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Abstract. We introduce an automata-based method for deciding the
consistency of SHOQ “#nowledge bases. The presented algorithm de-
cides knowledge base consistency in deterministic double exponential
time for SHOQ 5 but is in ExpTime if no role conjunctions occur in
the input knowledge base. This shows that SHOQ is indeed ExpTime-
complete, which was, to the best of our knowledge, always conjectured
but never proved.

1 Introduction

In this paper, we introduce an automata-based method for deciding the consis-
tency of SHOQ “Rnowledge bases (KBs). The use of role conjunction naturally
arises, for example, in the context of conjunctive query answering when a query
contains two role atoms r(x,y) and s(x,y) for r,s roles and X,y variables. The
presented decision procedure can, for example, be used to check the consistency
of extended knowledge bases as they arise from the query rewriting procedure for
conjunctive queries in SHOQ [1]. We do not give proofs here, but refer interested
readers to [1] for detailed proofs.

In the following section, we give some background information. In Section 3,
we show how we can eliminate transitivity, which is non-trivial in the presence
of nominals and role conjunctions. In Section 4, we define a suitable alternating
automaton and show how we can transform models of the KB to trees that can
be processed by the automaton.

2 Preliminaries

We use the DL SHOQ, which extends the basic DL ALC with transitive roles,
role hierarchies, nominals and qualified number restrictions [2,3]. We further
allow for role conjunctions in the place of role names in value and number re-
strictions, and denote the obtained DL with SHOQ "“An SHOQ “dne can, for
example, build the concept [[f []. [F}).C that is interpreted as {d CA' |
there is a (d,d5 Cr' n...n rp! with d? CQ'}. In number restrictions, we
allow, as usual, only simple roles to occur in role conjunctions.

Since, in the presence of nominals, the ABox can be internalised, we assume
that a SHOQ "Rnowledge base K is a pair (T, R) where T is a TBox and R is



a role hierarchy. We use rol(K) for the set of role names used in K and nom(K)
for the set of individual names that occur in K. We assume that nom(K) is non-
empty. This is w.l.o.g. since we can always add an axiom {0} [ITfd T for a
fresh nominal 0 from the set of individual names Nj.

For a concept C, we use nnf(C) to denote the negation normal form of C.
We define the closure cl(K) of K as the smallest set containing nnf(-C [I)
if C [ [M; D if D is a sub-concept of C and C [d(K); and nnf(=C) if

C CalK).

3 Eliminating Transitivity

Since automata cannot directly handle transitive roles, we first transform a
SHOQ"R®B K into an equisatisfiable ALCHOQ "R B elimTrans(K). In the pres-
ence of role conjunctions, it does not suffice to extend the standard encoding of
transitivity [4,5] in a trivial way. Such a naive extension would result in an
ALCHOQ"™KB elimTrans(K) that is obtained from K by treating all transitive
roles as non-transitive and by adding an axiom

f, 3. OR1).C OO . OF).(0 . 0H).C)

for each concept [ 1. [r}).C CcK) and roles ty,...,tn [CNir such that
ti Ern for each i with 1 <i<n.

The following example shows that this encoding does not
yield an equisatisfiable knowledge base. Let K = (T ,R)
be a knowledge base with

T = {{o} CHE{EI{0Y}))).
{o} CTEI{o}},

R = [[hnd t a transitive role. Figure 1 shows a represen-
tation of a model for K, where the grey edge represents
Fig.1. A represen- the role r and. the black edges r(.ep.resent the role 't.. The
tation of a model for .dashed black lines represent implicit (due to trans'ltlwty)
K. instances of t. It is not hard to check that adding the

axiom {0} A [T1(—{0}) makes the KB inconsistent.

The trivial encoding elimTrans(K) of K contains (among others) the addi-
tional axiom [E{-{03}) [IE{E{—-{0F})) since [Ei{o}) [d(K) and, thus,
[i-{0}) [Cd(K). Adding the axiom {0} A [T).(={0}) to K does not
yield any further axioms in elimTrans(K) since r is a simple role. Since none of
the added axioms explicates the implicit t relation between the nominals 0 and
oY extending K with the axiom {0} 1A [D)l(={0}) yields a consistent knowl-
edge base after applying the translation, contradicting our assumption that a
knowledge base K is consistent iff elimTrans(K) is consistent.

Intuitively, this problem arises since we can have arbitrary relations between
nominals. This can lead to situations where, as in the above example, we have
an explicit relationship between two nominals, but only together with the im-
plicit transitive shortcut can the universal quantifier over the role conjunction




be applied. Hence, the above described encoding does not suffice. We propose,
therefore, a more involved encoding that explicates all transitive shortcuts be-
tween nominals.

Definition 1. Let K = (T, R) be a SHOQ “#nowledge base. The function
elimTrans(K) yields the ALCHOQ “nowledge base obtained from K as follows:

1. for each transitive role t and nominal 0 Cndbm(K), add an aziom ] EI{0})) [
[£1{o}),

2. for each concept [RIC [c(K) with R = r; 1. X} and transitive roles
ty,...,th such that tj ErW; for each 1 < i1 < n, add an axiom [RIC [1
[TI(TIC), where T =t; 1. [Td, and

3. all roles in elimTrans(K) are non-transitive.

With the above definition, elimTrans(K) contains, additionally, the axiom
EqEq{o})) [CIEi{o}), which ensures that the implicit t-edges to nominals
(the dashed lines in Figure 1) are made explicit. As a consequence, adding the
axiom {0} LA CEL(—~{0}) indeed results in an inconsistent knowledge base.

Due to role conjunctions over non-simple roles, the encoding from Definition 1
yields not necessarily a knowledge base whose size is polynomial in the size of the
input KB. The size of K, denoted |K]|, is simply the number of symbols needed
to write it over the alphabet of constructors, concept, role, and individual names
that occur in K. To the best of our knowledge, it is unknown if this blow-up can
be avoided.

Lemma 1. Let K be a SHOQ “#nowledge base with |K| = m and where the
length of the longest role conjunction occurring in K is n. Then K is consistent
iff elimTrans(K) is consistent and the size of elimTrans(K) is polynomial in m
and exponential in N.

The number of transitive sub-roles for a role rj that occurs in a role conjunc-
tion is bounded by m. Hence, we can use up to m transitive sub-roles for each
of the at most n role conjuncts in the second step of the encoding, which results
in at most m" additional axioms in elimTrans(K).

4 Deciding ALCHOQ" Knowledge Base Consistency

In this section, we show how we can use alternating automata to decide the con-
sistency of an ALCHOQ "Hnowledge base. We assume w.l.o.g. that existential
and universal restrictions in ALCHOQ I%nowledge bases are expressed using
number restrictions.

4.1 Alternating Automata

In this section, we devise an alternating automaton that accepts exactly (ab-
stractions) of models of ALCHOQ "Rnowledge bases. Such automata have first
been used in the context of modal logics [6] and have also been extended to



the hybrid p-calculus [7] (with converse programs), i.e., for deciding the con-
sistency of ALCIO knowledge bases with a universal role and fixpoints. The
latter approach, however, lacks support for qualified number restrictions and
adding those would result in a logic that is no longer decidable in ExpTime
[8]. Recently, alternating automata have also been used for answering regular
path queries in ALCQIb,.4, which are a generalisation of unions of conjunctive
queries [9]. Both of the aforementioned approaches use two-way alternating au-
tomata that are ideally suited for logics that allow for inverse roles (converse
programs in the p-calculus). Since SHOQ “does not support inverse roles, we
choose the slightly simpler standard (one-way) alternating automata, where we
can only move downwards in the input tree.

Alternating automata have the power of making both universal and existen-
tial choices. Informally, this means that in the transition function, we can create
copies of the automaton, send them to successor nodes, and require that either
some (existential) or all (universal) of them are accepting. We use, as usual,
positive Boolean formulae as defined below in the specification of the transition
function.

Definition 2. Let NSbe the set of all (finite) words over the alphabet N. A tree
T is a non-empty, prefix-closed subset of]Nl;lThe empty word € is called the root
of T. For w,w” [Tl, we call W-a successor of W if W= w - ¢ for some ¢ [N,
where “” denotes concatenation and, for ¢ =0, we set W-C¢ = W. A labelled tree
over an alphabet ¥ is a pair (T,L), where T is a tree and L: T — Z maps each
node in T to an element of Z.

Let X be a set of atoms. The set BY(X) of positive Boolean formulae is built
over atoms from X, true, and false using only the connectives [ahd [_Let X =
be a subset of X. We say that X “shtisfies a formula @ Bt (X) if assigning
true to all atoms in X “dnd false to all atoms in X \ X “rhakes @ true.

Let [K] = {0,1,...,k}. An alternating looping tree automaton on K-ary -
labelled trees is a tuple A = (Z,Q,0,00), where Q is a finite set of states, qp [CQ
is the initial state, and 8: Q x = - BT ([k] x Q) is the transition function.

Arun of A on a Z-labelled K-ary tree (T, L) is a (T xQ)-labelled tree (Tr, Ly)
that satisfies the following conditions:

= Lr(e) = (&.90),

—if y CIk with Le(y) = (X,0) and 3(q, L(X)) = @, then there is a (possibly
empty) set S Kl % Q that satisfies @ such that, for each (c,qY [SLy has
a successor Y - i in Ty with i CIN and Ly(y - i) = (x- ¢, q5.

An automaton A accepts an input tree T if there exists a run of A on T. The
language accepted by A, lang(A), is the set of all trees accepted by A.

For alternating automata, the non-emptiness problem is the following: given
an alternating automaton A, is there a tree (T, L) such that A has an accepting
run on (T,L)?

Please note that, since we use looping automata, we do not impose any ac-
ceptance conditions and each run is accepting, i.e., we require only that the



conditions imposed on a run are satisfied. Other existing automata based proce-
dures for Description or Modal Logics use Biichi or parity acceptance conditions
[6,7,9], usually because the logics allow for the transitive closure operator to be
used on roles, which is not the case for ALCHOQ “1n the remainder we assume
that K = (T, R) is an ALCHOQ "®nowledge base.

4.2 Canonical Models of Bounded Branching Degree

Automata rely on the tree/forest model property of the logic. We define, there-
fore, canonical models of a knowledge base as models that have a domain that
consists of a collection of trees. In order to simplify the following definition we
make the unique name assumption. This is w.l.0.g. as we can guess an appropri-
ate partition among the individual names and replace the individual names in
each partition with one representative individual name from that partition and
we can also show that this does not affect the complexity.

Definition 3. Given a set of elements O = {01,...,0n}, a forest F w.r.t. O
is a subset of O x N"such that, for each 0; [Q, (0j,€) CH and the set {w |
(0i,w) CEl} is a tree.

A canonical model for K is a model 1 = (A',:") for K that satisfies the
following conditions:

F1 A' is a forest w.r.t. nom(K);
F2 if ((o,w), (o5wY) 1, then either
(a) W-= € or
(b) 0 = oYand wis a successor of w;
F3 for each 0 [ndm(K), o' = (o, ).

Usually, automata work on trees of bounded branching degree, where the
branching degree d(w) of a node w in a tree T is the number of successors of
w. If there is a k such that d(w) < k for each w [T, then we say that T has
branching degree k. We can show that a consistent ALCHOQ “Enowledge base
has a canonical model 1 = (Al 1) where, for each 0 [Cndbm(K), the branching
degree of the tree {w | (0,w) [Z4'} is bounded by some K that is polynomial in
the size of K assuming unary coding of numbers. For such a canonical model 1,
we say that | has branching degree k. We use this result when we introduce the
abstractions of models that are accepted by our automata.

Lemma 2. Let |K| = M, Nmax the mazimal number occurring in number re-
strictions, and K = m - Nmax. If K is consistent, then K has a canonical model
I with branching degree K.

4.3 Tree Relaxations

In this section, we show how we can obtain labelled k-ary trees from a canonical
model for an ALCHOQ “H#nowledge base such that these trees can be used
as input for our automaton. Since the labelled trees that an automaton takes



as input cannot have labelled edges, we additionally store, in the label of a
node, with which roles it is related to its predecessor. Unfortunately, this does
not work for the nominal nodes since a nominal node can be the successor of
arbitrary elements and does not necessarily have a unique predecessor. In a first
step, we build, therefore, a relaxzation for a canonical model where, for each
relationship between a node and a nominal node, we create a dummy node that
is a representative of the nominal node. The label of the representative node
is the extension of the label for the nominal node with rep and the role names
with which the node is related to the nominal. For a graphical illustration, let
K= (T,R) with

T ={ {0} [IH(C CIEIXD CIEi{o}))))
{0} CHICTISI{o})
R = { r |:f§'

Figure 2 shows a canonical model I for K and a relaxation for K built from 1.
In a second step, we build labelled trees from a relaxation, which we call tree
relazxations.

(o, (0Te)@0"
(0,1) (o} )r(o,s)(/(}l)‘o
r s,rep,0 s
(0,11
r,t

Fig. 2. A representation of a canonical model I for K (left) and its relaxation (right).

Definition 4. A set H [cK) is called a Hintikka set for K if the following
conditions are satisfied:

1. For each C [, nnf(=C [DO) CH.

2. IfC D [H, then {C, D} CHL

3. [fC [D [A, then {C,D}nH B [

4. For all C CcK), either C [CH or nnf(=C) [H.

We use H(K) to denote the set of all Hintikka sets for K.
A relaxation R = (A", L) for K with L: A" - 261(K) okK) 0} 5qtisfies the

following properties:

(R1) Let D = nom(K) x N=4nd B = {d1d"| d [D and d”Cndm(K) x {e}}, then
Al Bl



(R2) For each 0 [Cndbm(K), (0,€) CA'.

(R3) Each set {w | (o,w) CA' n D is a tree}.

(R4) If dt1dZCA' n B, then {d,d3 CA', L(d1dY n cl(K) = L(dY n cl(K), and
rep CLXd1d"Y.

(R5) For each d CA',L(d) ncl(K) CH(K).

(R6) For each d CA', if r CSICR and r CIXd), then s [CLXd).

(R7) For each (0,&) CA',L(0,€) nrol(K) = [

(R8) If d = (o,w) A" and (Cl (r; . [C1}).C) [CL(d), then there are
n distinct elements dy,...,dy, CA' such that, for each i with 1 < i <
n,{ri,...,rg,C} CIId;) and either di = (o,w - ¢) with ¢ LN or d; = d1
dCA' n B.

(R9) Ifd = (o,w) CA' and (Cnl(r; C. Crd).C) C(d), then [{dECA! |
d"”= (o,w - ¢) for some ¢ [N or d”=dtd, CA' "B and {ry,...,r,C} 1
LY} <n.

Lemma 3. K has a relazation iff K is consistent.

In a second step, we build a so-called tree relaxation that is a labelled tree.
For this, we additionally add a dummy root node labelled with root that has all
nominal nodes as successors, and we require that the domain is a tree. A tree
relaxation can, additionally, have dummy nodes labelled with # and we assume
in the remainder that all tree relaxations are full trees, i.e., all non-leaf nodes
have the same number of successors, and we add dummy nodes labelled with #
where necessary.

Definition 5. A tree relaxation for K is a labelled tree (T,L) with L: T -
9¢l(K) [rol(K) Hrép, #,100% 41 4t satisfies the following conditions:

(T1) L(g) = {root} and, for each w CINT, L(w) n {root} = []
(T2) For each o [Cdom(K), there is a unique ¢ CIN n T with o [CI(c) and
{rep, #,rol(K)} n L(c) = 1

(T3) Ifc CNn T and nom(K) n L(c) = [¥hen L(c) = {#}.

(T4) For eachw CINT n T, L(W) n nom(K)) < 1.

(T5) For each w = w™ ¢ [Tl with wWWIINT and ¢ [N, if L(w) n nom(K) B [
then rep CLAw).

(T6) For eachw,w=[Tlando Cadm(K), ifo CLAw)nL(wY, then cl(K)nL(w) =
c(K) n L(wh.

(T7) For each w CINT n'T, if {rep, #} n L(w) B L¥hen, for each successor w=of
w, # CO(wh.

(T8) For each w [T, if L(w) n {#, root} = [khen L(w) n cl(K) CH(K).

(T9) For each w [ and r SR, if r CIXw), then s CA(w).

(T10) For each w [T, if ([nXry CZ. [}).C) CIAw), then there are at least n
distinct successors Wy, ..., Wn of W with {ry,...,rm,C} CLlw;), for each i
withl<i=sn.

(T11) For each w [T, of ([CnXr; C2. [06d).C) CIw), then there are at most n
distinct successors Wy, ..., Wn of W with {ry,...,rm,C} CLdw;), for each i
with 1 <i=sn.



If T has branching degree K, then we say that (T,L) is a k-ary tree relaxation
for K .

Lemma 4. Let Nmax be the mazimal number occurring in a number restriction
in K, and K = Nmax - |K| + [hom(K)). K has a k-ary tree relazation iff K is

consistent.

4.4 Deciding Existence of Tree Relaxations

In order to decide consistency of an ALCHOQ "H#nowledge base K, it remains
to devise a procedure that decides whether K has a tree relaxation. For this, we
define an alternating automaton that accepts exactly the tree relaxations of K.
More precisely, we first define two alternating automata Ak and Ak, and then
define an automaton By as their intersection. Informally, the automaton Ak just
checks that the input tree has a structure as required whereas the automaton
Ak checks that the input is indeed a tree relaxation for K. For alternating
automata, intersection is simple: we introduce a new initial state gy and set
the transition function for gy and each letter 0 from the input alphabet = to
8(do, 0) = (0,0(0,1)) [0, q(0,2)), where q(o,1) and (g,2) are the initial states of
Ak and Ak respectively. The size of the resulting automaton is the sum of the
sizes of Ak and Ak.

Let Nmax be the maximal number occurring in number restrictions in K, and
K = Nmax - |[cl(K)| + [hom(K)). The alphabet X for both automata is

2{rep,#,root} LK) Cral(K) Ifarn(K).

The automaton Ay is defined as (=, {dr, o, Gn, Grep> A%} 0, dr) and rather than
giving a precise definition of the transition function 9, we informally describe
the objectives of the automaton and its states:

— We distinguish root (state gr), nominal (state o), nominal representative
(state Qrep), dummy (state gz ), and normal nodes (state gn).

— The label root is only found in the root node.

— The level one nodes are either “real” nominal nodes (i.e., they are not marked
as representatives with rep) with exactly one nominal and no roles in their
label, or they are dummy nodes labelled with # only.

— The level one nominal nodes have either normal, nominal representative, or
dummy nodes as successors.

— Nominal representative nodes are marked with rep, and have exactly one
nominal in their label.

— Dummy nodes have only dummy nodes as successors.

The automaton Ak mainly checks the formulae occurring in the labels of
the input. Hence, most of the states correspond to formulae in cl(K) and the
transition function is more or less determined by the semantics. In the root
node, we additionally make a non-deterministic choice, for each nominal and
each atomic concept, whether the concept or its negation holds at the nominal



node. This choice is propagated downwards in the tree in order to ensure that
the nominal representatives agree with their corresponding real nominal nodes
on all atomic concepts. We propagate the concepts via a kind of universal role
u and we assume that U is a symbol that does not occur in cl(K) or rol(K). We
define the following set of auxiliary states, where N¢ is the set of all concept
names

Qrep = {~{0} [TI| 0 [dm(K) and C = A or =A for A [N n cl(K)}.

We then define Ak as (Z,Q,9, o), where (o is the initial state and the set
Q of states is

{a0} CellK) Crdi(K) Cbr | r Cral(K)} i, Gr} CQhep LEIHIC | C CQhep} L1
{0IAR.C, i, j JIOIEIL L IAR.C Ca(K), and 0 <1i,j <k},

States of the form A R.C, i, j Care used to check that the number restric-
tions are satisfied. We now give a definition for the transition function together
with an explanation for each of the different types of states. For each ¢ [31, the
transition function 9 is defined as follows:

At the root node, we are in the initial state gy which has the following tasks:
(a) we make the non-deterministic guesses for all atomic concepts, (b) we check
that there is exactly one nominal node for each of the nominals in nom(K), and
(c) we make sure that the axioms in T and R are satisfied in all non-dummy
descendants. Let [Z= [Thom(K)).

5(q00) = (0, M={os} CAY) CO0, m(~{oi} CSA))) =]

ALGA N i=1 1
ey T T oy ooy
i=1j=1 l=si<jsk o[nam(K)

iﬁ!qﬂ CCilge)

Whenever we are in a state that is used to propagate information downwards
through the whole tree via the “universal role” and we are not at a dummy node,
we check that the required concept holds at the current node and also check all
successors. More precisely, for each C [Qep,

1
fHC) 1| [IC) if #,root L4l
i=1
f— *_I
o(fiC, 0) =i, () if root [l
:c;ue otherwise

All non-dummy descendants of the root nodes must satisfy the TBox and
RBox axioms. We give the definition for TBox Axioms here and the one for the
RBox are analogously:

T 0, mf(-c)) rm, D) Y (e it # £
d(gr,0) = [EHPIT] i=1

true otherwise



The concepts that are used as states are inductively decomposed according to
the semantics. We start by defining the base cases. For each a [N n cl(K)) 1
rol(K) Cndm(K), we set 8(a, 0) to true if a [Caland to false otherwise. Since we
use constructors for nominals, we set, for each 0 [Cnbm(K), 3({0}, o) = (0,0).
For negated names —a and nominal constructors we proceed just in the opposite
way. Conjunction and disjunction are then handled in the straightforward way.
For each C; [C} [Ccl(K), we set (Cy [T}, 0) = (0,Cy) {0, Cz) and analogously
for disjunction.

For number restrictions, we have to use a more sophisticated technique that
involves states that count how many successors have been checked and how
many of the checked ones fulfill the requirements of the number restriction.
This technique was introduced by Calvanese et al. [10]. More precisely, for each
concept of the form ([NIR.C) Cc(K) with R = r; 1. [,

1
(0, INR.C, 0,001 if rep [al

t .C.0) = true otherwise

Forlsiskandl1<j<n

5(LLAR.C, i, jL0) = (i, ~r)) 2. L0l ~rm) L0 anf(=C))) ]
0,dMR.C,i+1,j0H]

(i,ry) C. Ol ry) COIC)
0,IMR.C,i+1,j+10)

~

Then, for 1 < i < k, 6((LAIR.C,i,nLb) = true and, for 1 < j < n, (01
n R.C,k,JCb) = false. Informally, we use the counter i to count how many of
the k successors have already been checked and j is increased for each successor
that fulfills the requirements of the number restriction. The atmost number
restrictions are handled analogously.

We can now check whether the language accepted by the automaton Bk is
empty, which is enough to decide consistency of K:

Theorem 1. Let Bk an alternating automaton as defined above. Then K is
consistent iff the language accepted by Bk is non-empty.

4.5 Combined Complexity

Since looping alternating tree automata are a special case of alternating Biichi
tree automata, we can use the result that, for an alternating Biichi automaton A
with n states and input alphabet with Cdlements, non-emptiness of the language
accepted by A is decidable in time exponential in n and polynomial in [Jl11]. By
analysing the set of states and the size of the input alphabet of our automaton,
we get the following result:

Theorem 2. Checking the consistency of an ALCHOQ “Znowledge base K can
be done in deterministic time single exponential in the size of K assuming unary
coding of numbers in number restrictions.



By Lemma 1, we obtain the following upper bound on deciding consistency
of SHOQ "H#nowledge bases.

Theorem 3. Let K be a SHOQ " #nowledge base where |K| = m and the length
of the longest role conjunction occurring in K is n. Deciding the consistency of K
can be done in deterministic time single exponential in M and double exponential
in N assuming unary coding of numbers in number restrictions.

The above result also shows that SHOQ, i.e., when no role conjunctions
are used, is indeed ExXpTime-complete. This was always conjectured but, to the
best of our knowledge, never proved. It remains an open question whether the
exponential blow-up in the presence of role conjunctions can be avoided.
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