SHOQ™ and G is acyclic G and a semidecision
procedure ifT is in SHOIQ *. Finally, in Section 6.3 we show that the decidability
of the latter case can be regained by requiring to be strongly separated(i.e., that
the roles occurring inP and G do not occur inT and vice versa).

6.1 Role Separation

Let K =(T;P;G,A) be a graph-extended KB. In Section 5, we proposed acyclic-
ity of G as a way to limit the size of the structures whose existenceimplied by G.
As expected, acyclicity invalidates the proof of Proposibin 2. The proof of Propo-
sition 3, however, reveals that an interaction between gré&gs, inverse roles, and
functionality axioms can circumvent the desired e ects of @yclicity. Thus, one way
of ensuring decidability is to restrict the interaction betveenT , P, and G by placing
restrictions on the usage of roles. The general approach &ptured by the following
de nition, which is specialized in the following sections.

De nition 12  (Role Separation) A role separation scheme = (Ng;;Ng,;Ngr.)
is a triple where allNg,, Ng,, and Ng, are (not necessarily disjoint) subsets of
the set of atomic rolesNg. The roles in Ng,, Ng,, and Ng, are calledT-, P-,
and G-roles, respectively. A graph-extended knowledge bé&se (T;P;G A) is -
separatedif all roles occurring in T, P, andGare T -, P-, and G-roles, respectively.

A similar idea has been used to ensure decidability of the foss of Abstract
Description Systems (ADSSs) [5]: the component ADSs can skeatoncepts, but the
interaction through roles is restricted to ensure decidality. The separation into T -,
P - and G-roles is similar in spirit. ADSs, however, lack standard st-order variables,
so they cannot directly represent arbitrarily connected stictures and rules. The
latter could potentially be axiomatized using an ADS; howear, such an encoding
is likely to be complex and therefore not practicable. Furtarmore, fusions of ADSs
require a strict separation of roles, which rules out weaklgeparated knowledge
bases (see Section 6.2).
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Similarly to the standard hypertableau algorithm presentd in Section 2.3, our
algorithm rst preprocessesK into a set of rulesR, a GBox G, and an ABox A.
We next de ne a notion of -admissibility for ( R; G; A) that identi es the types
of inputs our core algorithm can handle. This notion closelyparallels De nition
12 and, as we discuss shortly, there is a straightforward atlonship between -
separation for knowledge bases and -admissibility for thelgorithm inputs.

De nition 13  (Admissibility) . Let R be a set of rulesGa GBox, A an ABox, and
= ( Ng;;Ng,;Ng.) arole separation scheme. The tripléR; G, A) is -admissible
if all roles in G are G-roles, A is an input ABox, andR can be separated into disjoint

subsetsRt and Rp of T- and P-rules, respectively, such that

each ruler 2 Rt is an HT-rule and all roles inr are T -roles, and
each ruler 2 Rp is a connected graph rule and all roles in are P-roles.

A -admissible triple(R; G, A) is simple if all rules in Rt are simple HT-rules,
and (R;G;A) is acyclicif Gis acyclic.

Let K =(T;P;G,A) be a graph-extended KB, (T) and A°= A[ A(T) the
result of preprocessing’ using the preprocessing transformation from [32, Section
4.1] (see Section 2.3 for a summary), ari®l = P [ 1(T). By inspecting the trans-
formation it is straightforward to see that, for each role gearation scheme , if K
is -separated, then (R; G, A% is -admissible; if T is in SHOQ™, then (R; G, A9
is simple; and ifG is acyclic, then R;G; A9 is acyclic as well. Furthermore, ifK
does not contain transitivity axioms, it is trivial to see that K is equisatis able with
(R;G A9. Finally, if is such that Ng, \ Ng, = ;, then there is no interaction
betweenT and P, so transitivity axioms in T can be encoded into GCls in the same
way as in [32, Section 4.1] without a ecting satis ability. Therefore, we omit the
details of the preprocessing phase for the sake of brevitydapresent an algorithm
that decides the satis ability of an admissible triple R; G, A).

6.2 Weakly Separated Knowledge Bases

We now de ne a notion of weak role separation.

De nition 14  (Weak Separation) A role separation schem&Ng, ; Ng, ; Ng,) IS

weak if Ngr; \ Ng, = ;. A graph-extended knowledge ba&eis weakly separated
if a weak role separation scheme exists such thakK is -separated. Similarly, for
R a set of rules,G a GBox, andA an ABox, (R;G;A) is weakly admissibleif a

weak role separation scheme exists such thatR; G;A) is -admissible.

Intuitively, weak separation prevents any interaction beveenT and P and thus
avoids well-known sources of undecidability, such as the e identi ed in [26].
From a modeling point of view, weak separation is interestgn because it allows
one to describe general knowledge using TBox axioms and thenspecialize such
knowledge using description graphs. For example, even ifetlyeneral structure of a
nger were described using DL axioms (e.g., this descriptiomight be a part of a
general, coarse-grained knowledge base that does not usscdption graphs), one
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could describe more specialized knowledge, such as the stuwe of an index nger,

using graphs. One can thus choose the appropriate style of deding for knowledge
at di erent levels of granularity. The main limitation of weak separation is that

one cannot use rules to express knowledge about roles usedinaxioms. Thus,

weak separation does not impose any additional restrictisron graph-extended KBs
beyond those that are already present in standard DL knowlge bases without
description graphs. Note that DL-safe [33] need not satisthe weak admissibility

requirement; however, we do not consider such rules in thigyper because of their
limited applicability to schema reasoning.

We next present an algorithm that can be used to check the satability of a
weakly separated knowledge bag¢. The formal de nitions of the algorithm are
rather intricate, so we rst outline the main ideas by means ban example. Consider
the following graph-extended knowledge bad€; = (T;; P1; Gi; Aq):

T, = f CVIRIA; G, contains the following description graph:
Bvfhby g _ S
(32) P, = V=123 hi=fAg 1~ 2
A,=fC(a)g G M =fAg lei=fBg 2" 3

Bi=fcg 1" 3

The preprocessing of; produces the ABox (T;) = f Oy(b)g and the following set
of rules +(Ty):

(33) C(x)! (9R:A)(X)

(34) B(X) " On(yp) ! X Yo

LetR; = 1(Ty)andAl= A(Ty)[A 1. Clearly, (R1;G;AY) is weakly admissible:
all rules inR 1 are HT-rules and, sincd® = ; , we can consider all roles to b& -roles.

By successively applying the derivation rules shown in Taé$ 3 and 5 toRy,
G, and A1, our algorithm tries to construct an ABox that represents a mdel of
(R1;G;; Ad). The evolution of Al is shown in Figure 6, where assertions derived by
a single application of a derivation rule are separated by tted lines. Note that the
derivation rules from Table 5 closely follow the semantic odlitions on description
graphs given in De nition 10.

The Hyp-rule derives new assertions based on the contentsRf if the body of
some ruler 2 R can be matched to assertions in an ABox, an assertion from the
head ofr is derived nondeterministically. Thus, fromC(a) and (33), the Hyp-rule
derives the assertiordR:A(a).

To satisfy this assertion, the -rule introduces a freshiree successors; of a and
it derives the assertionR(a; s;) and A(s;). To keep track of the successor relation,
our algorithm represents individuals as nite strings of tle form.: q::::: ,, where

i are symbols and . is a special symbol that is used to make certain de nitions
simpler. Thus, the individual a actually corresponds to the string.: , where . is
a name symbal furthermore, s; corresponds to the individual.: ,: , where is a
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Fig. 6. Example Derivation of the Hypertableau Algorithm
tree symbol That s; is a successor oh is evident from the fact thata= .. ;is a

prexof s; = .. 4 .

The concept A is a main concept inG so, due to the assertionA(s;), indi-
vidual s; must occur in an instance ofG at vertex 1; to ensure this, the hyper-
tableau calculus contains theGg-rule. An application of the Gg-rule to A(s;) de-
rives the assertionG(sy; t1.1;t1:2). Individuals t;.; and ty., freshgraph successoraf
S1, Which is re ected in their string representation: we have; = S;: 1= .0 a0 1
and t;, = S0 2= .0 411 2 where ; and , are graph symbolsA tree or named
individual and all of its graph successors are said to formduster; individuals s;,
t1.1, and ty., are an example of such a cluster.

In order to connect and label all the vertices in the instancef G, the hypertableau
calculus contains theG, -rule. Its application to the current set of assertions adds
among others, the assertiol©(t;.,). But then, the same inferences can be repeated:
the Hyp-rule derives 9R:A(t1.2), the -rule derives R(t1.2;S2) and A(s;) where
S, = t1p: = .0 4l 20, the Ggo-rule derives the graph assertio®s(s,; t2.1; t2:2), and
the G_-rule connects and labels all the vertices. Le&2 be the ABox containing all
assertions derived thus far; these are shown in Figure 6.

Clearly, unrestricted application of the - and Gg-rule would lead to nontermi-
nation. Therefore, just like the standard (hyper)tableau gorithms, our algorithm
applies blocking Roughly speaking, tree individualss; and s, occur in A2 in the
same concepts, so the former individual blocks the latter|that is, the - and
Go-rule are not applied to (the successors of) the blocked initilual. Blocking is
applicable because the ABo 2 is of structure that generalizes the notion of forest-
shaped ABoxes from Section 2.3. In particula’A? can thus be seen as consisting of
three clusters, shown in Figure 6 as the left-most, middlend right-most columns,
connected by assertion®(a; s;) and R(t1.2; Sp).

In general, forest-shaped ABoxes are of the form shown in Eig 7. They contain
several kinds of individuals, which we summarize next.

Root individuals are shown in Figure 7 as black circles, and can be of two types:

Named individualsare the ones that occur in the input ABox.

Root individuals that are not named are introduced by theNI -rule (see Table 3)
due to an interaction between inverse roles, number restticns, and nominals.
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Fig. 7. A Generalized Forest-Shaped ABox

An in-depth discussion of the rationale behind the\l -rule is available in [32].

Tree individuals are introduced by the -rule in order to satisfy the existential
guanti ers in the TBox of the knowledge base, and they are skin in Figure 7
as white circles with a single edge.

Graph individuals are introduced by the Gg-rule in order to satisfy the start
property for the graphs in the GBox of the knowledge base, artley are shown
in Figure 7 as white circles with a double edge.

The central concept in forest-shaped ABoxes is the notion afcluster, whose formal
de nition ensures that all root individuals and all graph individuals of the form.: ;
form a single cluster, and that each tree individual and all graph individuals of the
form t. ; form a cluster. Figure 7 shows two clusters, where the memhadividuals
are enclosed in a dashed line. The key idea behind clusterghat (i) individuals
in the same cluster can be arbitrarily connected, butii() individuals from di erent
clusters are connected in a tree-like manner. Thus, eachédst-shaped ABox can be
seen as a tree of clusters; we often call this structuretree backboneWe exploit the
tree backbone to generalize the notions of blocking and pmmng from the standard
(hyper)tableau algorithms.

In Lemma 1, we formalize the notion of forest-shaped ABoxesié show that, if
(R;G;A) is weakly separated, then the application of the hypertaklu derivation
rules to a forest-shaped ABox always produces a forest-sleapABox. Intuitively,
the arbitrarily shaped P-rules in R can be applied only to assertions involving
individuals in the same cluster, where they can introduce hitrary connections;
however, due to weak separation, they cannot a ect the treedekbone. The tree
backbone is constructed solely using th€-rules inR.

Nominals, however, introduce a slight complication. Congdér again the ABoxA?.
From B (t1.1), Op(b), and (34), the Hyp-rule derivest;.; b The -rule then prunes
t1.1 (i.e., it removes all graph and tree descendants ¢f.;) and replaces it with b;
pruning is necessary in order to avoid nontermination due teepeated individual
creation and merging, as in the so-called \yo-yo" problem [4After t;.; is replaced
with b, the ABox contains the graph assertiorG(s;; b; t;.2) in which bis not from
the same cluster as; and ty.,; thus, the ABox is not forest shaped. This is reme-
died through graph cleanup the mentioned assertion is replaced witl(vy; b; w),
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wherev; = .; ;andv, = .. , are fresh graph individuals from the cluster ob. The

cluster of s; and ty., is thus merged into the cluster ot in order to make the re-
sulting ABox forest shaped. Furthermore, if graph cleanupsisubsequently applied
to an assertion of the formG(ws; b; w), individuals w; and w, are replaced with
v, and v,, respectively. Reusing individuals in graph cleanup is sod because of
the key property in Table 4, and it allows us to establish a bawd on the number
of individuals introduced by the cleanup.

We next de ne our algorithm formally. At this point, we assune the rules inR
to be HT-rules, but do not assume them to be simple. Thus, thelgorithm can be
applied to a triple (R; G; A) obtained by preprocessing a graph-extended knowledge
base whose TBox is irBHOIQ *.

De nition 15. The hypertableau algorithm for checking the satis abilityf an
admissible triple(R; G; A) is obtained by modifying parts of De nition 2 as follows.
Individuals. Let , ,and be countably in nite and mutually disjoint sets
of tree, graph, and name symbols respectively, none of which contains the special
symbol.. The set of NI-symbolsis the smallest set such that;R;B;i i2

for each 2 [ [ ,role R, literal conceptB, and integeri.
An individual is a nite string of the form .. ;::::: , withn 1 such that
12 [ 0
i 2 [ for2 i n,and
i2 [ implies 4, 62 forl i n.

An individual with |, 2 (resp. 2 ) is a tree (resp. graph) individual.
Furthermore, an individual of the form.: is a root individual, and if 2 |, the
individual is named Let Na, N,, and Ng be the sets of all individuals, all named
individuals, and all root individuals, respectively.

For each individualx: 2 N, (with x possibly being equal to), we say thatx:
is a successoof x, x is predecessoof x: , and descendantand ancestorare the
transitive closures of successor and predecessor, respegy.

Cluster. For each individual s 2 N4, the function bsc is de ned as follows:
bsc = sif s is a tree individual; otherwise,bsc =t for s= t: . Individuals s and t
are from the same clusteif bsc = btc.

Graph Cleanup. Let A be an ABox containing an assertios(u;:::;u-) where
someu; and u; are not from the same cluster, andw;c is an ancestor ofu;. A
cleanupof u; is an ABox obtained fromA by pruning u; and then replacing in all
the remaining assertionsy; with an individual t de ned as follows:

from the same cluster asy;, thent = v;;
otherwise,t is a fresh graph successor di;c.

A graph cleanupof A is obtained fromA by iteratively applying a cleanup to candi-
date individuals as long as possible and in any sequence tbetis es the following
restriction: whenever cleanup is applicable to; and u; such thatu; is an ancestor
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of u;, cleanup is applied rst tou;.’

Merge Target. An individual t is a merge targetfor an individual s if t is a
named individual, ort is a root individual and s is not a named individual, ort is
not a root individual and s is a descendant oftc.

Merging. The ABox mergg (s! t) is obtained fromprune, (s) by replacings
with t in all assertions, and then applying a graph cleanup.

Derivation Rules.  The derivation rules from Table 3 are extended with the
ones from Table 5. In the NI-rule (see Table 3), fou = .: a root individual, R a
role, B a literal concept, andi an integer, rootfor(u; R;B;i) = .:h;R;B;i I.

Rule Precedence. The -rule can be applied to a (possibly annotated) equality
s tinan ABox A only if A does not contain an equalitys t@',gg to which
the Nl-rule is applicable. Furthermore, theGg-rule is applicable to an ABox only if
the?-, -, G;-, G -, G¢-, and G, -rule are not applicable to the ABox.

If (R; G; A) is weakly admissible and simple, th& -rules inR are simple HT-rules
so, as explained in Section 2.3, thHll -rule then never gets applied, no root indi-
vidual occurring in a derivation involves anNI -symbol, and pairwise blocking can
be simpli ed to single blocking. Therefore, we implicitly nake these assumptions
whenever R; G, A) is simple.

We next show that, if (R;G;A) is weakly admissible, simple, and acyclic, the
hypertableau algorithm becomes a decision procedure. litively, if R is simple
(i.e., if T isin SHOQ™), then di erent clusters cannot interact in an adverse way
due to number restrictions. Consider, for example, the ABoshown in Figure 7.
Individual u can be merged intot; however,t then \inherits" all main concepts
asserted oru. Thus, if t and u occur in assertions with description graphs; and
G,, respectively, such thatG,; 6 G,, an inconsistency will be derived due to the
acyclicity of G, which will prevent further application of the derivation rules. Hence,
despite the fact that di erent clusters can be merged, we caestablish a bound on
the size of each cluster and thus prove termination.

We next prove soundness, completeness, and termination afralgorithm. To
this end, we rst formalize the intuitive notion of forest-shaped ABoxes and show
that an application of a derivation rule always preserves ik property.

Lemma 1. LetR be a set of rulesGa GBox, andA an ABox such that(R; G, A) is
simple and weakly admissible. Then, each AB#&C labeling a node of a derivation
for (R;G;A) satis es the following properties, fora and b root individuals, ug
individuals, i; ;2 ,and ;; ; 2

(1) Each R(s;t) 2 A% whereR is a T-role has the formR(u;u: ;), R(u;a), or
R(uq; up), whereu; and u, are individuals from the same cluster.

(2) Eachs t2AClisoftheforma u,u; Uy U; Uy j,0ru:; U i» Where
u; and u, are individuals from the same cluster.

’ Note that, due to the freedom in choice oft and the order in which cleanup is applied
to candidate individuals, graph cleanup of A is not uniquely de ned; however, for the
purposes of our algorithm,any cleanup of A will su ce.
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Table 5
Derivation Rules Related to Description Graphs

3)

(4)

If 1. fG(sy;::::8); G(tl;::"t )Jg A,
2.si=tjforsomel i ,
3.fs; tjl1 j "g6 A, and
4. neither s; nor t; is indirectly blocked for each 1 i
then A = AJ[f sJ tjjl j g

G -rule

G- -rule 2. Si =t for somei 6 j, and
3. neither s; nor t; is indirectly blocked for each 1 i

then A; := A[f?g

If 1. A(s) 2 A suchthat A2 M forsomeG=(V;E; ;M) 2Gg,
2. s'is not blocked in A, and

Geo-rule 3. for eachv; 2 Va = fvq;:::;vnh0, no individuals uy;:::;u- exist
9 such that G(us;:::;u) 2A anduy, = s
then A; .= A[f G(ty;:::;t)gforeach 1 i n where

ty, = s and all other ty are fresh graph successors difsc.
If 1. G(s1;:::;8) 2A with G=(V;E; ;M ),
GrL-rule | 2. fA(si)jA2 hig[f R(si;sj)jR2 hij |96 A, and
3. sj is not indirectly blocked for each 1 i
then Ay ;= A[f A(si)) jA 2 hig[f R(si;sj)JR2 h;jig.
If 1. G1 C G3 2 Gs,

2. Gy(s1;::1;5,) 2A,
Ge-tule | 3 Gi(syiiiiis.) 62 A and
4. s; is not indirectly blocked for each 1 i
then Aq == A[f Gi(s1;::::5,)0.
If 1. Gq[v1;:::;vnl$ Go[wy;:::wp] 2 Ga,
2.1Gy(s1;:11;8,)Gaty;1iiit,)g A
Gg -rule| 3.s, =ty forsomel i n,

4.fsy, twjl | ng6 A, and
5. neither s; nor t; is indirectly blocked for each 1 i
thenA; = A[f sy, tyjl j ng

In each G(uq;:::u) 2 A%and U(uy; up) 2 A°with U a P-role, u; are all from
the same cluster. Furthermore, for each graph individual, in A° a tree or a
root individual u, from the same cluster asip exists such thatup has a path

to u, in A9that is, individuals us;:::;u, 1 exist such thatu; ; and u; occur
together in a graph assertion il%for eachl i n.
In each Oa(u) 2 A° with O, a nominal guard concept, the individualu is

named. Furthermore, in each nR:B(u) 2 A° the conceptB is not a nominal
guard concept.

For each tree individualt, in A° individuals so;:::;Sy, and to;:::;t, 1 exist
such that (i) so is a root individual, (ii) foreach 1 i n, individuals s; and
ti 1 are from the same cluster, and (iii) for eaclD i n, individual t; is a

tree successor o§;, and R;(s;;t;) 2 A °for someT -role R;.
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Proof. Let =( Ng,;;Ng,;Ng.) be aweak role separation scheme aith and Rp
the subsets ofR satisfying the conditions of De nition 13. We prove this lerma
by induction on the rule application. SinceA is an input ABox, the induction base
is trivial. Assume that the claim holds for an ABoxA and consider the inferences
deriving some ABOXA;.

(? - and G, -rule) The ABox A trivially satis es Conditions 1{5.

(Gec-, Gg -, G -, and G, -rule) These rules are always applied to individuals in
the same cluster, sd\; satis es Conditions 1{5.

(Ggo-rule) Assume that A; is obtained by an application of theGgy-rule to an

are from the same cluster as, soA; satis es Conditions 1{5.

( -rule) Assume thatA; is obtained by an application of the -rule to an asser-
tion nR:B(s) 2 Ao. All individuals tq;:::;t, introduced by the rule application
are tree successors of such that R(s;tj)) 2 A, and B is not a nominal guard
concept, soA, satis es Conditions 1{5.

(Hyp-rule) Assume thatA; is obtained fromA o by an application of the Hyp-rule
toaruler 2R . The rule r does not contain a nominal guard concept in the head,
so A; satis es Condition 4. Furthermore, the Hyp-rule does not introduce fresh
individuals, so Condition 5 trivially holds for A;.

If r 2 Rp, thenr is connected, so all variables in are matched to individuals in
the same cluster. All role atoms in the head af are P -roles due to weak separation,
SOA; satis es Conditions 1{3. Thus, letr 2 Rt be a simple HT-rule and consider
the types of assertions derived by instantiating an atom fra the head ofr.

If s tis derived by instantiating an atom of the formx z, then the body
of r contains an atomO,(z;). This atom is matched to an assertiorO4(t) 2 A in
which, by Condition 4, t is a named individual. Hences t satis es Condition 2.

If s tis derived by instantiatingy; y; in a simple HT-rule r, the body ofr
contains atomsR(x;y;) and S(x;y;) that are matched to assertionsR(u;s) 2 A
and S(u;t) 2 Ao whereR and S are T -roles, and each individual inf s;tg is from
the same cluster asi, or a tree successor ai, or a root individual. Clearly, s t
satis es Condition 2.

If R(s;t) is derived by instantiating R(x; x), then s = t; sinces is from the same
cluster ass, the assertion satis es Condition 1.

If R(s;1) is derived by instantiating R(X;y;) in a simple HT-rule r, the body ofr
contains an atomS(x; y;) that is matched to assertionS(s;t) 2 A o, which satis es
Condition 1. Clearly, R(s;t) then satis es Condition 1 as well.

If R(s;t) is derived by instantiating R(X; z;) in a simple HT-rule r, the body ofr
contains an atomO,(z; ) that is matched to an assertionO,(t) 2 A o. By Condition
4,1 is a root individual, soR(s;t) satis es Condition 1.

( -rule) Consider the types of equality assertions iAo to which the -rule can
be applied.

For u; u, whereu; and u, are from the same cluster, the -rule prunes one
individual|call it  s|and replaces it with another individual from the same cluster.
Clearly, the resulting assertions satisfy Conditions 1 an@. Furthermore, individual
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s occurs in the ABox after pruning only in assertions involvig predecessors & or
individuals from the same cluster as, SOA; satis es Conditions 3{5 as well.

Foru; uy: i with u; and u, from the same cluster, the -rule prunesu,: ; and
replaces it with u;. Thus, assertions of the fornR(uy; u,: i), R(uz: i;a), a uy: |,
Uz Uy with u, and uz from the same cluster, andu,: ; Uy:; are changed
into assertionsR(uy; u;), R(uy;@), a Uz, uz ug, andu; Uy j, respectively, all
of which satisfy Conditions 1 and 2. Furthermore, pruning m@oves all individuals
from the cluster ofu,: i, SOA; satis es Conditions 3{5 as well.

Fora u,the -rule prunesu and merges it intoa. Thus, assertions of the form
R(v;u) and v u are changed into assertion®(v;a) and v a, respectively, all

Ui = u produces at rst an assertion that does not satisfy Conditio 3; however,
graph cleanup then replaces eaaly with a graph individual from the same cluster
asa. SinceA  satis es the second part of Condition 3, graph cleanup reptas all
individuals from the cluster ofu with graph individuals from the same cluster as
a, so the resulting ABox satis es Conditions 1{5. O

Theorem 1 summarizes the properties of our algorithm.

Theorem 1. The following properties hold for each set of ruld®, GBox G, and
ABox A such that(R; G; A) is weakly admissible, simple, and acyclic:

(1) if (R;G;A) is satis able, then each derivation for(R; G; A) is successful;
(2) (R;G;A) is satis able if a successful derivation fo(R; G; A) exists; and
(3) each derivation for(R;G;A) is nite.

Proof of Claim 1. The claim follows from the following property: if R; G A) is

A, then (R; G, Aj) is satis able forsome 1 i n (and, consequentlyA; is clash-
free). The proof is the same as in [32, Lemma 13] for all but the-rule, in which
the application of graph cleanup is nonstandard. Lelt be a model of R; G; A) and
consider an application of the -ruletos t2A, producing an ABoxA ;. Let A°
be the ABox obtained fromA by pruning s and then replacing it with t. Since
| s t,we haves' =t', so clearlyl F A® The ABox A; is obtained fromA°
by graph cleanup, which can additionally replace some indduals u; with v;. If v;
is fresh, we can extend to obtain a model of A;; otherwise, by the de nition of
graph cleanup,A° contains graph assertion&(:::;u;;:::) and G(:::;vi;:::) so, by
the key property from De nition 10, we haveuj' = vjI for eachj . Clearly, (R;G;A,)
is satised in I. O

Proof of Claim 2. Let A®be a clash-free ABox labeling a leaf of a successful deriva-
tion for (R;G;A). To prove the claim, we next show how to construct a model of
(R;G;A). To do this, we rst introduce several de nitions.

A path is a nite nonempty sequence of pairs of individualg = %Z;;:::;i—'.r:].
Let tail(p) = x, and tail{p) = x°. Furthermore, let q=[p| %:,f] denote the path
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i%; D10 % 23], we say thatqis asuccessorof p, and p is a predecessorf g. The
n n+1
set of all pathsP (A9 is de ned inductively as follows:

[2]2 P(A9 if ais a root individual and it occurs inA¢,
[P] g—Z] 2 P(AYif p2 P(AY andslis a successor dfil(p), s°occurs in an assertion
of A% and s%is not blocked inA% and

[pj 512 P(AYif p2 P(A9 andsCis a successor dail(p), s°occurs in an assertion
of A% and s%is directly blocked inA°by s.

Paths p; g2 P(A9 are from the same clusterwritten p g, if

p=q,or
p=[%landq= [g] for a and broot individuals, or

individuals tail(p) and tail(g) are from the same cluster and eithep and g are
successors of the same path or one path is a successor of tireropath.

We now de ne an interpretation | as follows, for each atomic concepA, each
T -role R, eachP-role U, and each description graphG: 8

4'=P(A9
a =[2] for each root individual a that occurs in A°
a =b ifaé bandkakao= b
Al = fpjA(tail(p) 2A%Y
R' = thp;[2]ij ais a root individual, p6 [2]; and R(tail(p);a) 2A %Y [
fhp;; pij pr P2 and R(tail(py); tail(py)) 2 A% [
fhp;[pj &lii P6 [pi &l and R(tail(p);s) 2 A %Y
U' = fhpipeij pr pe and U(tail(py); tail(p2)) 2 A%
G' =fhpy:i;pijp pforl i<j " andG(tail(p);:::;tail(p)) 2A%Y

Alis an HT-ABox, so4 ' is not empty. To prove | F (R;G A), we rst show
that, for each ps = [q j &] and each individualw, the following claims hold (*):

R(s;s) 2 A%(resp.A(s) 2A9 i hps;psi2 R' (resp. ps 2 A'): Immediate by the
de nition of |.

If B(w) 2 A%and Lao(w)= Lao(s?) for B a literal concept, thenps 2 B': The
proof is immediate ifB is atomic. If B = : A, since the? -rule is not applicable
to A% we haveA(w) 62 & but then, A(s) 62 R and A(s) 62 A which by the
previous case implieps 62A'.

If nRB(s)2A° thenps2( nR:B)': By the de nition of paths, s is not
blocked. Since the -rule is not applicable to nR:B(s), individuals uy;:::;uy
exist such thatR(s; u;)) 2 A%andB(u;) 2 A%foreach1 i n,andu; 6 uj 2A°
for each 1 <] n. Each assertionR(s; u;) satis es Property (1) of HT-
ABoxes, so eachu; can be of one of the following forms.

8 The function k kao has been introduced in De nition 2.

36



u; is from the same cluster as. If sis a tree individual, letp,, = [ps] 3—:]; oth-
erwise, letpy, =[G j 3—] By the de nition of | and the facts thatR(s;u;) 2 A°
and B(u;) 2 A% we concludehps; p,;i2 R' andpy, 2 B'.
u;j is a successor o, but u; and s are not from the same cluster. If); is directly
blocked byv;, let py, = [ps ] Z—ii]; otherwise, letp,, = [ps j 3—] In either case, we
have R(tail(ps); uj) 2 A which, by the de nition of I, implies hps;pyi2 R'.
Furthermore, B(u;) 2 A%and L ao(u;) = L ao(tail(py,)) imply py, 2 B'.
u; is a root individual. Let p,, =[-]. We haveR(s;u) 2 A%and B(u;) 2A°
which imply hps;py,i2 R' andp,, 2 B'.
Consider now each 1 i<j  n.Inall cases, we havéail{p,,) 6 tail{p,) 2 A°
Since? 62 A°and the ? -rule is not applicable, we also havéail{p,,) & tail{p,,).
which implies py, € p,; . Thus, we conclude thatps 2 ( n R:B)'.

For an assertion °2 A9of the forma banda6 bwith a and b named indi-
viduals, it is straightforward to see thatl E ° Furthermore, if °is of the form
R(a;b or B(a), or nR:B(a)with aa named individual, (*) implies| E 2 Con-
sider now each 2 A.If 62 A then A°contains renamings that, when applied to

, produce an assertion °2 A% but then, | F by the de nition of 1.

We next show thatl E R. Consider a simple HT-ruler 2 R + with variables x,
yi, and z as in De nition 3, and a mapping of the variables to4 ' such that
I; F B, for each body atomB,, of r. Let be a mapping of the variables irr
to individuals in A°de ned as follows:

(x) = tail( (x));

(yi) = tail{ (y)))if (y) is a successor of (x), but (yi) 6 (X);

(yi) = tail( (y;)) in all cases not covered by the previous one; and

() = tail( (z)).
Atom By, can be of the formA(x), A(yi), A(z), R(x;x), or R(x;y;), for R aT-
role. By the de nition of paths, (x) is not blocked. Furthermore, if (y;) is a
successor of (x), then (y;) is a successor of (x); otherwise, (y;) is either from
the same cluster as (x) or it is a named individual. Finally, by the de nition of I,
we have (Bn) 2 A° Each variablez occurs inr in an atom of the form O,(z);
by Condition 4 of Lemma 1 and the de nition ofl, all paths in O}, are of the form
[‘g] for b a named individual, so (z) is of that form as well. The Hyp-rule is not
applicable tor, A% and , so (H,) 2 A°for some head atonH, of r. We have
the following possibilities for the structure ofH .

Assume that H,, is of the form C(x) for C a literal concept or a concept of
the form  nS:B; thus, we haveC( (x)) 2 A° By (*), we then have (x) 2 C'.
Thus,I; Fr.

Assume thatH,, is of the formR(x; x); thus, we haveR( (x); (x)) 2 A% By (*),
we then haveh (x); (x)i2 R'. Thus,|; Fr.

Assume thatH, is of the form B(y;); thus, we haveB( (y;)) 2 A% By the def-
inition of blocking, we haveL oo (yi)) = Lao(tail( (y;))); by (*), we then have

37



Py, 2 El. Thus, I; Er.

Assume thatH, is of the form S(x;y;), so S( (x); (yi)) 2 A% By the de nition
of I, we havehp,;p,i2 S'. Thus, I; [ r.

The case wherH,, is of the form S(x; z;) is analogous to the previous one.

Assume thatH, is of the formx  z; thus, we have (x) (z) 2A. Since
the -rule is not applicable toA° we have (x)= (z). Since (x) is a named
individual, it cannot block other individuals, sotail{ (x)) = (x), which implies
(x)= (7). Thus, I, Fr.
Assume thatH, is of the formy; y;; thus, we have (y;) (yj) 2 A° Since
the -rule is not applicable toA® we have (y;)= (y;). By De nition 3, the
antecedent ofr contains atomsR(x;y;) and R(x; y;); therefore,h (x); (vi)i2 R
andh (x); (y;)i2 R'. By Condition 1 of Lemma 1 and the de nition ofl, path
(i) can be either of the form {] for a a root individual, a successor of (x),
or from the same cluster as (x); similar restrictions hold for (y;). But then,

(yi)= (y;) implies (yi)= (y;). Thus, I; Fr.

variables to4 ' such thatl; F B,, for each body atomB,, of r. Sincer is con-
nected and each nonunary atorB, involves either aP -role or a description graph,
Condition 3 of Lemma 1 and the de nition of I imply that all paths (x;) are
from the same cluster. Let be a mapping of the variables irr to individuals
in A°de ned as (x;) = tail( (x;)) forl i n. By the de nition of I, we have

(Bm) 2 A%for each body atomB,,. Since theHyp-rule is not applicable tor, A°,
and ,then (H,) 2 A°for some head atonH,. But then, by the de nition of 1,
we havel; E H,.

The proof that | F G is completely analogous to the one in the previous para-
graph and we omit it for the sake of brevity. O

Proof of Claim 3. We show that each derivation T; ) for R, G, and A satis es the
following properties: (1) if a derivation rule is applied toa subset of (g) for some
derivation node g2 T, then the same derivation rule cannot become applicable
to the same assertions in (g9 for some descendant nodg® of g; (2) an integer
} depending only onR, G, and A exists such that, for each (g) and each tree
individual s in (g), the number of tree ancestors o$ is at most }; (3) for each

(9) and each tree individuals in it, the number of graph successors afis bounded;
(4) on each derivation path, the number of graph individualsntroduced by graph
cleanup is bounded; and (5) the number of root graph indivicals in each (Q)
is bounded. Together, all these items imply that (6) the numer of individuals
introduced on each derivation path is bounded. Items (1) an¢b) imply that the
number of applications of all derivation rules on each demtion path is bounded
as well, which implies the claim of this lemma.

(1) This item holds in exactly the same way as in the case of thgtandard
hypertableau algorithm [32, Lemma 15]: if a derivation rulés applied to a subset
of assertions of (g) for some derivation nodeg 2 T, then assertions are added to
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(g) that prevent a reapplication of the same derivation rule tdhe same assertions
in (g9 for some descendant nodg® of g. We omit the details for the sake of brevity.

(2) Let c be the number of atomic concepts occurring inR; G; A), and let depth
of a tree individual s, written de(s), be the number of its tree ancestors. For each
g 2 T, the ancestors of each tree individual in(g) are present in (g) by Condition
5 of Lemma 1. Thus, if a tree individuals has depth} = 2°¢+ 1, two ancestors with
the same individual label exist in (g), sos is blocked in (g). The -rule is not
applicable to blocked individuals, so the -rule is never applied to suchs. Thus,
for each tree individuals in (g), we havedef(s) }.

(3) To prove this item, we rst show a useful property. Let be an order on the
description graphs inG that satis es the conditions of De nition 11. Furthermore,
let us assume that the hypertableau algorithm is modi ed sutthat each individual
s in ACis assigned dabel! (s), which is a (possibly empty) string of the form

(35) Gqjt! Vi Gt W

wheren 0, G; is a description graph, and; and v° are vertices inG;. Individuals
are labeled according to the following rules:

For s a tree or named individual, or a fresh graph individual intraluced by graph

cleanup,! (s) is the empty string.

If an application of the Gg-rule to an assertionA(s) introduces a graph assertion

G(ty;:::;t) with s = t; forsome 1 i, then! (t;) = ! (s):Gj" ! for each

1 j “andj 6.

By induction on the applications of the derivation rules, weshow that the fol-
lowing properties ) hold for each clash-free ABoA° labeling a node of T; ):

(i) For each graph individual s in A°with ! (s) of the form (35),

(b) G ::: Gp 1;and
(c) if G, 16 G,, then A°contains (not necessarily distinct) graph assertions

(i) For each individual s in A%such that bsc is a tree individual, A°does not con-
tain an individual t from the same cluster as such thats 6 t and! (s) = ! (t).

Property (y) clearly holds for the input ABox A, so let A°be an ABox satisfying
(y) and consider all possible derivation rules.

The Hyp-, ?-, G -, G, -, G_-, G¢-, and Gg -rule do not introduce fresh individ-
uals and do not remove assertions from an ABox, so they cannioivalidate (y).
Furthermore, the -rule introduces tree individualst; where! (t;) is the empty
string, so the resulting ABox clearly satis es ).

Assume that the -rule is applied to an assertiors t 2 A%and that the indi-
vidual s is merged intot. By Lemma 1, pruning always removes either all or no
graph individuals from some cluster; therefore, the ABox &dr merging, but before
possible graph cleanup, clearly satis es Condition (i-c) rad (ii). Furthermore, if
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merging requires graph cleanup, then freshly introduced gph individuals clearly
satisfy Conditions (i) and (ii).

Consider an application of theGo-rule to an assertionA(s) 2 A%and an *%ary
description graphG°= (V%E®% M9 with A 2 M% Assume thats is labeled as
follows, for G, = (Vi En; iy My):

1(s)= Gyj*t' Y11 :Gyj!

By the induction assumption,! (s) satis es Conditions (i) and (ii). Moreover, by
the rule precedence, thés, -, G, -, and G¢-, and ? -rule are not applicable toA°

(i-a), we conclude thatG, ; G,. Furthermore, since! (s) satis es Condition (i-
b), we have thatG; Gjs; foreachl i n 1.

Since the G, -rule is not applicable, B(s) 2 A° for eachB 2 ,hli. Since G is
acyclic, by De nition 11 the following properties ) hold for each description graph
G%in G such that G, 6 G%and each main concepC of G%

If G€ G,, or if G®°C G, and V¢ is not a vertex of G% then : C(s) 2 A°

If G®°CG, and V¢ is a vertex of G® since the G¢-rule is not applicable, A°

and consider each fresh graph individudl, labeled as follows:
L(t) = Ggj¥' Gyt WGy !

We next show that! (t;) satis es Conditions (i) and (ii). Condition (i-a) is obvi-
ously satis ed, and we have already established that Condiin (i-b) is satis ed by
the induction assumption on! (s). To show that ! (t) satis es Condition (i-c), we
consider all possible relationships betwee@, and G°

G, G Condition (i-c) is vacuously satis ed.
G, = G% Precondition 3 of the Gg-rule ensures thatv 6 v0, so graph assertions

G, 6 G Consider the relationship betweer, and G%in C.

G°6 G,, or G°C G, andV is not a vertex ofG,: By case 1 of £), we have that
: A(s) 2 A% since the? -rule is not applicable toA° we have? 2 A © which is
a contradiction.

G°C G, and v is not a vertex of G,: By case 2 of £), then A° contains an

to A%by precondition 3, which is a contradiction.

Finally, to have ! (tj) = ! (g) for some individual g from the cluster oft;, the Ggy-rule
must be applied to the same assertion for the same graph twidgy (1), this is not
possible; hence! (tj) satis es (ii). This completes the proof of §).
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We next use §) to show (3). Let g be the number of graphs ané the maximum
arity of a graph in G. The ordering is acyclic, son g+ 1 in each label of the
form (35). Each label can thus be understood as a tuple gf+ 1 triples (G;v;V9
where G is a description graph or is empty, andv and v° are integers between 1
and a. There are most (g+1) a a)%? dierent such labels, and this number is
bounded by# = 2@a1) (e*)* Byt then, by (ii), the number of graph individuals in
a cluster of a tree individual inA°is bounded by# as well, which implies Item (3).

(4) Consider any graph or tree individuals in an ABox A°labeling a derivation

of A%in which all individuals are from the cluster oft,. In the worst case,s can be
merged into a named individuala, and an individual from eachS, can be merged
into Sk+1. By the rst condition of the de nition of graph cleanup, however, fresh
graph individuals can be introduced at most once for eachs unique up to the
renaming of individuals. By Item (2),n }, and, by Item (3), the size of eacls
is bounded; therefore, the number of sequenceg unique up to the renaming of
individuals is also bounded. Consequently, the number ofesh graph individuals
introduced in graph cleanup is bounded as well.

(5) Item (4), property (y), and the fact that is acyclic imply that the number
of fresh root graph individuals introduced by theGq-rule is bounded. The proof is
analogous to the proof of Item (3) and is omitted for the sakefdrevity.

(6) By (4) and (5), the total number of root individuals in an ABox is bounded.
Furthermore, by (1), (2), and (3), the number of their descetlants is bounded as
well. Therefore, by (1), the total number of applications otflerivation rules on each
derivation path is bounded as well. O

Since preprocessing of the TBox does not a ect satis abiltof a graph-extended
knowledge base, we immediately have the following theorem.

Theorem 2. Checking the satis ability of a weakly separated acyclicaph-extended
knowledge basi& = (T;P;G;A) whereT is in SHOQ" is decidable.

We now consider the case whel = (T;P;G A) is a weakly separated acyclic
graph-extended knowledge base with in SHOIQ *. The TBox T is preprocessed
as usual, so letR = (T)[P and A°= A[ A(A); then, (R;G A9 is weakly
admissible and acyclic, but not simple. By Proposition 3, @tking the satis ability
of (R;G; A9 is undecidable; consequently, the hypertableau algorith does not
necessarily terminate. Consider again Figure 7. R is not simple (i.e., if T contains
inverse roles), thernv can be merged intcs. Individual v, however, does not need to
occur in an assertion involving a main concept of some graptom the cluster ofu.
Thus, the algorithm does not necessarily derive a contradion if a graph from the
cluster ofu is not subordinate to all graphs in the cluster o6. Hence, even though
G is acyclic, clusters can be of arbitrary size which leads tantermination.
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Our algorithm, however, can be used as a semidecision proges This is a non-
trivial and practically interesting consequence since thalgorithm uses blocking.
Assume that the T -rules in R have been obtained from a cyclic TBox, and that
(R; G A9 is satis able. Blocking \increases the chances" for termiation; in fact,
provided that G is acyclic, our algorithm will necessarily terminate unlesit per-
forms one particular type of inference. Our algorithm is a seidecision procedure
even if G is not acyclic, but then it is unlikely to terminate on satis able (R; G; A9).

Since the rules inR+ are not simple, pairwise blocking must be used, and the
NI -rule can become applicable. Furthermore, as usual in theseaof semidecision
procedures, derivations must béair ; intuitively, this means that no application of
an inference rule should be \postponed" in nitely often.

De nition 16  (Fair Derivation) . A derivation (T; ) for R, G, and A is unfair if
a branchty;ty;::: of T exists such that, for in nitely many nodeg;, ; t;,;::: on that
branch, the same derivation rule is applicable to the samesartions in each (t;).
Fair is the opposite of unfair.

The correctness proofs for the standard hypertableau algttrm for SHOIQ *
[32] are quite involved and lengthy, and so is their generadition to graph-extended
knowledge bases. To keep this paper within reasonable lehgtve only sketch the
proofs of our claims. The full proofs can be obtained by a ra¢h straightforward
combination of the proofs of Lemma 1 and Theorem 1 and the prisofrom [32].

We rst generalize Lemma 1 to take into account the assertianthat can be
derived whenR is not simple.

Lemma 2. Let R be a set of rulesG a GBox, andA an ABox such that(R; G;A) is
weakly admissible. Then, each ABok°labeling a node of a derivation fo(R; G; A)
satis es Conditions (3){(5) of Lemma 1, as well as the folloimg conditions, for a
and b root individuals, ugy individuals, i; ;2 ,and ;; ; 2

(1) Each R(s;t) 2 A% whereR is a T-role has the formR(u;u: ;), R(u: i;u),
R(u;a), R(a;u), or R(uy; u,) with u; and u, from the same cluster.

(2) Each equality in A°either is of the forms t @,z With s a tree individual
that is not a successor o andt a tree individual, or it is a possibly annotated
equality of the forma u, u; Uy U; U, U Ui, U U, Or
u u:;:;, whereu; and u, are individuals from the same cluster.

Proof (Sketch). The proof is a straightforward combination of the proofs of emma
1 and [32, Lemma 12]. The main di erence is in the applicatioof the -rule to
and equality of the formu  u: ;: j, which prunesu: ;: ; and merges it intou. The
cluster of u: ;:  is not necessarily pruned as well; however, graph cleanupsares
that all individuals from the cluster of u: ;: ; are replaced with individuals from
the cluster ofu. O

Theorem 3. The following properties hold for each set of ruld®, a GBox G, and
an ABox A such that(R; G, A) is weakly admissible:
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(1) if (R;G;A) is satis able, then each derivation for(R; G, A) is successful; and
(2) (R;G;A) is satis able if a successful and fair derivation foR; G; A) exists.

Proof (Sketch). The proof of Claim 1 is the same as in Theorem 1, apart from
the case for theNlI -rule which is the same as in [32, Lemma 13]. For Claim 2, let
(T; ) be a successful fair derivation forR ; G; A). The main di erence to the proof
of Claim 2 of Theorem 1 is that [; ) is not necessarily nitg. +et ty;to; 10 be
the branch of T such that each (t;) is clash-free, and letA®= ~; *; ; (t;). Since
(T; ) is fair, no derivation rule is applicable toA% We can construct the model
of (R; G;A) in the same way as in Theorem 1, with the following di erencén the
treatment of T -roles:

R' = fh[2];pij ais a root individual, p 6 [2]; and R(a;tail(p)) 2 A %Y [
fhp;[2]ij ais a root individual, p 6 [2]; and R(tail(p);a) 2 A Q[
fhp peij P P2 and R(tail(p.); tail(p,)) 2 A%Q [
fhp;lpj &lij P6 [pj &l and R(tail(p);s) 2 AQ [
fhipj $lipij p6 [pj gl and R(s tail(p)) 2 A%

The proof that | is a model of R; G, A) is a straightforward combination of the
proof of Claim 2 of Theorem 1 and [32, Lemma 14]. O

Termination is lost because the application of the -rule to assertions of the form
u u:;:; invalidates Condition (ii) of (y) in the proof of Claim 3 of Theorem 1.
The results in Section 6.3, however, show that the algorithrterminates if such an
inference is not performed. A practical implementation cadetect such inferences
and warn the user about the loss of termination guarantees.

6.3 Strongly Separated Knowledge Bases

For K =(T;P;G;A) whereT isin SHOIQ ", termination can be regained iK
is strongly separated and acyclic. Then, foR = (T)[P andA°= A[ A(A),
triple (R; G; A9 is strongly admissible and acyclic, as de ned next.

De nition 17  (Strong Separation) A role separation schemégNg; ; Ng,; Ngr;)

is strong if Ngr, \ Ng, =; and Ng, = Ng,. A graph-extended knowledge base
K=(T;P;GA) is strongly separatedif a strong role separation scheme ex-
ists such thatK is -separated. Similarly, a triple(R; G; A) is strongly admissible

if a strong role separation scheme exists such that{R; G, A) is -admissible.

Strong separation restricts the modeling style in a more sigcant way than
weak separation: essentially, it requires the modeler to temine in advance which
knowledge will be modeled using DLs and which using graphshds, knowledge
modeled using DLs cannot be specialized using graphs andeviersa.

To understand why strong separation ensures decidabilityf ceasoning, consider
again Figure 7. The tree backbone then contains only -roles, and the clusters
contain only P-roles (i.e.,G-roles). Thus, theT -rules from R can be applied only
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to the tree backbone, while theP -rules can be applied only to the graphs in a single
cluster. Therefore, even iR is not simple, no rule iInT can derive an equality that
equatess with v and thus merges two distinct clusters.

Theorem 4. LetR be a set of rulesG a GBox, andA an ABox such that(R; G; A)
is strongly admissible and acyclic. Then, each derivatioorf (R; G;A) is nite.

Proof (Sketch). Since R; G, A) is strongly admissible, the rules irR can be sepa-
rated into setsRt and Rp of T -rules andP-rules, respectively, that do not share
roles. By a straightforward modi cation to the proof of Lemma 2 one can see that,
due to strong role separation, role assertions of the forR(uq; u,), whereR is a
T-role and u; and u, are from the same cluster are always of forRR(u;u) for u
a tree individual. This can be used to strengthen Lemma 2 anchew that each
ABox A°labeling a node in a derivation for R;G; A) contains equalities of the
forma u,u; Uz u ur;, Ul uj,oru uj:jlthatis, equalities of the
formu u:;:; are never derived? As we show next, this can be used to show
that the number of individuals introduced on a derivation p&h is bounded.

Assume thatthe -ruleisappliedtou u:;,u:; u:j,oru u:;:;.Justlike
in the proof of Claim 3 of Theorem 1, the merged individual is &ree individual, so
its entire cluster is pruned and the resulting ABox satis eqy); consequently, the
number of individuals in the cluster of a tree individual is lounded by#.

If the -rule is applied toa u, then the resulting ABox is subjected to graph
cleanup; however, the number of newly introduced individusiis bounded in exactly
the same way as in Item (4) of the proof of Claim 3 of Theorem 1.

It remains to be shown that the number of new root individualdntroduced by
the NI -rule is bounded as well. Le} be the maximal number of tree ancestors of an
individual occurring in A% in [32, Lemma 15], it was shown tha} is exponential in
the number of atomic concepts and roles. Furthermore, in [3Remma 15] it was also
shown that the root individuals introduced by theNI-rule can be seen as forming
a tree with a polynomial branching factor and depth at most . Since the number
of graph individuals in each cluster is bounded, the additioof description graphs
does not change the essence of this argument: the root indivals introduced by
the NI-rule can be seen as forming a tree of clusters, where the ssfeach cluster
is at most # and the depth of the tree is at most} . Thus, the number of root
individuals is bounded, which implies the claim of this the@am. O

Theorem 5. Checking the satis ability of a strongly separated acycligraph-exten-
ded knowledge bag¢ = (T;P;G;A) whereT is in SHOIQ * is decidable.

9 Due to strong admissibility, equalities of the form u;  u,: ; from Lemma 2 become
u u: j; however, this is not relevant to this termination proof.
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7 Complexity of Reasoning

We now determine the exact complexity bounds of checking ttsatis ability of a
graph-extended knowledge bad¢ = (T;P;G; A). In Section 7.1, we show that the
problem isNExpTime -hard even ifT = ;. Then, in Section 7.2, we show that the
problem is inNExpTime if K is acyclic and weakly separated witdl in SHOQ™,
or if K is acyclic and strongly separated witiT in SHIQ *. The case wherK is
strongly separated and acyclic and is in SHOIQ ™ is left for our future work.

7.1 Lower Bound

A graph-extended knowledge badé¢ contains a setP or disjunctive datalog rules,
and checking the satis ability of P is NExpTime -complete [11] (under standard
rst-order semantics), so one might intuitively expect ths result to provide a lower
bound for the complexity of checking the satis ability ofK. To understand why this
is not the case, consider the following intuitive explanabn of the result from [11].
The satis ability of P alone can be decided by the following three-step process:

(1) Compute the groundingP, of P|that is, replace in P all variables in the rules
with all individuals in all possible ways.

(2) Nondeterministically guess an interpretationl for P.
(3) Check whetherl is a model ofP.

Without restricting P in any way, the rst and the third step can be implemented
in exponential time, but the second step requires nondetermstic exponential time;
thus, the overall complexity of this procedure iS{NExpTime . If, however, the arity
of the predicates occurring irP is bounded, then the number of ground atoms iR
is polynomial in jPj, so all interpretations| can be enumerated by an exponential
algorithm. Similarly, if the number of variables inP is bounded, thenPy is poly-
nomial in jPj; furthermore, in the second step we can clearly restrict owattention
to interpretations that contain only the ground atoms fromPg, so we can again
enumerate all relevant interpretations in exponential tine. Thus, for the problem
to be NExpTime -hard, P must be allowed to contain predicates of arbitrary arity
as well as rules with an arbitrary number of variables.

The set of rulesP of a graph-extended knowledge bas€ can contain rules with
an unbounded number of variables, and it can contain graph ams with arbitrary
arity. Graph atoms, however, must satisfy the disjointnesand key properties from
De nition 10; this imposes restrictions on the interpretaton of graph atoms in
addition to P, so the hardness result from [11] does not apply. In fact, wéaev
that checking the satis ability of K is NExpTime -hard even if the rules are allowed
to contain only unary and binary predicates and at least fouwvariables. We thus
identify a new source of complexity of reasoning with grapextended knowledge
bases: description graphs can succinctly encode exponahstructures.

We prove hardness by a reduction from théounded domino tiling problem
[7]. Given a domino systemS=(D;H;V), an initial condition for S is an n-
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5 A 1

I T,

Ai H Ai 3 < =Y

(a) The Structure of Each G;j (b) First Two Levels of the Pyramid

Fig. 8. Construction of an Exponential Grid

tuple | = D ,;:::;D , , of tiles from D. A boundedS-tiling for | is a function

:Non N ! D whereNyp =10;:::;2" 1g, (i;0)=D , forO i<n, and
h(;j), (i »1j)i2 Handh (i;j); (i;j 2 1)i2 V where o, denotes addi-
tion modulo 2". Given a domino systemS and an initial condition I, checking
whether a boundedS-tiling for | exists isSNExpTime -complete [7].

Lemma 3. LetK =(;;P;G;A) be a graph-extended KB whe® = (Gs;;;;) is an
acyclic GBox and each rule inP contains only atomic concepts and roles and at
most four variables. Then, checking the satis ability oK is NExpTime -hard.

Proof. For an arbitrary integer n, we rst construct a graph-extended knowledge
baseKg,y that implies the existence of a \cyclic" grid with 2! 2" elements. The
ABox of Kg,y contains a single assertiorAg(a). The GBox of Kg; contains n

graphsG; = (V;;Ei; i;M;),1 i n, asshown in Figure 8a, whe%/li = fA; 10
The knowledge bas&g,, contains the following rules:

(36) Ao(X) N Ra(X;y) N Ru(X;2) I H(y;2)

(37) Ao(X) N R3(x;y) N Ra(X;2) ! H(y;2)

(38) Ao(X) N Ra(X;y) N Ri(x;2) I V(y;2)

(39) Ao(X) N Ra(x;y) N Ra(x2) ! V(y;2)

(40) H(X;y) ™ Ra(x;2) » Re(y;w) ! H(z;w)

(41) H(X;y) " Ra(x;2) * Ra(y;w) ! H(z;w)

(42) V(Xy) ™ Ra(X;2) M Ri(y; w) I V(z;w)

(43) V(X y) " Ra(X2) N Ra(y;w) b V(z;w)
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We next show that Kg,4 is satis able and that each modell of K§, contains
a structure shown in Figure 8b. The individuala corresponds to the apex of the
pyramid. Due to the assertionAy(a), the modell contains an instance of5; such
that its vertex 5 corresponds toa. Vertices 1{4 of G; are labeled withA,, so |
contains four instances ofs, as shown in the gure. By repeating this argument,
| can be seen as containing a pyramid consisting oflevels, where level contains
2" 2 vertices. Furthermore, in the rst level, rules (36){(39) ensure that vertex 4
is connected throughH to vertex 1, vertex 3 is connected throughH to vertex 2,
vertex 2 is connected throughVv to vertex 1, and vertex 3 is connected through
V to vertex 4; that is, the grid in the rst level is \cyclic." Ru les (40){(43) then
inductively use theH - and V-edges at level 1 to construct the missingH - and
V-edges at level; since the grid at leveli 1 is \cyclic,” these rules construct at
level i a \cyclic" grid as well. Thus, | contains at leveln a \cyclic" grid of size
2" 2" in which all elements are labeled withA,.

Consider now any domino systen = (D;H;V) with m tiles in D and any

obtained by extendingK g4 with the following rules, where each domino til®; 2 D

corresponds to the atomic concepD;.

(44) Ao(x) ! Oo(x)

(45) Oo(X) * R1(X%y) ! Oo(y)

(46) An(X)M O 1(X)"H(x;y)! Oij(y) foreach 1l i<n
47 An(X)" Oi(x)! D (x)foreach1l i<n
(48) An(X)! Di(x) _:::_ Dm(x)

(49) Di(x)* Dj(x)!? foreachl1l i<j m
(50) Di(x) * H(x;y)* Dj(y) ! ? for each D;;D;) 624
(51) Di(x) " V(x;y)~ Dj(y) ! ? for each Di;D;) 62V

Let | be a model ofKs, . By rules (44){(45), the apex of the pyramid and each
vertex that is reachable from the apex by afR;-chain is labeled withOg,. Rule (46)
ensure that the \rst" n vertices in the n-th level of the pyramid are labeled with

initial condition. Finally, rules (48){(51) ensure that each element at then-th level
of the grid is labeled with exactly one tile according to the@ampatibility conditions
of S. Therefore, Ks, is satis able if and only if a boundedS-tiling for | exists,
which proves our claim. O

Note that rule (48) contains a disjunction. Without disjundions in the rules and
description graphs (i.e., if for each grapks in the GBox of K we have thatj Vo ] 1
for each main concepfA of G), reasoning withG and P becomes deterministic and
the complexity drops to ExpTime : the description graphs inG then encode a
structure that can be computed deterministically in exponetial time by unfolding
G, and the rules inP can be applied to this structure in exponential time as well.
Axioms of the form (48), however, are available even in the b description logic

47



ALC, so the proof of Lemma 7.1 shows that reasoning with graphierded KBs is
NExpTime -hard even for basic DLs.

7.2 Upper Bounds

The hypertableau procedure from Section 6 is not worst-casptimal even with-
out description graphs and rules, and withT in ALC [32, Section 5.3]. This is
because an ABoxA° labeling a derivation node for a set of HT-ruleR = +(T)
and an ABox A(T)[A can at any given point in time contain at most expo-
nentially many nonblocked and directly blocked tree indiduals; however,A° can
contain a doubly exponential number of indirectly blockednidividuals. The com-
plexity of the hypertableau procedure can be reduced tdExpTime if we ensure
that the label of each individual s is fully determined in A° before applying the

-rule to an assertion containings: the rule application strategy then ensures that
s cannot subsequently become blocked, # never contains indirectly blocked in-
dividuals. A similar approach was used in [14] to obtain a tdbau algorithm for
ALC running in NExpTime . For SHOQ® and SHIQ *, such an algorithm is
not worst-case optimal, since these DLs arExpTime -complete [3]. Description
graphs increase the complexity at least ttNExpTime , so the \excess" complex-
ity of the modi ed hypertableau algorithm is not relevant: we next present two
modi ed hypertableau algorithms that decide the satis ablity of a graph-extended
acyclic knowledge bas& = (T;P;G;A) in NExpTime if K is acyclic and weakly
separated withT in SHOQ™, or if K is acyclic and strongly separated withT in
SHIQ *. Since they use extensive guessing to realize the idea mll above, these
algorithms are unlikely to be practicable.

Our modi ed algorithms can be applied to any R; G; A) whereR is normalized
according to the following de nition. This assumption is wihout loss of generality,
since each set of HT-rules can be normalized by replacing cepts of the form

nR:B in the rules with fresh atomic concepts.

De nition 18 (Normalized Rules) A set of HT-rules R is normalized if all at-
least restriction concepts occur inRR only in rules of the form (52).
(52) A(x) ! nR:B (x)

We are now ready to present the algorithm for the case whéh is in SHOQ™ .

Theorem 6. Checking the satis ability of a weakly separated acyclicaph-extended
knowledge bask whose TBox is inSHOQ ™ is NExpTime -complete, provided that
the numbers inK are coded in unary.

Proof. Hardness is shown in Lemma 3. By the properties of preprocess[32], K
can be transformed to an equisatis able triple R; G, A) where R is normalized
and A is an input ABox. We next show that the satis ability of (R;G;A) can be
decided by the following variant of the calculus from Sectio6.
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(1) The -rule is modi ed such that, after it is applied to an assertioc. nR:B(Ss)

nondeterministically derives the following assertions feeach 1 i n:

(@) t; aort; 6 afor each root individuala in A°
(b) ti uort; 6 ufor each individualu in A°from the cluster ofs,
(c) ti uort; 6 ufor each tree successar of s in A,
(d) t; t ort 6t foreachi<j n,and
(e) A(tj) or : A(t;) for each atomic conceptA occurring in (R; G, A).
(2) The Gg-rule is modi ed such that, after it is applied to an assertio A(S) in

nondeterministically derives the following assertions feeach 1 i n:

(@) t; aort; 6 afor each root individuala in A°
(b) t; uort; 6 ufor each individualu in A°from the cluster oft;, and
(c) A(t;) or : A(t;) for each atomic conceptA occurring in (R; G;A).

(3) When the -rule is applied to an assertiort; u derived in the previous two
cases, it merges; into u.

(4) The rule precedence satis es the following restrictianin addition to the ones
given in De nition 15:

(a) the ? -rule is applied with the highest priority,

(b) the -rule is applied with the second-highest priority,

(c) the Hyp-rule is applied to an HT-rule of the form (52) with the third-
highest priority, and

(d) the -rule is applied only if the Gg-rule is not applicable.

(5) The strict ordering < used in the de nition of anywhere blocking follows the
creation order|that is, if an individual s is added to an ABox before an
individual t, thens<t.

The modied - and Gg-rules are obviously sound, so the proof of Claim 1 of
Theorem 1 applies with minor changes. Furthermore, all agsens introduced by
the - and Gg-rules are of the form as specied in Lemma 1, and the new rule
precedence is stronger than the one in De nition 15; hencehe proofs of Claims 2
and 3 of Theorem 1 apply without any change.

Let Ay be an ABox labeling a node in a derivation forR; G;A); let A; be an
ABox obtained from Ay by an application of the - or Gg-rule that introduces
fresh individuals ty;:::t,; and let A, be a clash-free ABox obtained fromA; by
exhaustive applications of the rules mentioned in ltems (3g4c).

We now show the following property E ). if A, containst;, Az is a clash-free
ABox obtained from A, by applying one or more derivation rules, and th& -rule
is not applicable to A3, then Az containst; as well andL ,(ti) = La,(ti). This
follows from the following facts:
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By Items (1a){(1d), (2a){(2b), and (4a){(4b), ABox A, contains an inequality
t; 6 u for each individual u from A, that t; could potentially be merged into.
Hence, if A3 is derived by mergingt; into some individual from A,, then Az

contains ? .

By Item (3), if Az is derived by an application of the -ruletot; wu,thenuis

merged intot;, SOA 3 containst;.

By Items (1e) and (2c), ABoxA , contains eitherA(t;) or : A(t;) for each atomic
conceptA. Hence,A; is derived by adding an assertion of the fornB (t;), then

Az contains ? .

By Item (4c) and the fact that R is normalized,A, contains all assertions of the
form nR:B(tj) implied by the HT-rules of the form (52). Since no derivatia

rule can introduce a conceptA(t;) without introducing a clash, no HT-rule of

the form (52) can be used to derive a new assertion of the formn R:B (t;).

By Items (1e), (2c), and (4d), theGq-rule is applied exhaustively to individuals
in the cluster of t; before the -rule can introduce a tree descendant dft;c.

Therefore, if a subsequent application of the -rule introduces an individual

v, either t; v or t; 6 v will be introduced by Item (1b), which allows for an
inductive application of this argument.

We also show the following property (): no individual in A 3 is indirectly blocked.
This is because It ) implies that the blocking status oft; is the same inA, and
A3, which means that no descendant df can become indirectly blocked by;.

We also show the following property (): pruning never removes individuals from
an ABox. This is a simple consequence of the fact that, by (), Items (3) and (4a){
(4d), individual t; is either merged into an individual fromA; in the derivation of
A,, or it cannot participate in merging inference used to der&/A .

Let c be the number of atomic concepts inR; G; A); by Item (5) and the def-
inition of single blocking, Ay can contain at most 2 nonblocked tree individuals.
As shown in the proof of Claim 2 of Theorem 1A, can contain the tree cluster
of each tree individual can contain at mos# graph individuals. Furthermore, ()
implies that Ay can contain at most exponentially many blocked individuals

Consider now a named individuah in Ag. Since individuals are reused in graph
cleanup, merging a graph individual into a can introduce at most# individuals for
each label! (u) of the form (35). There are at most# such labels, so graph cleanup
can introduce at most#? individuals for a. In the same way as in the proof of
Item (3) of Claim 2 of Theorem 1, theGg-rule can introduce at most# individuals
for each of the#? individuals. Thus, A, contains at most#, = i #° root graph
individuals, wherei is the number of named individuals in R; G, A).

Thus, the total number of individuals iy in each clash-free ABox is at most
exponential in (R;G; A). Furthermore, each derivation rule is applied to a poly-
nomial number of individuals. Finally, by ( ), individuals are never removed from
an ABox by pruning. Thus, a derivation path for (R; G; A) can be constructed in
nondeterministic exponential time, which implies our clan. O
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We now prove an analogous claim for the case whénis in SHIQ .

Theorem 7. Checking the satis ability of a strongly separated acyclgraph-exten-
ded knowledge bad¢ whose TBox is inSHIQ * is NExpTime -complete, provided
that the numbers inK are coded in unary.

Proof. Hardness is shown in Lemma 3, and the membership proof is asgbus to
Theorem 6. The hypertableau algorithm from Section 6 is moéid as follows:

(1) The -rule is modi ed such that, after it is applied to an assertiaé. nR:B (s)

nondeterministically derives the following assertions feeach 1 i n:

(@) t; uort; 6 uif A°contains a tree predecessar of s,
(b) t; sort; 6 s,
(c) ti uort; 6 uforeach tree successar of s in A°
(d) ti t; ort; 6 t; for eachi<] n,
(e) A(t;) or : A(t;) for each atomic conceptA occurring in (R; G;A), and
() R(s;t) or: R(s;t;), as well asR(t;; s) or : R(t;;s), for each atomicT -role
R occurring in (R; G;A).
(2) The Gg-rule is modi ed such that, after it is applied to an assertio A(S) in

nondeterministically derives the following assertions feeach 1 i n:
(@) t; uort; 6 ufor each individualu in A°from the cluster oft;, and
(b) A(t;) or : A(t;) for each atomic conceptA occurring in (R; G, A).
(38) The ? -rule is amended to derive? if A®contains both R(s;t) and : R(s;t).
(4) ltems (2){(5) from the proof of Theorem 7 are used withouthange.

Although negative role assertions of the form R(u;v) do not satisfy Lemma
2, they do not participate in the model construction from theproof of Theorem
3; therefore, Theorem 4 holds without any change. Furtherme, Item (1e) of the
modi ed calculus ensures that, for each individuak and each tree successdarof
S, labelsL A (s;t) and La(t; s) are fully determined after the application of the -
rule; thus, an individual t; becomes pairwise-blocked immediately after it has been
introduced, or it never becomes blocked. The rest of the argent is analogous to
the proof of Theorem 6. O

8 Implementation

We have implemented our reasoning algorithm in the hypertddau-based rea-
soner HermiT [32]. Evaluating the adequacy of our approacts irather di cult
due to lack of test data. Furthermore, remodeling existing riologies using a new
modeling paradigm may require considerable e ort. In ordeto both obtain test
data for our reasoner and make the adoption of our approach practice easier,
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we have developed an algorithm that automatically transfans a TBox T; into a
graph-extended knowledge bask. The knowledge base&, even if only a rough
approximation, can be used as a starting point for a more comghensive remod-
eling of T, into a proper graph-extended KB. Our experience with GALEN ad
the discussions we had with the authors of GALEN led us to colude that the
transformed KB K represents the anatomical structures in the human body in a
way that is closer to the modelers' intention than the origial DL axioms.°

8.1 The Transformation Algorithm

Our algorithm transforms a TBox T; into a graph-extendedK = (T;G,P;A)
such that K is strongly-separated andG contains only one description graph. It
would clearly be more useful if we could automatically trarierm T; into several
smaller description graphs; however, it was unclear whatrkis of heuristics to use
in order to determine the boundaries between di erent desiation graphs.

Our transformation is based on two assumptions. The rst assnption is that
only some concepts and roles froni; are relevant to G. For example, Hand is
relevant to the graph of the human body, butFracture is not; similarly, the hasPart
role belongs to the graph, while thénasAgerole does not. The second assumption is
that each relevant concept should be represented by one \extin G, and edges irG
can be decoded from axioms of the foriA v 9 R:B. In other words, we conjecture
that, by writing axioms such as (53){(55), modelers actuayl wanted to say \the
index nger has a middle phalanx and a proximal phalanx as p#s, and these two
phalanges are attached to each other.”

(53) Index_nger v 9 part:Middle_phalanxoif
(54) Distal phalanxoif v 9 attached to:Middle_phalanx oif
(55) Proximal phalanxoif v 9 part :Index_nger

Our algorithm is given a DL TBox T;, a set of relevant conceptdN¢,, and a
set of relevant rolesNg,. The latter set actually de nes the set ofG-roles, and all
other roles areT -roles. Our algorithm rst normalizes T, in a certain way. Then,
it creates a vertexi in V for each conceptA 2 N¢, and sets hi = fAg. Then, it
processes each axiom 2 T, as follows:

If is of the formA v 9 R:B wherefA;Bg N¢, andR 2 Ng,, then, fori and
j vertices such that hi = fAg and hi = fBg, the algorithm adds the edge
h;ji to E and extends suchthatR 2 h;ji.

If does not contain a role iNNg,, then is copied toT .

If  contains only roles fromNg, and no existential quanti er, the algorithm
translates into a graph-regular rule and adds it toP.

If is not of the above form, then either it involves aG-role and aT -role
simultaneously, or it is of the formA v 9 R:B but some ofA, B, or R are not

10 Thanks to Alan Rector and Sebastian Brandt.
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Table 6
Information about Test Ontologies

GALEN FMA
Total number of concepts: 2748 430
Total number of roles: 413 38
Total number of GCls: 6962 3479
GCls discarded in the transformation: 320 328
Translated GCls: 6642 3151
Into the description graph: 680 2966
Into rules over the graph: 155 1

Into the DL TBox 5807 184
Vertices in the description graph: 325 342
Edges in the description graph: 667 1076

relevant for the graph. Such an axiom either invalidates theyntactic restrictions
of our formalism or it does not have a natural interpretation Human intervention
would be needed to interpret such axioms in a \reasonable" watherefore, such
axioms are discarded by our algorithm.

Determining the setsN¢, and Ng, manually is not easy. According to our ex-
perience with GALEN and FMA, a good strategy is to manually iéntify a set of
roles Ngg that naturally belong to the graph, and then to takeNg, as the closure
of NSQ w.r.t. the explicit role inclusions fromT;. Then, we takeNc, as the set of
all conceptsA and B occurring in an axiomA v 9 R:B 2 T; such that R 2 Ng,.
Intuitively, if A and B are connected by a role that should be included into the
graph, then it is likely that A and B should be included into the graph as well.

8.2 Classi cation Results

To evaluate our approach, we have classi ed the original v&on of GALEN and
a fragment of FMA. Next, we have transformed them into graplextended KBs,
and classi ed the resulting KBs using the reasoning algotim presented in Section
6. We now discuss the obtained results. Table 6 summarizedarmation about the
original and the transformed ontologies.

We performed the experiments using a standard laptop with 1 & of RAM.
Classi cation of the original version of GALEN and the fragnent of FMA took
129 s and 57 s, respectively; furthermore, classi cation tfhe transformed ontolo-
gies took 781 s and 6 s, respectively. The increase in clasation time for GALEN
is partly due to the prototypical nature of our implementation. In the case of FMA,
classi cation times are substantially lower because mosf the original ontology is
translated into the graph, so the generated models are mucimaller. Our results
show that, even with a very prototypical implementation, conplex ontologies can
be processed, which we take as indication that our approach practically feasible.

Our transformation leads to a change in the semantics of thenmlogy: some
axioms are lost in the process, and the semantics of many axi® is modi ed.
Many parts of the resulting description graph, however, coespond with an intuitive
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description of the human body. For example, the (union of) ta graphs shown in
Figures 2b{2e has been extracted from the transformed ontgy.

Although some information is lost in the translation, the rsulting description
graphs can be seen as being \more precise" than the originali@ams, so one can
expect to obtain new entailments. For example, we discoveren GALEN a con-
cept that is satis able in the original ontology, but is unsdis able in the trans-
formed ontology; this revealed a modeling error in the origal ontology. The prob-
lem occurs in the representation of the patellaja bone in a ke that is con-
nected to certain tendons through two retinacula, represéed using the concepts
LateralPatellaRetinaculum and MedialPatellaRetinaculum GALEN describes the
relationship between the patella and the two retinacula afiows:

(56) LateralPatellaRetinaculum 9 hasOtherEndAtPatellau (:::)
(57) MedialPatellaRetinaculum 9 hasOtherEndAtPatellau (:::)
(58) hasOtherEndAt isAtOtherEndOf

(59) >V 1isAtOtherEndOf

In a human body, each patella is connected to a lateral and a whial retinaculum. In
GALEN, however, isAtOtherEndOf is functional, so the two retinacula connected
to a patella must always be one and the same object. This leads to believe
that isAtOtherEndOf probably should not have been declared functional. GALEN,
however, is underconstrained: it does not require the latar retinaculum and the
medium retinaculum of a knee to be connected to the same pdégland it does not
state that the lateral retinaculum and the medial retinaculim are di erent from
each other. Consequently, the concef®atella is consistent in GALEN, and this
modeling error was not detected. The description graph praded by our transfor-
mation, however, contains one node for the patella and onerfeach retinaculum;
furthermore, both retinacula are connected throughsAtOtherEndOf to the same
patella. SinceisAtOtherEndOf is functional, the retinacula should be the same,
which invalidates the disjointness property of descriptio graphs (see De nition 10)
and makesPatella unsatis able.

9 Conclusion

We have presented an expressive formalism that extends DLstlwdescription
graphs and rules, allowing for more precise modeling of atrairily connected struc-
tures. Our formalism is applicable not only to anatomy, but 6 all domains in which
the number of arbitrarily interconnected objects has a natal bound.

The main open theoretical challenges are to determine the aéability and/or
complexity of reasoning with graph-extended knowledge bes under di erent as-
sumptions on the expressivity of the DL TBoxT and the set of rulesP. All our
undecidability results from Section 5 requirél’ to contain number restrictions. We
conjecture that if T is not allowed to contain number restrictions,P = ;, and G
does not contain graph alignments, then reasoning becomescitlable even ifG is
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not acyclic. This is because such and the properties from Table 4 apart from the
key and the disjointness properties can be transformed in@n equivalent formula
of the guarded fragment of rst-order logic which is known tde decidable [2]; fur-
thermore, the key and the disjointness properties seem \imcuous" because they
merely prevent an axiomatization of in nite chains of instaaces of one description
graph. Another important research direction is to see whe#r decidability can be
achieved by placing di erent restrictions on the set of rule P. For example, we
conjecture that, even without any role separation requiresnt, our formalism can
be extended with ELP rules [24] without losing decidabilityFinally, the complexity
of reasoning with a strongly separated and acyclic graph ettded knowledge base
whose TBox is inSHOIQ * is open.

The main practical challenge is to validate the applicabily of our formalism
in these and other applications. To this end, we will extendhe ontology editor
Proege 4 to support description graphs and apply our fornalism in the identi ed
practical scenarios.
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