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Abstract.  Description Logics (DLs) are a family of knowledgerepresen-
tation formalisms mainly characterised by constructors to build complex
concepts and roles from atomic ones. Expressive role constructors are
important in many applications, but can be computationally problemat-
ical. We presert an algorithm that decidessatis abilit y of the DL ALC
extended with transitiv e and inverseroles, role hierarchies, and qualify-
ing number restrictions. Early experiments indicate that this algorithm
is well-suited for implementation. Additionally , we show that ALC ex-
tended with just transitiv e and inverseroles is still in PSpace. Finally,
we investigate the limits of decidability for this family of DLs.

1 Motiv ation

Description Logics (DLs) are a well-known family of knowledge represenation
formalisms [DLNS96]. They are basedon the notion of concepts(unary pred-
icates, classes)and roles (binary relations), and are mainly characterised by
constructors that allow complex concepts and roles to be built from atomic
ones.Soundand complete algorithms for the interesting inferenceproblems such
as subsumption and satis abilit y of conceptsare known for a wide variety of
DLs [SS91DLNdN91,Sat96DL96,CDL99].

To be usedin a specic application, the expressivity of the DL must be
sucient to describe relevant properties of objects in the application domain.
For example, transitiv e roles (e.g. \ancestor") and inverseroles (e.g. \succes-
sor"/\predecessor") play an important role not only in the adequaterepresera-
tion of complex, aggregatedobjects [HS99, but also for reasoningwith concep-
tual data models[CLN94]. Moreover, reasoningwith respect to cyclic de nitions
is crucial for applying DLs to reasoningwith databasescemata [CDL98a].

The relevant inferenceproblems for (extensionsof) DLs that allow for tran-
sitive and inverseroles are known to be decidable [DL96], and appropriate in-
ferencealgorithms have been described [DM98], but their high degreeof non-
determinism appearsto prohibit their usein realistic applications. This is mainly
dueto the fact that thesealgorithms can handle not just transitiv e rolesbut also

Y Part of this work was carried out while being a guest at IRST, Trento.
Z This work was supported by the Esprit Project 22469{ DWQ and the DFG, Project
No. GR 1324/3-1.



the transitiv e closure of roles. It has beenshawvn [Sat96] that restricting a DL
to transitiv e roles can lead to a lower complexity, and that transitiv e roles (even
when combined with role hierarchies) allow for algorithms that behave quite well
in realistic applications [Hor98]. Howewer, it remained to show that this is still
true when inverseroles and qualifying number restrictions are also presen.

This paper extends our understanding of these issuesin se\eral directions.
Firstly, we presert an algorithm that decidessatis abilit y of ALC [SS9] (which
can be seenas a notational variant of the multi modal logic Kr,) extendedwith
transitiv e and inverseroles, role hierarchies, and qualifying number restrictions,
i.e., conceptsof the form (> 3 hasChild Female) that allow the description
of objects by restricting the number of objects of a given type they are related
to via a certain role. The algorithm can also be usedfor cheding satis abilit y
and subsumption with respect to general concept inclusion axioms (and thus
cyclic de nitions) becausethese axioms can be \in ternalised". The absenceof
transitiv e closure leadsto a lower degreeof non-determinism, and experiments
indicate that the algorithm is well-suited for implementation.

Secondly we show that ALC extendedwith both transitiv e and inverseroles
is still in Pspace. The algorithm used to prove this rather surprising result
intro ducesan enhancedblocking technique. In general,blocking is usedto ensure
termination of the algorithm in caseswhere it would otherwise be stuck in a
loop. The enhancedblocking technique allows such casesto be detected earlier
and should provide useful e ciency gainsin implementations of this and more
expressie DLs.

Finally, we investigate the limits of decidability for this family of DLs, show-
ing that relaxing the constraints placed on the kinds of roles allowed in number
restrictions leadsto the undecidability of all inferenceproblems.

Due to a lack of spacewe can only preser selectedproofs. For full details
pleaserefer to [HST98,HST99].

2 Preliminaries

In this section, we preser the syntax and sematrtics of the various DLs that
are investigated in subsequeh sections.This includesthe de nition of inference
problems (concept subsumption and satis abilit y, and both of these problems
with respect to terminologies) and how they are interrelated.

The logics we will discussare all basedon an extension of the well known
DL ALC [SS9] to include transitiv ely closed primitiv e roles [Sat9§; we will
call this logic S due to its relationship with the proposition (multi) modal logic
S4(m) [Sch91].2 This basicDL is then extendedin a variety of ways|see Figure 1
for an overview.

De nition 1. Let C be a setof conceptnamesand R a setof role nameswith
transitive role namesR, R. The setof Sl -rolesis R[ fR jR 2 Rg. The

! The logic S has previously been called ALC ;- , but this becomestoo cumbersome
when adding letters to represert additional features.



set of Sl -conceptsis the smallest set suchthat every concept nameis a concept,
and, if C and D are conceptsand R is an Sl -role, then (CuD), (Ct D), (: C),
(8R:C), and (9R:C) are also concepts.

To avoid considering rolessuchas R, we de ne a function Inv on roles
suchthat Inv(R) = R if R is a role name,and Inv(R) = Sif R=S . We
also de ne a function Transwhich returns true i R is a transitive role. More
precisely, TrangR) = truei R 2 R, or Inv(R) 2 R..

SHI is obtained from S| by allowing, additionally, for a setof role inclusion
axioms of the form R v S, where R and S are two roles, each of which can be
inverse. For a set of role inclusion axioms R,

R* = (R[ fiInyR) v InW(S)jRV S2 Rg; )

is called a role hierarchy, where v is the transitive-re exive closure of v over
R[ fInR)v In\(S)jRvV S2 Rg.

SHI Q is obtained from SH1 by allowing, additionally, for qualifying number
restrictions, i.e., for conceptsof the form (> nR C) and (6 n R C), wher R is
a simple (possiblyinverse) role and n is a non-negative integer. A role is called
simplei it is neither transitive nor hastransitive sub-moles.

SHI N s the restriction of SHI Q wher qualifying numkber restrictions may
only be of the form (> n R >) and (6 n R >). In this case, we omit the symtol
> and write (> n R) and (6 n R) instead.

An interpretation 1 = ( '; ') consistsof a set ', called the domain of I ,
and a valuation ' which maps every concept to a subsetof ' and every role
to a subsetof ! I suchthat, for all concepts C, D, rolesR, S, and non-

negative integers n, the properties in Figure 1 are satis ed, wher [M denotes
the cardinality of a set M. An interpretation satis es a role hierarchy R* i
R' S' for eachRv S 2 R*; wedenotethis fact by | F R* and say that |
is a model of R* .

A concept C is called satis able with resgct to a role hierarchy R* i there
is someinterpretation | suchthat | F R* and C' 6 ;. Suchan interpretation
is called a model of C w.rt. R*. A concept D subsumesa concept C w.r.t.
R* (written C vg+ D) i C' D' holdsfor each model | of R*. For an
interpretation |, an individual x 2 ' is called an instance of a concept C i
x2C.

All DLs considered here are closed under negation, hence subsumption and
(un)satis abilit y w.r.t. role hierarchies can be reducedto eat other: C v r-
Di Cu:D isunsatisable wrt R*, and C is unsatis able w.rt. R* i
Cvg+ Au: A for someconceptnameA.

In [Baa91,Sc91,BBN* 93], the internalisation of terminological axioms is
intro duced, a technique that reducesreasoningwith respectto a (possibly cyclic)
terminology to satis abilit y of concepts.In [Hor98], we sav how role hierarchies
can be used for this reduction. In the presenceof inverseroles, this reduction
must be slightly modi ed.



Construct Name | Syntax Semartics

atomic concept A A '

universal concept| > >l =

atomic role R R ! !

transitiverole |R2 R. R' = (R")*

conjunction CubD c'\ D'

disjunction CtD c'[ D' S
negation 1 C "'nc'

exists restriction | 9R:C fxjoy:hx;yi 2R andy2C'g
value restriction | 8R:C | fxj8y:hxyi 2 R' impliesy2 C'g
|

role hierarchy Rv S R & H
inverserole R fhx;yi jhy;xi 2 R" g I
number >nR fxj1fy:x;yi 2 R g> ng N
restrictions 6 nR fxjlfy:yi 2 R'g6 ng
qualifying . . e | |

number >nR:C |fxjlfyix;yi 2 R andy2 C' g> ngQ

. H v v | |
restrictions 6nR:Cfxjlfy:x;yi2 R andy2 C'g6 ng

Fig. 1. Syntax and sematrtics of the SI family of DLs

Denition 2. A terminology T is a nite set of general concept inclusion
axioms, T = fCy v Dy1;:::;Cq v Dng, where Ci;D; are arbitrary SHI Q-
concepts. An interpretation | is said to be a model of T i C! D/ holds for
all G v D; 2 T. C is satis able with respct to T i thereis a model | of T
with C' 6 ;. Finally, D subsumesC with resgect to T i for each model | of
T wehaveC! D'.

The following Lemma shavs how general concept inclusion axioms can be
internalised using a \univ ersal" role U, that is, a transitiv e super-role of all roles
occurring in T and their respective inverses.

Lemma 1. Let T be a terminology, R a set of role inclusion axioms and C; D
SHI1 Q-concepts and let

Cr = u :Cit D;:
CivD;2T

Let U be a transitive role that doesnot occur in T;C;D, or R. We set
Ry:=R[fRv UInyR)v UjR occursin T;C;D, or Rg:

Then C is satis able w.r.t. T andR* i CuCy u8U:Cy is satis able w.r.t. RG.
Moreover, D subsumesC with resgctto T and R* i Cu: D u Cr u 8U:.Cy
is unsatis able w.r.t. R}.

The proof of Lemmalis similar to the onesthat canbefound in [Sch91,Baa9]].
Most importantly, it must be shavn that, (a) if a SHI Q-conceptC is satis able



with respectto aterminology T and a role hierarchy R*, then C; T have a con-
nected model, and (b) if y is reachable from x via a role path (possibly involving
inverseroles), then hx;yi 2 U'. These are easy consequence®f the semartics
and the de nition of U.

Theorem 1. Satis ability and subsumptionof SHI Q-concepts(resp.SHI -con-
cepts) w.r.t. terminologies and role hierarchies are polynomially reducible to
(un)satis ability of SHI Q-concepts(resp.SHI -concepts) w.r.t. role hierarchies.

3 Reasoning for SI Logics

In this section, we presern two tableaux algorithms: the rst decidessatis a-
bility of SHI Q-concepts, and can be used for all SHI Q reasoning problems
(see Theorem 1); the seconddecidessatis abilit y (and hence subsumption) of
Sl -conceptsin Pspace. Pleasenote that SHI N (and henceSHI Q) no longer
hasthe nite model property: for example, the following concept, where R is a
transitiv e super-role of F, is satis able, but ead of its models has an in nite

domain.

:CUu9F (Cub61F)u8R :(9F :(Cub1lF))

This concept requires the existenceof an in nite F -path, where the rst
element on the path satises : C while all other elemeris satisfy C u 6 1F.
This path cannot collapseinto a cycle: (a) it cannot return to the rst elemen
becausethis elemen cannot satisfy both C and : C; (b) it cannot return to any
subsequeh elemen on the path becausethen this node would not satisfy 6 1F .

The correctnessof the algorithms we are presering can be proved by show-
ing that they create a tableau for a concepti it is satis able. For easeof con-
struction, we assumeall conceptsto be in negation normal form (NNF), that is,
negationoccursonly in front of conceptnames.Any SH| Q-conceptcan easilybe
transformed to an equivalert onein NNF by pushing negationsinwards [HNS9(;
with  C we denotethe NNF of : C. For a conceptC in NNF we de ne clogC)
asthe smallest set of conceptsthat contains C and is closedunder subconcepts
and . Pleasenote that sizeof clogC) is linearly bounded by the sizeof C.

Denition 3. Let D be a SHI Q-concept in NNF, R* a role hierarchy, and
Rp the set of roles occurring in D and R* together with their inverses. Then
T = (S;L;E) is a tableau for D w.r.t. R* i Sis a setof individuals, L : S'!
2¢los(D) maps each individual to a set of concepts, E: Rp ! 25 S maps each
role to a set of pairs of individuals, and there is someindividual s 2 S suchthat
D 2 L(s). Furthermore, for all s;t 2 S, C;C1;C, 2 clogD), andR;S 2 Rp, it
holds that:

if C2L(s),then: CZL(s),

if C,uCy2L(s),thenCy 2 L(s) and Cy 2 L(S),

if Cot C22L(s),thenCy 2 L(s) or Cy2L(s),

if 8S:C 2 L(s) and bs;ti 2 E(S), then C 2 L(t),

if 9S:C 2 L(s), thenthereis somet 2 S suchthat hs;ti 2 E(S) and C 2 L (t),

agrwnE



6. if 8S:C 2 L(s) andhs;ti 2 E(R) for someR v S with TrangR), then 8R:C 2
L (1),

7. hyi 2 E(R) i hy;xi 2 E(Inv(R)),

8. if bs;ti 2 E(R) and R v S, then Is;ti 2 E(S),

9.if (6 NnSC)2L(s), then]ST(s;C) 6 n,

10. if (> nSC) 2 L(s), then]ST(s;C) > n,

11.if (./ nSC)2 L(s) andhs;ti 2 E(S) thenC 2 L(t) or C 2 L(t),

where we use ./ as a placeholder for both 6 and > and we de ne
ST(s;C):=ft2 Sjhs;ti 2 E(S) and C 2 L(t)g:

Tableaux for S| -concepts are de ned analogouslyand must satisfy Properties
1-7, wher, due to the absene of a role hierarchy, v is the identity.

Due to the close relationship between models and tableaux, the following
lemma can be easily proved by induction. As a consequencean algorithm that
constructs (if possible)a tableau for an input conceptis a decisionprocedurefor
satis abilit y of concepts.

Lemma 2. A SHI Q-concept (resp. Sl -concept) D is satis able w.r.t. a role
hierarchy R* i D hasa tableau w.rt. R*.

3.1 Reasoning in SHI Q

In the following, we give an algorithm that, given a SHI Q-conceptD, decides
the existenceof a tableaux for D. We implicitly assumean arbitrary but xed
role hierarchy R* . The tableaux algorithm works on a nite completion tree (a
tree some of whose nodes correspond to individuals in the tableau, ead node
being labelled with a set of SHI Q-concepts),and employs a blocking technique
[HS99 to guararntee termination: If a path cortains two pairs of successie nodes
that have pair-wise identical label and whose connecting edgeshave identical
labels, then the path beyond the secondpair is no longer expanded,it is said to
be blocked. Blocked paths can be \unra velled” to construct an in nite tableau.
The identical labels make surethat copiesof the rst pair and their descendats
can be substituted for the secondpair of nodesand their respective descendats.

De nition 4. A completion tree for a SHI Q-concept D is a tree wher each
node x of the tree is lakelled with a set L(x) clogD) and each edge hx; yi
is lakelled with a set L (hx; yi) of (possibly inverse) roles occurring in clogD);
explicit inequalities between nodes of the tree are recorded in a binary relation
6 that is implicitly assumel to be symmetric.

Given a completion tree, a node y is called an R-successomnf a nodex i vy
is a suaessorof x and S 2 L (hx; yi) for someS with Sv+ R. A nodey is called
an R-neighbour of x iy is an R-suaessorof x, or if x is an Inv(R)-suwessor
of y. Predecessorsand ancestors are de ned as usual.

A node is blockedi it is directly or indir ectly blocked. A node x is directly
blocked i none of its ancestors are blocked, and it has ancestors x° y and y°
suchthat



1. x is a suaessorof x°and y is a suaessorof y° and
2. L(x) = L(y) and L(x% = L(y9 and
3. L(®xi) = L(hy%yi).

In this case we will say that y blocks x. Since this blocking technique involves
pairs of nodes, it is called pair-wise blocking.

A nodey is indirectly blocked i one of its ancestors is blocked, or it is
a suwessor of a node x and L (hx;yi) = ;; the latter condition avoids wastel
expansions after an application of the 6 -rule.

For a node x, L(x) is said to contain a clashi fA;: Ag L(x) or if, for
some concept C, somerole S, and somen 2 N: (6 n S C) 2 L(x) and there

alo i< n. A completion tree is called clash-freei none of its nodes
contains a clash;it is called completei none of the expansion rules in Figure 2
is applicable.

For a SHI1 Q-concept D, the algorithm starts with a completion tree consisting
of a single node x with L(x) = fDg and 6 = ;. It appliesthe expansion rules
in Figure 2, stoppingwhena clash occurs, and answers\ D is satis able" i the
completion rules can be applied in such a way that they yield a complete and
clash-free completion tree.

The soundnessand completenessof the tableaux algorithm is an immediate
consequencef Lemmas 2 and 3.

Lemma 3. Let D be an SHI Q-concept.

1. The tableaux algorithm terminates when started with D.

2. If the exmansion rules can be applied to D such that they yield a complete
and clash-free completion tree, then D has a tableau.

3. If D has a tableau, then the expansion rules can be applied to D such that
they yield a complete and clash-free completion tree.

The proof can be found in the appendix. Here, we will only discussthe
intuition behind the expansionrulesand their correspondenceto the constructors
of SHI Q. Roughly speaking? the completion tree is a partial description of a
model whoseindividuals correspond to nodes, and whoseinterpretation of roles
is taken from the edgelabels. Sincethe completion tree is a tree, this would not
yield a correct interpretation of transitiv e roles, and thus the interpretation of
transitiv e roles is built via the transitiv e closure of the relations induced by the
corresponding edgelabels.

The u-, t -, 9- and 8-rules are the standard tableaux rules for ALC or the
propositional modal logic K, . The 8. -rule is the standard rule for ALC g+ or the
propositional modal logic S4,, extendedto deal with role-hierarchies as follows.
Assume a situation that satis es the precondition of the 8. -rule, i.e., 8S:.C 2

2 For the following considerations, we employ a simpler view of the correspondencebe-
tween completion trees and models, and need not bother with the path construction
mentioned above.



u-rule: if 1.C1u Cz 2 L(x), x is not indirectly blocked, and
2.fC1;C206 L(x)
thenL(x) ! L(X)[ fCy1;C2g

t -rule: if 1.Cyt Cz2 L(x), x is not indirectly blocked, and
2.fC1;ng\ L(X): )
thenL(x) ! L(x)[ fCgfor someC 2 fC1;Czg

9-rule: if 1.9S:C 2 L(x), x is not blocked, and
2. x has no S-neighbour y with C 2 L (y),
then create a new node y with L (hx;yi) = fSgand L(y) = fCg

8-rule: if 1.8S:C 2 L(x), x is not indirectly blocked, and
2. there is an S-neighbour y of x with C 2 L (y)
thenL(y) ! L(y)[ fCg

8. -rule: if 1.8S:C 2 L(x), x is not indirectly blocked, and
2. there is someR with TrangR) and R v S,
3. there is an R-neighbour y of x with 8R:C 2 L (y)
thenL(y) ! L(y)[ f8R:Cg

choose-rule: if 1.(./ nSC) 2 L(x), x is not indirectly blocked, and
2. there is an S-neighbour y of x with fC; Cg\ L(y) = ;
thenL(y) ! L(y)[ fEgfor someE 2 fC; Cg

> -rule: if 1.(>nSC)2L(x), xisnot blocked, and
2. there are not n S-neighbours y1;:::;yn of x with
C2L(yi)andy; 6y, forl i<j n
then create n new nodesys;:::;yn With L(hx;yii) = fSg,
L(yi)=fCg,andy; 6 yj forl i<j n.
6 -rule: if 1.(6 nSC)2L(x), xisnot indirectly blocked, and

2.1S7 (x; C) > n and there are two S-neighbours y; z of x with
C2L(y);C2L(2),yisnot an ancestorof x, and noty 6 z
then 1.L(z) ! L(z2)[ L(y) and

2. if z is an ancestor of x
then L(he;xi) ! L(hz;xi)[ Inv(L (hx;yi))
elseL(hx;zi) ' L(hx;zi)[ L(hx; yi)

3.L(hyi) ! o

4. Setu 6 z for all u with u 6 y

Fig. 2. The complete tableaux expansion rules for SHI Q

L (x), and there is an R-neighbour y of x with TrangR), R v S and 8R:C 2 L (y).
If y has an R-successorz, then, due to the transitivit y of R, z is also an R-
successonof x. SinceR v S, it is alsoan S-successoof x and hencemust satisfy
C. This is ensuredby adding 8R:C to L(z)

The rules dealing with qualifying number restrictions work similarly to the
rules given in [BBH96]. For a concept (> n R C) 2 L(x), the >-rule generates
n R-successorsyy;;:::;yn of x with C 2 L(y;) . To prevert the 6 -rule from
indentifying the new nodes, it also setsy; 6 y; for ead 1 i< n
Conversely if (6 n R C) 2 L(x) and x has more than n R-neighbours that are



labelledwith C, then the 6 -rule choosestwo of them that arenot in 6 and merges
them, together with the edgesconnectingthem with x. The de nition of a clash
takes care of the situation where the 6 relation makesit impossibleto merge
any two R-neighbours of x, while the chaserule ensuresthat all R-neighbours
of x are labelled with either C or C. Without this rule, the unsatis abilit y
of conceptslike (> 3SR A)u (6 1R B)u (6 1R : B) would go undetected.
The relation 6 is usedto prevert innite sequencesof rule applications for
cortradicting number restrictions of the form (> n R C) and (6 (m) R C), with
n > m. Labelling edgeswith sets of roles allows a single node to be both an R
and S-successonf x evenif R and S are not comparablewith respectto v .

The following theorem is an immediate consequencef Lemma 2 and 3, and
Theorem 1.

Theorem 2. The tableaux algorithm is a decision procedure for the satis ability
and subsumptionof SHI Q-concepts with respect to terminologies.

3.2 A PSpace-algorithm for SlI

To obtain a (worst-case) optimal algorithm for Sl , the SHI Q algorithm is
modi ed asfollows. (a) SinceSI doesnot allow for qualifying number restrictions
the >-, 6 -, and chaose-rule can be omitted. In the absenceof the chaose-rule we
may assumeall conceptsappearingin labelsto bein NNF from the (smaller) set
of all subconceptsof D denotedby su(D), and in the absenceof role hierarchies,
edgelabelscanberestricted to roles(instead of setsof roles). Due to the absence
of number restrictions the logic still hasthe nite model property, and blocking
no longer needinvolve two pairs of nodeswith identical labels,but only two nodes
with (originally) identical labels. (b) To obtain a PSpace algorithm, we employ
a re ned blocking strategy which further loosensthis \identity" condition to a
\similarit y" condition. This is achieved by using a secondlabel B for ead node.
In the following, we will describe and motivate this blocking technique; detailed
proofs as well as an extension of this result to SI N can be found in [HST98].

Establishing a PSpace-result for S| is not as straightforward as it might
seemat a rst glance.One problem is the presenceof inverseroles which might
lead to constraints propagating upwards in the tree. This is not compatible with
the standard trace technique [SS9] that keepsonly a single path in memory at
the sametime, becauseconstraints propagating upwards in the tree may have
an in uence on paths that have already been visited and have been discarded
from memory. There are at least two possibilities to overcomethis problem: (1)
by guessingwhich constraints might propagate upwards beforehand; (2) by a
reset-restart extensionof the trace technique described later in this section. Un-
fortunately, this is not the only problem. To apply either of thesetwo techniques,
it is alsonecessaryto establisha polynomial bound on the length of paths in the
completion tree. This is easily establishedfor logics such as ALC that do not al-
low for transitiv e roles. For ALC with transitiv e roles (i.e., S), this bound is due
to the fact that, for a node x to block anodey, it issucient that L(y) L(x).
In the presenceof inverseroles, we usea more sophisticated blocking technique
to establish the polynomial bound.



u-rule: if 1.Ciu Cy 2 L(x) and
2.fC1;C296 L(x)
thenL(x) ! L(X)[ fCy1;C2g
t-rule: if 1.C;t C2 2 L(x) and
2.fCy1;Co0\ L(X) = ;
thenL(x) ! L(x)[ fCgfor someC 2 fC1;Czg
8-rule: if 1.8S:C 2 L(x) and
2. there is an S-successory of x with C 2 B(y)
thenL(y) ! L(y)[ fCgand
B(y) ! B(y)[ fCgor
2'. there is an S-predecessory of x with C 2 L (y)
thenL(y) ! L(y)[ fCag.
8. -rule: if 1.8S:C 2 L(x) and TrangS) and
2. there is an S-succ.y of x with 8S:C 2 B(y)
thenL(y) ! L(y)[ f8S:Cgand
B(y) ! B(y)[ f8S:Cgor
2'. there is an S-predecessor y of x with 8S:C Z L (y)
thenL(y) ! L(y)[ f8S:Cg.
9-rule: if 1.9S:C 2 L(x), x is not blocked and no other rule
is applicable to any of its ancestors, and
2. x has no S-neighbour y with C 2 L (y)
then create a new node y with L (hx;yi) = S and L(y) = B(y) = fCg

Fig. 3. Tableaux expansion rules for SI

De nition 5. A completion tree for an SI concept D is a tree where each node
x of the tree is labelled with two setsB(x) L(x) sul(D), and each edgehx; yi
is lakelled with a (possiblyinverse) role L (hx; yi) occurring in sul(D).
R-neightours, -suacessors, and -predecessorsare de ned as in De nition 4
where, in the absene of role hierarchies, v is the identity on R.
A node x is blockedi x hasa blocked ancestor y, or x has an ancestor y
and a predecessorx® with L (k% xi) = S, and

B(x) L(y) and L(x)=Inv(S)= L(y)=Inv«S);

where L (x)=Inv(S) = f8 Inv(S):C 2 L (x)g.

For a node x, L (x) is said to contain a clashi fA;: Ag L(x). A comple-
tion tree to which none of the expansion rules givenin Figure 3 is applicableis
called complete

For an Sl -concept D, the algorithm starts with a completion tree consisting
of a single node x with B(x) = L(x) = fDg. It applies the expansion rules in
Figure 3, stopping when a clash occurs, and answers\ D is satis able" i the
completion rules can be applied in such a way that they yield a complete and
clash-free completion tree.

As for SHI1 Q, correctnessof the algorithm can be proved by rst showing
that a Sl -conceptis satis able i it has a tableau, and next proving the SI -
analogueof Lemma 3, see[HST98].
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Theorem 3. The tableaux algorithm is a decision procedure for satis ability and
subsumptionof S| -concepts.

Sinceblocking plays a major role both in the proof of Theorem 3 and espe-
cially in the following complexity considerations,we will discussit herein more
detail. Blocking guararnteesthe termination of the algorithm. For DLs suc as
ALC, termination is mainly due to the fact that the expansionrules can only
add new conceptsthat are strictly smaller than the conceptthat triggered their
application.

For S this is no longertrue: the 8. -rule intro ducesnew conceptsthat are the
samesize as the triggering concept. To ensuretermination, nodeslabelled with
a subsetof the label of an ancestorare blocked. Sincerules can be applied \top-
down" (successorsare only generatedif no other rules are applicable, and the
labels of inner nodes are never touched again) and subset-blacking is su cien t
(i.e., for anodex to beblocked by an ancestory, it issu cien t that L(x) L(y)),
it is possibleto give a polynomial bound on the length of paths.

For Sl , dynamic blocking was introduced in [HS99, i.e., blocks are not es-
tablished on a once-and-for-all basis, but establishedand broken dynamically.
Moreover, blocks must be establishedon the basis of label equality, since value
restrictions can now constrain predecessorss well as successorsUnfortunately,
this may lead to completion trees with exponertially long paths becausethere
are exponentially many possibilities to label sets on such a path. Due to the
non-deterministic t -rule, these exponertially many setsmay actually occur.

This non-determinism is not problematical for S becausedisjunctions need
not be completely decomposedto yield a subset-blacking situation. For an op-
timal Sl algorithm, the additional label B was introduced to enable a sort
of subset-blacking which is independert of the t -non-determinism. Intuitiv ely,
B(x) is the restriction of L (x) to those non-decompmsed conceptsthat x must
satisfy, whereasL (x) corntains boolean decompositions of these conceptsas well
as those that are imposedby value restrictions in descendats. If x is blocked
by vy, then all conceptsin B(x) are eventually decomposedin L (y). Howewer, in
order to substitute x by y, x's constraints on predecessorsnust be at least as
strong asy's; this is taken care of by the secondblocking condition.

TrangR), the only kind of path along which the length of the longest concept
in the labels might not decrease.f no rules can be applied, then we have, for
1 i<n,
L (Xj+1 )=Inv(R) L(x;)=Inv(R) and
B(xi) B(xi«)[ fCig

(where 9R:C; 2 L (x;) triggered the generation of X+, ). This limits the number
of di erent labels and guaranteesblocking after a polynomial number of steps.

Lemma 4. The paths of a completion tree for a concept D havea length of at
most m* where m = jsul(D)j.

Finally, a slight modi cation of the expansionrules given in Figure 3 yields
a PSpace algorithm. This modi cation is necessarybecausethe original algo-
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rithm must keepthe whole completion tree in memory|whic h needsexponertial
spaceeven though the length of its paths is polynomially bounded. The original
algorithm may not forget about branchesbecauserestrictions which are pushed
upwards in the tree might make it necessaryto revisit paths which have been
consideredbefore. A reset-festart medanism solvesthis problem as follows:

Whenevwer the 8- or the 8, -rule is applied to a node x and its predecessory
(Case 2' of theserules), we delete all successorof y from the completion tree
(reset). While this makesit necessaryto restart the generation of successorgor
y, it makesit possibleto implement the algorithm in a depth- rst manner which
facilitates the re-useof space.

This modi cation doesnot a ect the proof of soundnessand completeness
for the algorithm, but of coursewe have to re-prove termination [HST98] asit
formerly relied on the fact that we never removed any nodesfrom the completion
tree. Summing up we get:

Theorem 4. The madi e d algorithm is a PSpace decision procedure for satis-
ability and subsumptionof Sl -concepts.

4 The Undecidabilit y of Unrestricted SHI N

Like earlier DLs that combine a hierarchy of (transitiv e and non-transitiv €) roles
with someform of number restrictions [HS99HST98], SHI N only allows sim-
ple rolesin restrictions, i.e. rolesthat are neither transitiv e nor have transitiv e
subroles.The justi cation for this limitation hasbeenpartly on the groundsof a
doubtful semariics (of transitiv e functional roles) and partly to simplify decision
procedures.In this section, we will shaw that allowing arbitrary rolesin SHI N
number restrictions leadsto undecidability. For corvenience,we denote SHI N
with arbitrary rolesin number restrictions by SHI N *.

The undecidability proof usesa reduction of the domino problem [Ber66]
adapted from [BS9€. This problem asks whether, for a set of domino types,
there existsa tiling of an N? grid sud that ead point of the grid is covered with
exactly one of the domino types,and adjacert dominoesare \compatible" with
respect to someprede ned criteria.

De nition 6. A domino systemD = (D;H;V) consists of a non-empty set
of domino typesD = fDy;:::;Dng, and of setsof horizontally and vertically
matchingpairs H D D andV D D. The problemis to determine if, for
a givenD, there existsa tiling ofan N N grid suchthat each point of the grid is
covered with a domino typein D and all horizontally and vertically adjacent pairs
of domino typesarein H and V resgectively, i.e., amappingt : N N! D such
that for all m;n 2 N, ht(m;n);t(m+ 1;n)i 2 H and ht(m; n);t(m;n+ 1)i 2 V.

This problem can be reducedto the satis abilit y of SHI N * -concepts, and
the undecidability of the domino problem implies undecidability of satis abilit y
of SHI N * -concepts.

Ensuring that ead point is assa@iated with exactly onedomino type and that
apoint and its neighbours satisfy the compatibilit y conditions inducedby H and

12



V is simple for most logics(via the intro duction of conceptsCp, for dominotypes
Dj, and the useof value restrictions and booleanconnectives),and applying suc
conditions throughout the grid is also simple in a logic such as SHI N * which
can deal with arbitrary axioms. The crucial di cult vy is represerting the N N
grid using \horizontal" and \v ertical" roles X and Y, and in particular forcing
the coincidenceof X Y-andY X-successorsThis can be accomplishedin
SHI N * using an alternating pattern of two horizontal rolesX ; and X », and two
vertical roles Y; and Y,, with disjoint primitiv e conceptsA, B, C, and D being
usedto identify points in the grid with di erent combinations of successorsThe
coincidenceof X Y andY X successorgan then be enforcedusing number
restrictions on transitiv e super-rolesof eat of the four possibleconbinations of
X and Y roles. A visualisation of the resulting grid and a suitable role hierarchy
is shown in Figure 4, where S; are transitiv e roles.

Y1 Y1 Y1
A B A
g X, g X5 g X, S Si S Sy
Y2 Y2 Y2
C D C
[ J [ J [ J
X1 X2 X1
Y1 Y1 Yy X1 Y1 X2 Y2
A B A
[ J [ J [ J
X1 X2 X1

Fig. 4. Visualisation of the grid and role hierarchy.

The alternation of X and Y rolesin the grid meansthat one of the transitiv e
super-rolesS;; connectsead point (m; n) to the points (m+ 1;n), (m;n+ 1) and
(m+ 1;n+ 1), and to no other points. A number restriction of the form 6 3S;; can
thus be usedto enforcethe necessarycoincidenceof X Y-andY X -successors.
A complete speci cation of the grid is given by the following axioms:

Av :Bu:Cu:Du9X::Bu9Y;:Cu63Sqq,
Bv:Au:Cu:Du9X,Au9Y;:Dub63S,,
Cv:Au:Bu:Du9X:i:Du9Y5:Au63S;,,
Dv :Au:Bu:Cu9X,:Cu9Yy.B u63Sy,.

It only remainsto add axioms which encade the local compatibility conditions
(asdescribedin [BS9€]) and to assertthat A, B, C, and D are subsumedby the
disjunction of all domino typesto enforcethe placemen of a tile on ead point
of the grid. The concept A is now satis able w.r.t. the various axioms (which
can be internalised as described in Lemma 1) i there is a compatible tiling of
the grid.
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5 Discussion

A new DL systemis beingimplemented basedon the SHI Q algorithm described
in Section 3.1. Pending the completion of this project, the existing FaCT sys-
tem [Hor98] hasbeenmodi ed to deal with inverserolesusingthe SHI1 Q block-
ing strategy, giving a DL which is equivalent to SHI extendedwith functional
roles[HS99; we will referto this DL asSHI F and to the modi ed FaCT system
as|-FaCT.

I-FaCT hasbeenusedto conduct someinitial experimerts with aterminology
represerting (fragments of) databasesthemata and inter schemaassertionsfrom
a data warehousing application [CDL* 98] (a slightly simplied version of the
proposedencaling wasusedto generateSH| F terminologies). I-FaCT is able to
classify this terminology, which contains 19 conceptsand 42 axioms, in lessthan
0.1sof (266MHz Pertium) CPU time. In cortrast, eliminating inverserolesusing
an enmbeddingtechnique [CDR98] givesan equisatis able FaCT terminology with
an additional 84 axioms, but one which FaCT is unable to classifyin 12 hours
of CPU time.

An extension of the embedding technique can be usedto eliminate number
restrictions [DL95], but requires a target logic which supports the transitiv e
closure of roles, i.e., conversePDL. The even larger number of axioms which
this embedding would intro duce makesit unlikely that tractable reasoningcould
be performed on the resulting terminology. Moreover, we are not aware of any
algorithm for conversePDL which doesnot employ a so-calledcut rule [DM98],
the application of which introduces considerable additional non-determinism.
It seemsinevitable that this would lead to a further degradation in empirical
tractabilit y.

As far ascomplexity is concerned,we have already beensuccessfuin extend-
ing the PSpace-result for SI to SI N [HST98]. Currently we are working on an
extension of this result to SI Q combining the techniques from this paper with
those presenied in [Tob99.
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App endix

In this appendix we presen the proof of Lemma 3, which is repeated here for
easierreference.

Lemma. Let D be an SHI Q-concept.

1. (Termination) The tableaux algorithm terminates when started with D.

2. (Soundness)If the expansion rules can be applied to D suchthat they yield
a complete and clash-free completion tree, then D has a tableau.

3. (Completeness)lf D has a tableau, then the expansion rules can be applied
to D suchthat they yield a complete and clash-free completion tree.

Termination Let m = jclogD)j, k = jRpj, and nmax the maximum n that occurs
in a conceptof the form (./ n S C) 2 clogD). Termination is a consequencef
the following properties of the expansionrules:

{ The expansionrules never remove nodesfrom the tree or conceptsfrom node
labels. Edge labels can only be changedby the 6 -rule which either expands
them or setsthem to ;; in the latter casethe node below the ; -labelled edge
is blocked.

{ Successorare only generatedfor conceptsof the form 9R:C (which yields
onesuccessorand (> n S C) (which yields n successors)For a node x, eah
of these conceptscan trigger the generation of successorat most once. For
the 9-rule, if a successory of x was generatedfor a concept 9S:C 2 L(x)
and later L (hx; yi) is setto ; by an application of the 6 -rule, then there will

were generated by an application of the >-rule for a concept (> n S C),
then y; 6 y; holds for all 1 i < j n. This implies that there will
always be n S-neighbours y?;:::;yp of x with C 2 L(y{) and y 6 y} for all
1 i<j n,sincethe 6-rule can never mergetwo nodesy?’; y]-0 (because
y? 6 y0), and, whenewer an application of the 6 -rule sets L (hx; yJ) to ;,
then there will be someS-neighbour z of x with C 2 L(z) and z \inherits"
all inequalities from y?.

SinceclogD) cortains a total of at most m 9R:C and (> n S C) concepts,
the out-degreeof the tree is boundedby m npax.

{ Nodesare labelled with non-empty subsetsof clogD) and edgeswith subsets
of Rp, sothere are at most 22™ di erent possiblelabellings for a pair of
nodesand an edge.Therefore, if a path p is of length at least 22™ | then from
the pair-wise blocking condition there must be two nodesx; y on p suc that
x is directly blocked by y. Sincea path on which nodesare blocked cannot
becomelonger, paths are of length at most 22™" . t

SoundnesslLet T be a complete and clash-free completion tree. A path is a

we de ne Tail(p) := x, and Tail(p) := x%. With [pjj‘??%] we denote the path
§§; A5 éo—i] The set PathgT) is de ned inductiv ely as follows:
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{ For the root node xqg of T, [i—g] 2 Pathg(T), and

{ For apath p2 PathgT) andanodezin T:
if z is a successowf Tail(p) and z is not blocked, then [pj2] 2 Pathg(T),
or
if, for somenodey in T, y is a successonf Tail(p) and z blocks y, then
[pj§7] 2 PathqT).

Pleasenote that, due to the construction of Paths, for p 2 Pathg(T) with
p = [pY5], we have that x is not blocked, x%is blockedi x & x° and x°is never
indirectly blocked. Furthermore, L(x) = L (x9 holds.

Now we cande ne atableau T = (S;L;E) with:

S= Pathg(T)
L (p) = L (Tail(p))
E(R)=fhp;qi 2 S Sj Either g= [pj;s] and
x%is an R-successowf Tail(p)
or p=[gj;] and
x%is an Inv(R)-successorof Tail(g)g:

Claim: T is atableau for D with respectto R*.
We shaw that T satis es all the properties from De nition 3.

{ D2L([;2] sinceD 2 L(xo).

{ Prop erty 1 holds becauseT is clash-free;Prop erties 2,3 hold because
Tail(p) is not blocked and T is complete.

{ Prop erty 4: Assume8S:C 2 L(p) and hp;qi 2 E(S). If q= [pjJs], then x©
is an S-successorof Tail(p) and thus C 2 L (x9 (becausethe 8-rule is not
applicable). SinceL(q) = L(x) = L(x9, we have C 2 L(qg). If p = [q <ol
then x%is an Inv(S)-successof Tail(q) and thus C 2 L (Tail(q)) (becausex®
is not indirectly blocked and the 8-rule is not applicable), henceC 2 L(q).

{ Prop erty 5: Assume9S:C 2 L(p). De ne x := Tail(p). In T there is an S-
neighbour y of x with C 2 L(y), becausethe 9-rule is not applicable. There
are two possibilities:

y is a successorof x in T. If y is not blocked, then q := [pj%] 2 S and

hp;qi 2 E(S) aswell asC 2 L(q). If y is blocked by somenode z in T,

then q:= [pj)%] 2S.

y is a predecessonf x. Again, there are two possibilities:
p is of the form p = [qgj ;5] with Tail(q) = y.
p is of the form p = [gj 5] with Tail(q) = u 6 y. x only has one
predecessotin T, henceu is not the predecessormf x. This implies
x 6 X% x blocks x%in T, and u is the predecessomnf x° due to the
construction of Paths Together with the de nition of the blocking
condition, this implies L (hu; x9%) = L(hy;xi) aswell asL(u) = L(y)
due to the pair-wise blocking condition.

In all three casestp;q 2 E(S) and C 2 L(q).
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{ Property 6: Assume8S:.C 2 L(p), hp;qi 2 E(R) for someR v+ S with
TrangR). If = [pj;s], then x%is an R-successonf Tail(p) and thus 8R:C 2
L(x% (becauseotherwise the 8. -rule would be applicable). From L(q) =
L(x) = L(x9 it follows that 8R:C 2 L(q). If p= [qj %], then x%is an Inv(S)-
successorof Tail(g) and hence Tail(q) is an R-neighbour of x° Becausex®
is not indirectly blocked, this implies 8R:C 2 L (Tail(q)) and hence8R:C 2
L(q).

{ Prop erty 11: Assume(./ n S C) 2 L(p), hp;gi 2 E(S). If g = [pjl,
then x%is an S-successorof Tail(p) and thus fC; Cg\ L(x%9 6 ; (since
the chooserule is not applicable). Since L(q) = L(x) = L(x9, we have
fC, Cg\ L(g) & ;. If p= [g], then x%is an Inv(S)-successorof Tail(q)
andthusfC; Cg\ L(Tail(g)) 6 ; (sincex®is not indirectly blocked and the
chaose-rule is not applicable), hencefC; Cg\ L(q) 6 ;.

{ AssumeProp erty 9 isviolated. Hencethere is somep 2 Swith (6 n SC) 2
L(p) and ]ST(p;C) > n. We show that this implies ][ST (Tail(p);C) > n,
in contradiction of either the clash-freenessor completenessof T. De ne
x := Tail(p) and P := ST (p;C). Due to the assumption, we have |P > n.
We distinguish two cases:

P contains only paths of the form q = [pj)%]. We claim that the function

Tail’is injective on P. Assumethat there are two paths ou;cn 2 P with
o 6 ¢ and Taillq) = Tai®) = y° Then ¢ is of the form o =
[pi(y1;y9] and @ is of the form o = [Pi¥5] with y1 6 yo. If y? is not
blocked in T, then y; = y°=y,, cortradicting y; 6 y,. If y®is blocked
in T, then both y; and y, block y° which implies y; = y,, again a
contradiction.
SinceTail is injective on P, it holds that P = ] Tail{P). Also for eath
y? 2 TaillP), y°is an S-successorof x and C 2 L(y9. This implies
IST(x;C) > n.
P cortains a path g where p is of the form p = [qj5]. Obviously, P may
only cortain one such path. As in the previous case,Tail’ is an injective
function onthe setP%:= Pnf qg, eah y°2 Tail{P?9 is an S-successopf x
and C 2 L (y9 for eadh y°2 Tail{P9. To shaw that indeed]ST (x; C) > n
holds, we haveto provethe existenceof a further S-neighbour u of x with
C 2 L(u) and u 62TailAP9. This will be \supplied" by z := Tail(q). We
distinguish two cases:
x = x% Hencex is not blocked. This implies that x is an Inv(S)-
successonf z in T. SinceTail(P9 cortains only successorsf x, we
have that z 62Taill(P9 and, by construction, z is an S-neighbour of
x with C 2 L (2).
x 6 x% This implies that x°is blocked in T by x and that x°is an
Inv(S)-successonf z in T. The de nition of pairwise-blocking implies
that x is an Inv(S)-successonf somenode u in T with L (u) = L(2).
Again, since Tail(P9 contains only successorsof x we have that
u 62TaillP9 and, by construction, u is an S-neighbour of x and
C2L(u.
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{ Prop erty 10: Assume(> n S C) 2 L(p). Completenessof T implies that

of Tail(p) and C 2 L(y;). We claim that, for eat of theseindividuals, there
is a path g sud that hp;gi 2 E(S), C2 L(g), andg 6 g forall1 i<
j n. Obviously, this implies ]ST(p;C) > n. For ead y; there are three
possibilities:
yi is an S-successonf x and y; is not blockedin T. Then ¢ = [pjz—:] is
a path with the desired properties.
yi is an S-successonf x and y; is blocked in T by somenode z. Then
g = [pjyii] is the path with the desiredproperties. Sincethe samez may
block sewral of the y; s, it is indeednecessaryto include y; explicitly into
the path to make them distinct.
x is an Inv(S)-successorof y;. There may be at most one sud y;. This
implies that p is of the form p = [qgj 5] with Tail(q) = y;. Again, g has
the desired properties and, obviously, g is distinct from all other paths

{ Prop erty 7 is satis ed due to the symmetric de nition of E. Prop erty 8
is satis ed due to the de nition of R-successoithat takesinto accourt the
role hierarchy . t

CompletenesslLet T = (S;L;E) be a tableau for D w.rt. R*. We use this
tableau to guide the application of the non-deterministic rules. To do this, we
will inductively de ne a function , mapping the individuals of the tree T to S
sud that, for eadh x;y in T:

L(x) L( (x))
if y is an S-neighbour of x, then h (x); (y)i 2 E(S) S (0)
x 6 yimplies (x) 6 (y) '

2

Claim: Let T be a completion-tree and a function that satises ( ). If a
rule is applicable to T then the rule is applicable to T in a way that yields a
completion-tree T % and an extensionof that satisfy ( ).

Let T be a completion-tree and be a function that satis es ( ). We have to
considerthe various rules.

{ The u-rule: If Cou C, 2 L(x), then C; u Cy 2 L( (x)). This implies
C1;C2 2 L( (x)) dueto Property 2 from De nition 3, and hencethe rule
can be applied without violating ( ).

{ The t -rule: If C;t C; 2 L(x), thenCyt C, 2 L( (x)). SinceT is atableau,
Property 3 from De nition 3 implies fC1;Cog\ L( (X)) 6 ;. Hencethe t -
rule can add a conceptE 2 fC;;C,g to L(x) such that L(x) L( (x))
holds.

{ The 9-rule: If 9S:C 2 L(x), then 9S:C 2 L( (x)) and, sinceT is a tableau,
Property 5 of De nition 3 implies that there is an element t 2 S such that
h (x);ti 2 E(S) and C 2 L (t). The application of the 9-rule generatesa new
variable y with L(hx;yi = fSgand L (y) = fCg. Henceweset := [y 7!t]
which yields a function that satis es ( ) for the modied tree.
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The 8-rule: If 85.C 2 L(x), then 8S:.C 2 L( (x)), and if y is an S-
neighbour of x, then alsoh (x); (y)i 2 E(S) dueto ( ). SinceT is atableau,
Property 4 of De nition 3 implies C 2 L( (y)) and hencethe 8-rule can be
applied without violating ( ).

The 8, -rule: If 8S:C 2 L(x), then 8S:C 2 L( (x)), and if there is some
R v S with TrangR) and y is an R-neighbour of x, then alsoh (x); (y)i 2
E(R) due to ( ). SinceT is a tableau, Property 6 of De nition 3 implies
8R:C 2 L( (y)) and hencethe 8. -rule can be applied without violating ( ).
The choose-rule: If (./ nSC)2L(x),then(./ nSC)2L( (x)), and,
if there is an S-neighbour y of x, then h (x); (y)i 2 E(S) dueto ( ). Since
T is a tableau, Property 11 of De nition 3 impliesfC; Cg\ L( (y) 6 ;.
Hencethe choose-rule can add an appropriate conceptE 2 fC; Cgto L(x)
such that L(y) L( (y)) holds.

The >-rule: If (> NnSC)2L(x),then(>nSC)2L( (x)). SinceT isa
tableau, Property 10 of De nition 3 implies ]ST( (x);C) > n. Hencethere
are individuals t;;:::;ty, 2 S such that h (x);tji 2 E(S), C 2 L(t;), and
tiét forl i<j n.The>-rule generatesn new nodesys;:::;yn. By
setting = [y1 7' t1; yn 7! ty], oneobtains a function that satis es
() for the modied tree.

The 6-rule: If (6 NSC)2L(x),then (6 nSC)2L( (x)). SinceT isa
tableau, Property 9 of De nition 3 implies ]ST( (x);C) 6 n. If the 6 -rule
is applicable, we have ]ST (x; C) > n, which implies that there are at least

be two nodesy;z 2 fyg;:::;yng such that (y) = (z) (becauseotherwise
IST( (x);C) > n would hold). From (y) = (z) wehavethat y 6 z cannot
hold becauseof ( ), and y; z can be chosensud that y is not an ancestorof
Z. Hencethe 6 -rule can be applied without violating ( ).

Why doesthis claim yield the completenessof the tableaux algorithm? For

the initial completion-tree consisting of a single node xq with L (xg) = fDg and
6 = ; wecangiveafunction that satises ( ) by setting (Xg) := sg for some
Sp 2 S with D 2 L(sp) (such an sp existssinceT is a tableau for D). Whenever
a rule is applicable to T, it can be applied in a way that maintains ( ), and,
since the algorithm terminates, we have that any sequenceof rule applications
must terminate. Properties ( ) imply that any tree T generatedby these rule-
applications must be clash-freeasthere are only two possibilities for a clash,and
it is easyto seethat neither of thesecan hold in T:

{ T cannot contain a node x suc that fC;: Cg 2 L(x) becauseL (x)
L( (x)) and henceProperty 1 of De nition 3 would be violated for (x).
{ T cannot contain a node x with (6 n S C) 2 L(x) and n+ 1 S-neighbours
Yo;:i:yn Of x with C 2 L(y;) andy; 6 yj for 0 i < ] n because(6
nSC)2L( (x)), and, sincey; 8 y; implies (yi) 6 (yj), 1ST( (x);C) >
n, in cortradiction to Property 9 of De nition 3. t
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