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Abstract

DescriptionLogics form a family of formalisms
closelyrelatedto semanticmetworksbut with the
distinguishingcharacteristithatthesemanticef
the conceptdescriptionlanguages formally de-
ned, so that the subsumptiorrelationshipbe-
tweentwo conceptescriptioncanbecomputed
by a suitablealgorithm.DescriptionLogics have
proved usefulin arangeof applicationsbut their
wideracceptanchasbeenhinderecby theirlim-
ited expressienessandthe intractability of their
subsumptioralgorithms. This paperaddresses
boththeseassuedy describingasoundandcom-
pletetableauxsubsumptionestingalgorithmfor
arelatively expressve DescriptionLogic which,
in spiteof thelogic's worstcasecompleity, has
beenshawn to performwell in realisticapplica-
tions.

1 INTRODUCTION

Description Logics (DLs) form a family of formalisms
which have grown out of knowledgerepresentatiortech-
nigues using frames and semanticnetworks; their dis-
tinguishingcharacteristids a formally de ned semantics
which enableghe subsumptiortkind-of) relationshipto be
computedby a suitablealgorithm (Woodsand Schmolze
1992). DL basedknowledgerepresentatiosystemshave
proved useful in a rangeof applications(Bermanet al.
1994; GuhaandLenat1994;Gobleet al. 1996;Levy and
Roussetl996; Kiissnerl997), but their wider acceptance
hasbeenhinderedby their limited expressvenesgDoyle
andPatil 1991; MacGregyor 1991)andthe intractability of
their subsumptioralgorithms(Heinsohnet al. 1994;Speel
etal. 1995)! This paperaddressedoth theseissuesby

A desire/requiremerior soundandcompletereasoninds as-
sumed put see(Borgida 1992)for a discussiorof thisissue.
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describinga tableauxsubsumptiortestingalgorithmfor a
relatively expressve DL which,in spiteof thelogic'sworst
casecompl«ity, hasbheenshown to performwell in realis-
tic applications.

A particularlypromisingapplicationdomainfor DLs is in
the growth areaof ontological engineering—thedesign,
constructiorandmaintenancef large conceptuaschemas
or ontologies(Maysetal. 1996;Horrocksetal. 1996;Rec-
tor andHorrocks1997).An exampleof suchanapplication
is the EuropearGALEN project,whichaimsto promotethe
sharingandre-useof medicaldataby building alargemed-
icalterminologyontologywhichcanbeusedby application
designerssa e xible andextensibleclassi cationschema
(Rectoretal. 1993).However designstudiesattheoutsef
the projectidenti ed expressie requirementavhich were
satis ed by few if any implementedDL systemgNowlan
1993), in particularthe ability to reasonabouttransitive
part-whole causabndcompositionatelationg(calledroles
in DLs) (Rectoretal. 1997). Theimportanceof reasoning
with transitive roleshaslong beenrecogniseqHors 1994;
Padghamand Lambrix 1994; Artale et al. 1996), and has
beenidenti ed as a requirementin other applicationdo-
mains, particularly thoseconcernedwith complex physi-
cally composedbjectse.g.,engineeringSattler1995).

The work presentecherewas motivated by the desireto
provide a sound,completeand empirically tractablealgo-
rithm for aDL with theexpressve powerrequiredby these
kinds of application.Thelogic developedfor this purpose
wasALCHRg- , anextensionof the well known ALC DL
(Schmidt-Schau@nd Smolka1991). ALC supportscon-
cept descriptionsusing the standardlogical connecties,
plus existentialanduniversalrole restrictions put only us-
ing simpleprimitive roles. ALCH g+ augment®ALC with
transitively closedprimitive roles and role inclusion ax-
ioms,thecombinatiorof whichenables hierarcly of tran-
sitive andnon-transitve rolesto be de ned—afundamen-
tal requirementf the GALEN project—andallows reason-
ing with respecto generakerminologiegseeSections), a
featurewhich is alsorequiredby someapplicationgLevy



andRoussetl996). A tableauxsatis ability testingalgo-
rithm for ALCHR+ will be presentedalongwith a proof
of its soundnesandcompletenessindanextensionto the
algorithmwhich supportsreasoningwith attributes(func-
tional/featureroles)will alsobe described.A highly opti-
misedimplementatiorof this algorithmformsthe basisfor
a terminologicalclassi er, FaCT, which hasbeendevel-
opedto demonstratehe feasibility of usingthe algorithm
for subsumptiorreasoningn realisticapplications.

2 TRANSITIVE ROLES

Extensiongo ALC which supportsomeform of transitve
rolesinclude Cl Q (Giacomoand Lenzerini1996), T SL
(Schild1991),ALC . (Baaderl990),ALC- andALC
(Sattler1996).Of theseCl Q, T SL andALC . all support
role expressionsvith transitive or transitve re exive oper
ators,andfrom correspondenct propositionaldynamic
logics their satis ability problemsare known to be Exp-
TIME-complete(Schild 1991). The ALCr- and ALC
DLs supporttransitive roles without providing a general
transitive closure operator and were investicated in the
hopethat a more restrictedform of transitive role might
leadto a satis ability problemin alower complity class
(Sattler1996).

ALCRr+ augmentALC with transitively closedprimitive
roles: an ALCgr-+ terminology may include axioms of
theform R 2 R., whereR is arole nameandR. is
the set of transitve roles namesin the terminology In
(Sattler 1996) an algorithm for decidingthe satis ability
of ALCr+ conceptexpressionds presentedlongwith a
proof of its soundnesandcompletenesdt is alsodemon-
stratedthat the compleity of the ALC -+ satis ability
problemis PsPacE-completethesameasfor ALC (Donini
etal. 1995). ALC extendsALCg: by associatingeach
non-transitve role R with its transitive orbit. Thetransitve
orbitof aroleR, denotedR , isatransitverolewhichsub-
sumesR, andcould be de ned by theaxiomsR 2 R.
andR v R . Theinterpretationof R is thereforea su-
persetof the interpretationof the transitve closureof R,
i.e., (R ) (R*)'. Unfortunately the complexity of
the ALC satis ability problemis alsoshown to be Exp-
TIME-complete.

ALCHR+ generalisesALC by supportingtransitively
closedprimitive rolesandarbitraryrole inclusion axioms
of theform R v S. Asit is moregenerathanALC , but
still lessexpressvethanDLs suchasALC . which support
the transitive closurerole forming operatorthe ALCH g+
satis ability problemis clearly also ExPTIME-complete.
However, the tableauxsatis ability testingalgorithm for
ALCHg-+ is muchsimplerthanfor ALC ., :

1. It is simpler to detectcycles in the tableauxcon-

structionwhich could leadto non-termination.Cycle
detection(blocking) involves comparingsetsof con-
cepts,andthis is complicatedin ALC . by the need
to dealwith conceptscontainingrole expressions.It

canbeshawn, for example thatidentifying equivalent
role expressionss itself a PSPACE-completeproblem
(Baader1990).

2. It is simplerto dealwith cyclesoncethey have been
detectedpecausen the ALCHR- algorithmall cy-
clesleadto avalid cyclical model.In the ALC . algo-
rithm, ontheotherhandiit is necessarto differentiate
betweencycleswhich leadto a valid cyclical model
(goodcycled andthosewhich do not (badcycles.

ALCHRg- issufciently expressieto beusefulin arange

of applicationsput thesimplicity of its satis ability testing

algorithmmeanghatit is easyto implementandamenable
to awide rangeof optimisationtechniques.

3 THE ALCHg+- DESCRIPTION LOGIC

In this sectiona tableauxalgorithmfor testingthe satis -
ability of ALCH R+ conceptexpressionill bedescribed
anda proof of its soundnesand completenespresented.
Thealgorithmandproof are extensionsof thosedescribed
for ALCr+ (Sattler1996).

3.1 SYNTAX AND SEMANTICS

ALCHRg- is the DL obtainedby augmentingALC with
transitively closedprimitive rolesandprimitive role intro-
ductionaxioms. An ALCH R+ terminologyconsistsof a
nite setof axiomsoftheformCv DjC =D RV
Sj R 2 R,,whereC andD are conceptexpressions,
R and S arerole namesand R, is the setof transitive
rolenamesALCH g+ conceptexpressiongreof theform
CNj>j?j:CjCuDjCt Dj9R:C|j8R:C,where
CN is a conceptname,C andD areconceptexpressions
andR isarolename.

A standardrarski style modeltheoreticsemanticds used
to interpret conceptexpressionsand to justify subsump-
tion inferencegBaaderet al. 1991). The meaningof con-

ceptsandrolesis given by aninterpretationl whichis a

pair( '; '), where ' isthedomain(aset)and' isan

interpretationfunction. The interpretationfunction maps
eachconceptnameCN to a subsetof ' andeachrole

to a setvaluedfunction (or equivalently a binaryrelation):

R: ' 1 2' (R : ). Thesemantic®f an

ALCHRg+ conceptexpressionis derived from the seman-
tics of its componentgasshowvn in Figurel. Thesemantics
of ALCHR+ axiomsis givenin Figure2.

To simplify the descriptionof the algorithm, it will be as-



Syntax Semantics

CN CN' !

> |

? ;

:C b c!

CuD | C'\ D!

ctb|cC'[D

9R:C |fd2 ' jR'(d)\ C' 69
8R:C |fd2 'jR'(d C'g

Figurel: Semanticof ALCHR- ConceptExpressions

Syntax Semantics
CvD [C' D!
C=D c' = D!
RvsS |R &
R2R: | R' = (R")*

Figure2: Semanticof ALCHR- Axioms

sumedthat R+ andthev relation have beende ned by

an ALCHg- terminologyT, sothatR, = fR j R 2

R, isanaxiomin T g, andfor two rolesR andS,Rv S

iff R v Sisanaxiomin T or thereis arole R suchthat
R v Rlisanaxiomin T andR®v S. Without loss of

generality it will alsobeassumedhatthe conceptexpres-
sionis in neggation normalform, so that negationsare ap-
plied only to conceptnamesandthattheterminologydoes
not containary conceptaxioms(i.e., axiomsof the form

C v D orC = D), sothatall concepthamesare atomic
primitives? Arbitrary conceptexpressionscan be trans-
formedinto negation normalform usinga combinationof

DeMoman's laws andtheidentities:9 R:C = 8R:: C and
:8 R:C = 9R:: C. How thealgorithmcanbe usedto test
satis ability w.r.t. a generalterminologywill be described
in Section5.

Like other tableauxalgorithms,the ALCH - algorithm
tries to prove the satis ability of a conceptexpressionD
by demonstratinga model of D—an interpretationl =
( ';')suchthatD' 6 ;. Themodelis representedy
atreewhosenodescorrespondo individualsin the model,
eachnodebeinglabelledwith asetof ALCH -+ -concepts.
Whentestingthe satis ability of anALCH g+ -conceptD,
thesesetsarerestrictedo subsetsf sul(D), wheresulD)
is the closureof the subexpressionsof D de ned asfol-
lows:

1. if D is an atomic primitive conceptor its negation,
thensu(D) = fDg

2An atomicprimitive is aconceptnameCN for whichthereis
node nition in T : all thatis known aboutCN is thatCN' .

2. if D is of theform 9R:C or 8R:C, thensul{D) =
fDg[ sulC)

3. if D isof theformC,u C, orCyt Cs,, thensul(D) =
fDg[ suCy) [ su(Cy)

The soundnessindcompletenessf the algorithmwill be
proved by shaving thata concepthasa modeliff it hasa
tableay andthat the algorithm constructsa tableaufor a
concepfiff oneexists.

De nition 1 If D isanALCH g+ -conceptandRp is the
setof role namesoccurringin D, atableauT for D is de-
ned to be a triple (S;L; E) suchthat: S is a setof in-

dividuals,L : S ! 2SUlD) mapseachindividual to a
set of conceptexpressionswhich is a subsetof suD),
E: Rp ! 25 S mapseachrole nameoccurringin D
to a setof pairsof individuals,andthereis someindividual
s 2 SsuchthatD 2 L(s). Forall s 2 S it holdsthat:

? 2L (s),andif C 2 L(s),then: C ZL(s)

if CtuCy 2 L(s),thenCy 2 L(s)andC; 2 L(s)
if C.1t C22L(s),thenCy 2 L(s)orC, 2 L(s)
if BR:C 2 L(s) andbs;ti 2 E(R),thenC 2 L(t)
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if 9R:C 2 L (s), thenthereis somet 2 S s.t.bs;ti 2
E(R) andC 2 L(t)

6. if BR:C 2 L(s),Is;ti 2 E(S),S2 R, andSv R,
then8S:C 2 L(t)

7. if Rv SthenE(R) E(S)

Lemmal An ALCHR- -conceptD is satis able iff there
existsa tableaufor D.

Proof: For theif direction,if T = (S;L;E) is atableau
forD,amodell = ( '; ') of D canbede nedas:
| - S
fsjCN2L(s)g
for all conceptnamesCN in sul(D)

E(R)* ifR2R.
| i
E(R) [ S([@R S' otherwise

CN'

R |

whereE(R)* denoteghetransitive closureof E(R).

By inductionon the structureof conceptdt canbe shavn
that! is well de ned andthatD' 6 ;. For conceptsof
theform: C,C,u C,, C1t C, and9R:C, thecorrectness
of their interpretationdollows directly from De nition 1
andthe semanticof ALCHR+ conceptexpressiongjiven
in Figurel above:



1. For conceptsof the form : C, if : C 2 L(s), then
C2L(s),sos2 ! C' and: C is correctly
interpreted.

2. For conceptoftheform Cyu Cy, if C;u Cy 2 L (),
thenC; 2 L(s) andC, 2 L(s),sos2 Ci \ C) and
C1 u C; is correctlyinterpreted.

3. For conceptoftheformCyt Cy,if Cit Co 2 L (),
thenC; 2 L(s)orC, 2 L(s),sos2 C} [ C} and
Cit Cyiscorrectlyinterpreted.

4. For conceptoftheform 9R:C, if 9R:C 2 L(s), then
thereis somet 2 S suchthaths;ti 2 E(R) andC 2
L(t),sos2fd2 ' jR'(d)\ C' 6 ;g and9R:C
is correctlyinterpreted.

For conceptsof the form 8R:C, the correctnes®f their
interpretationgollowsfrom De nition 1, andthesemantics
of ALCHR+ conceptexpression@ndaxioms:

1. if 8R:C 2 L(s) andbs;ti 2 E(R), thenC 2 L(t)
2.if 8R:C 2 L(s), bs;ti 62E(R) andbs;ti 2 R',

E(S),S2 R, andSv R.
From property6 of De nition 1, 8S:C 2 L (u;) for
all1 6 i 6 n, andfrom property4 of De nition 1,
C2L(t)

sos 2 fd 2
interpreted.

''jR'(d) C'gand8R:C is correctly

Finally, from De nition 1, thereis someindividuals 2 S
suchthatD 2 L(s),sos2 D' andD' 6 ;.

For thecorversejf | = ( '; ') isamodelof D, thena
tableauT = (S;L;E) for D canbede nedas:

s = !
E(R) = R
L(s) = fC2suhD)js2C'g

It only remaingto demonstrat¢hatT is atableaufor D:

1. T satis es propertiesl-5in De nition 1 asa direct
consequencef the semanticof the: C, C; u Cy,
C:t C,, 8R:C and9R:C conceptexpressions.

2.1fd2 (8R:C)' ,hd;ei 2 S'",S2 R, andS v R,
thene 2 (8S:C)' unlessthereis somef suchthat
he;fi 2 S' andf 2 C'. However, if hd;ei 2 S',
he;fi 2 S', S 2 R, andS v R, thenfrom
the semanticof role axiomsgivenin Figure2, S 2
R, ! h:fi2s',SsvR! H:fi2R'and
d 2 (8R:C)' . T thereforesatis esproperty6 in Def-
inition 1.

3. T satis esproperty7 in De nition 1 asadirectconse-
guenceof thesemantic®f roleinclusionaxiomsgiven
in Figure2. ]

3.2 CONSTRUCTING AN ALCHg- TABLEAU

Thealgorithmbuilds atreewhereeachnodex of thetreeis
labelledwith asetlL (x) sul(D) andmay in addition,be
marked satis able. Thetreeis expandecdeitherby extend-
ing L (x) for someleafnodex or by addingnew leafnodes.
For anodex, L (x) is saidto containaclashif ? L (x)
or, for someconceptC, fC;: Cg L (x). L(x) is called
apre-tableauf it is clash-freeandcontainsno unexpanded
conjunctionor disjunctionconcepts.Note that; is a pre-
tableau.

Edgesof the tree are either labelledt or labelledR for
somerole nameR occurringin sul(D). Edgeslabelledt
areaddedwhenexpandingC; t C, conceptsn L (x), and
arethe mechanisnwherebythe algorithmsearchegossi-
ble alternatve expansionsEdgedabelledwith arole name
R areaddedvhenexpanding®R:C termsin L (x), andcor
respondo relationshipdetweerpairsof individuals.

A nodey is calledan R-successopf a nodex if thereis
anedgehx; yi labelledR; y is calledat -successoof x if
thereis a path,consistingof t -labellededgesfromx toy.
A nodex is anancestorof anodey if thereis a pathfrom
x to y regardlessof the labelling of the edges. Note that
boththet -successoandancestorelationsarere exive as
nodesareconnectedo themselesby theemptypath.

The algorithminitialisesatreeT to containa singlenode
Xo, calledthe root node,with L (x¢) = fDg. T isthen
expandedby repeatedlyapplyingthe rulesfrom Figure 3

until eitherthe root nodeis marked satis able or noneof

therulesis applicable. Note that the secondconditionin

eachrule preventsmultiple applicationsof the rule to the
sameconceptexpression(s)while blocking is performed
by partb of the 9-rule.

If thealgorithmconstructsa treein which the root nodeis
markedsatis able, thenit returnssatis able; from thistree
atableauor D cantrivially beconstructedlf thealgorithm
terminateswithout markingthe root nodesatis able, then
it returnsunsatis able

3.3 SOUNDNESSAND COMPLETENESS

From Lemmal, the soundness@nd completenessf the
algorithm can be demonstratedby proving that, for an
ALCHRg- -conceptD, it alwaysterminatesandthatit re-
turnssatis ableiff thereexistsatableaufor D.

Lemma?2 For eadh ALCHRg- -conceptD, the tableau
constructionterminates.



u-rule: if 1.
2. fCy1;Cog* L(X)
then L(x) !

t -rule: if 1.
2. fCyq;Cog\ L(x) =;
then

L(y)
L(2)

L(x)[ fCig
L(x)[ fCag

9-rule: if 1.
2. Xxisaleafof T
then foreach9R:C 2 L (x) do:

SAT-rule: if 1.

form9R:C

markedsatis able
2. X isnotmarkedsatis able
then markx satis able

x isaleafof T, L(x) is clash-freeC; u C, 2 L(x)
LX) [ fC1;Czg
x isaleafof T, L(x) isclash-freeC;t C, 2 L(x)

createtwo t -successorg; z of x with:

L (x) is apre-tableauthereis a conceptof theform 9R:C in L (x)

a. Rrx:= fCg[ fDj8S:D 2 L(x)andR v Sg
[ f8SDj8P:D2L(x); S2R4+; Sv PandRv Sg
b. if for someancestow of X, gy
thencreatean R-successoy of x with L (y) = ;
c. otherwisecreateanR-successoy of x with L (y) = "grx

x isanodeof T, andeither:
a. L(x) isapre-tableawcontainingno conceptof the

b. L(x) isapre-tableawhich hassuccessors,
andall successoref x aremarkedsatis able
c. L(x)isnotapre-tableaandsomet -successoof x is

L (w)

Figure3: TableauxExpansiorRulesfor ALCH g+

Proof: Letm = jsul(D)j. As nodesare labelledwith
subsetof su(D), jL(x)j  m for all nodesx. For ary
nodex theu-rule canthereforebeappliedatmostm times.
Thesizeof ary sub-treess alsolimited by m: thet -rule
canalsobeappliedatmostm timesalongat -labelledpath
andthe 9-rule canbe appliedat most2™ timesalongary
pathbeforetheremustbesomeancestoly s.t.'rx L (Yy)
for ary R.

Lemma 3 ForanALCH g+ -concepD, there existsa tab-
leaufor D iff thetableauconstructiorreturnssatis able

Proof: For theif direction (the algorithm returnssatis -
able), let T be thetree constructedy the tableauxalgo-
rithm for D. A tableauT = (S;L; E) canbede ned with:

S = fxjxisanodein T, x is marked sat-
is able andL (x) is a non-emptypre-
tableaug

E(R) = fhx;yi 2 S S j eitheryisat-

successoof anR-successoof x; or x
hasan R-successor with L(z) = ;,
y isanancestoof x and rx  L(Y);
or for somerole S, hx; yi 2 E(S) and
Sv Rg

andit canbeshavn thatT is atableaufor D:

1. D 2 L(x) for the root xo of T and for all t -
successorsf xg. As Xg is marked satis able one of
thesemustbeanon-emptypre-tableaumarkedsatis -
able soD 2 L(s) for somes 2 S.

2. Propertiesl-3 of De nition 1 are satis ed because
eachx 2 Sisapre-tableau.

3. Property4 in De nition 1 is satis ed becausd C |
8R:C 2 L(x)g “rxandryx L(y)forallywith
hx; yi 2 E(R).



4. Property5 in De nition 1 is satis ed by the 9-rule
which, for all x 2 S, createdor each9R:C 2 L(x) a
new R-successoy with either:

(@ C2L(y)or

(b) L(y) = ;,C 2 "rx and gy
ancestor of x.

L (z) for some

5. Property6 in De nition 1is satis edbecausdd S:C |
8R:C 2 L(x),S2 R, andSv Rg “sx and
“sx  L{(y) forally with hx; yi 2 E(S).

6. Property7 in De nition 1is satis edbecauséx; yi 2
E(S) forall hx; yi 2 E(R) andR v S.

Forthecorverse(thealgorithmreturnsunsatis ablé, it can
be shavn by inductionon h(x), the heightof the sub-tree
belawv x, thatif x is notmarkedsatis ablethentheconcept
X = Uc2 (x)C isnotsatis able:

1. If h(x) = 0 (x is aleaf) andx is not marked sat-
is able, thenL (x) containsa clashand X is clearly
unsatis able.

2. If h(x) > 0, L(x) is not a pre-tableavandx is not
marked satis able, then none of its t -successorss
marked satis able; henceC;t C, 2 L(x) andnei-
thery with L(y) = L(X) [ fCignorz with L(z) =
L(x) [ fC.gis markedsatis able. It follows by in-
ductionthatX is notsatis able.

3. If h(x) > 0, L(x) isapre-tableawandx is notmarked
satis able, thenthereis someR-successoof x which
is not marked satis able andit follows by induction,
andthe semanticof valuerestrictionconceptexpres-
sions(8R:C), thatX is notsatis able. n

4 EXTENDING ALCHg+ WITH
ATTRIBUTES

ALCHRg+ can be extendedwith limited supportfor at-
tributes(functional/featuregoles)to give ALCHf . . Un-
like ALCF (HollunderandNutt 1990), ALCHfg. does
not include supportfor attribute value map conceptform-
ing operatorsput it only requiresa minor extensionto the
ALCHg-+ algorithm.

ALCHfg. extendsthe syntaxof ALCHg- by allowing
axiomsof the form A 2 F to appearin terminologies,
where A is a role nameand F is the set of functional
role names,or attributes. As well as being correctfor
ALCHR-+ conceptexpressionsan ALCHf . interpreta-
tionl = ( '; ') mustsatisfy the additional condition
that,for all A 2 F, A! is asinglevaluedpartial function,
Al :domA! 1 !,

The9-ruleintheALCH -+ treeconstructioralgorithmcan
be extendedto dealwith attributesin ALCHf z. . Expres-
sionsof theform 9R:C, whereR is arole, aredealtwith
exactly asbefore but expression®f theform 9A:C, where
A is an attribute, requirespecialtreatment. The extended
ruletreatsattributesin asimilarwaytoroles:9A:C expres-
sionsin the label of a pre-tableainodex will leadto the
creationof new A -successonodesy; andlabellededges
hx; yii. However, it may group togethermultiple 9A:C
expressionsn x's label to createa single A -successoy,
labelingtheedgehx; yi with a setof attribute namesA .

Multiple 9A:C expressionsmust be grouped together
when,in the modelrepresentetby thetree,the A' (x) are
constrainedo be the sameindividual, for examplewhen
thereare multiple 9A:C expressionsontainingthe same
attribute A. Theinteractionbetweenattributesandtherole
hierarcly meansthat for two expression®A:C; 2 L(x)

and9B:C, 2 L(x), whereA andB areattributes,A' (x)

andB' (x) are also constrainedo be the sameindivid-

ual whenA v B (becauseA! B')orB v A (be-
causeB' A'). We will say that an attribute B is
directly-constainedby anattribute A in L (x) if (9A:C 2

L(x) andA v B)or(9B:C 2 L(x) andB v A), andwe
will saythatanattributeB is constainedby anattribute A

in L (x) if B is directly-constrainetby A in L (x) orif, for
someattribute A% ACis directly-constrainedy A in L (x)

andB is constrainedy A%in L (x). For anattribute B and
a nodex, the setof attributeswhich areconstrainedy B

in L(x) will bedenotedA gy, whereAgx = fTA2 FjA

is constrainedoy B in L(x)g. The extended9-rule for
ALCHfg. isshavnin Figure4.

5 GENERAL TERMINOLOGIES

Thealgorithmdescribedn Section3 teststhe satis ability
of aconceptexpressiorD w.r.t. aterminologywhich does
not containconceptaxioms,but it canalsobe usedto test
satis ability w.r.t. anarbitraryterminologyT . If T isare-
strictedterminology onewhich containsonly agyclic con-
ceptde nitions,? this canbe achiezed simply by unfolding
D —usingthede nitions in T to expandconcepthamesn
D until they areall atomicprimitives. The ALCHf. al-
gorithmcan,however, alsobe usedto testthe satis ability
of aconceptexpressionwith respecto agenerl terminol-
ogy, onewhich may containboth cyclesandgeneralcon-
ceptinclusionaxioms(GCls). A GCI is an axiom of the
form C v D whereC is anarbitraryconceptexpression.

3A conceptde nition is an axiom of theform CN v C or
CN = C, whereCN is a concepthamewhich appearonly once
on the left handside of suchan axiom. Conceptde nitions are
agyclic if C doesnot referto CN, either directly or indirectly.
Conceptgde ned by an axiom of theform CN v C arecalled
primitive while thosede ned by anaxiom of theform CN = C
arecallednon-primitive.



if 1.
2. Xxisaleafof T

b. otherwise
i A=A

ii. AX = B2A

L (x) is apre-tableauthereis a conceptof theform 9R:C in L (x)

then foreach9R:C 2 L (x) whereR 2 F do:
a. Rryx:=fCg[ fDj8S:D 2 L(x)andR v Sg
[ f8SDj8P:D2L(x); S2R4+; Sv PandRv Sg
b. if for someancestow of X, "rx  L(Ww)
thencreatean R-successoy of x with L (y) = ;
c. otherwisecreateanR-successoy of x with L (y) = "ry
and foreach9A:D 2 L (x) whereA 2 F do:

a. if for someA -successoy of x, A 2 A thendo nothing.

(fCjoB:C 2 L(x)g[

fCj8S:C2L(x)andB v Sg[

f8S:Cj8P:C2L(x); S2R,+; Sv P andB v Sg)

iii. if for someancestomw of X, ~ax
thencreateanA -successoy of x with L (y) = ;

iv. otherwisecreateanA -successoy of x with L (y) = " ax

L (w)

Figure4: Extended-rule for ALCHf .

An axiomC = D is equialentto two GCIs,C v D and
D v C, sowe can,withoutlossof generality restrictour
attentionto GCls.

A procedurecalled internalisation (Baader1990) can be
usedto test the satis ability of a conceptexpressionD
with respectto a terminology T containingan arbitrary
Internalisa-
tion works by testingthe satis ability of D u M u 8U:M,
whereM is a conceptexpressionformed from the GCls,
M= (Bt :AjJu:::u(Bpt : Ay), andU is aspe-
cially de ned transitive role which subsumesll the other
roleswhich occurin T. The propertiesof U ensurethat,
in any modelconstructedy thetableauxalgorithm,every
individual satis esM, andthussatis eseachof the GCls
inT.

Assuming descriptve rather than x ed point semantics
(Nebel 1990), terminological cycles can easily be dealt
with by treatingall conceptixiomsasGCls(Buchheitetal.
1993). However, this methodis highly inef cient because
reasoningvith GClsintroducedarge numbersof disjunc-
tions andis thus very costly Terminologicalcycles can
be dealtwith in a much more ef cient mannerby using
lazy unfolding usingthe de nitions in T to expandcon-
ceptnamesin D, but only asrequiredby the progressof
thetableauexpansion(Baaderetal. 1992).

Whenbuilding atreeT, lazy unfolding ensureghatif the
terminologyT containsaprimitive de nition axiomCN v

C, thenfor ary nodex in T,CN 2 L(x) ) C 2 L(x).
Thereforejn themodelrepresentetly T, cN' ' and
the axiom is satis ed. If C referseitherdirectly or indi-

rectlyto CN, terminationof thetreeconstructioralgorithm
is still guaranteettecausef blocking—mosimplemented
DLs areunableto dealwith terminologicalcyclesbecause
they have no blockingmechanisnandcould not guarantee
termination.

Lazy unfolding alsotakes careof non-primitive de nition
axiomsCN = C 2 T, providedthat C canbe unfolded
sothatit containsonly primitive conceptsasary primi-
tive interpretationanassignmenof valuesto theinterpre-
tationsof primitive conceptsill lead,via the semantics,
to aninterpretationfor CN suchthatCN' = C'. How-
ever, if C cannotbe unfoldedsothatit containsonly prim-
itive conceptsthenit cannotbe guaranteedhat a model
constructeddy the algorithmsatis esT. For example,if
T = fCNy v >;CN; = : CNyg, thenT is obviously
unsatis able(it only hasa modelwith anemptydomain).
Testing the satis ability of CN; would, however, cause
the algorithmto build a tree representinga modelwhere
! = fxgandCN} = fxg.

This problemcan be dealtwith by checkingeachde ni-

tion axiomCN = C 2 T, andif C cannotbe unfolded
until it containsonly primitive conceptsthen transform-
ing the axiom into a primitive de nition CN v C anda
GCIC v CN. TheaxiomCN, = : CN, from the above
examplewould thusbe corvertedinto the primitive de ni-

tion CN, v : CN, andthe GCIl: CN, v CN,. The GCI
would leadto CN, beingaddedto every nodelabel, and
the unfolding of CN, would thenadd: CN,, causingan
immediateclash.



6 THE FaCT SYSTEM

The FaCT systemis a terminological classi er (TBox)
which hasbeendevelopedas a testbedfor a highly opti-
misedimplementatiorof the ALCHf ;. satis ability test-
ing algorithm, and to evaluateits empirical tractability
FaCT reasonsabout concept,role and attribute descrip-
tions,andmaintainsa concepthierarcly basedon the sub-
sumptionrelation. The algorithmis usedfor subsumption
testingin the usualway: C subsume® iff D u: C is
not satis able. Correspondencesetweenmodal and de-
scriptionlogics (Schild 1991)meanthat FaCT canalsobe
usedasatheorenproverfor the propositionaimodallogics
K(m), KT (m)» K4 (m) andS4(m).

6.1 OPTIMISATION TECHNIQ UES

A naie implementatiorof the algorithmwould be of lim-
ited valuein realisticapplications:whentrying to classify
the GALEN medicalterminology ontology for example,
single satis ability problemswere encounteredvhich the
unoptimisedalgorithmhadfailed to solve after 100 hours
of CPUtime. Toimprove theperformancef thealgorithm,
a rangeof optimisationshave beenemployed (Horrocks
1997).Theseinclude:

Lexical normalisation and encoding of concept
expressions—aechniquewhich takes the hierarchi-
cal structureof terminologiedo its logical conclusion
by lexically normalisingandencodingall concepiex-
pressionsand, recursvely, their sub-epressions.In
this form, conceptexpressiongonsistonly of (possi-
bly negated)concepmnamesconjunctiondCy u :::u
Ch) and value restrictions(8R:C): expressionsof
the form 9R:C aretransformednto : (8R:: C) and
expressionof the form (C; t :::t C,) aretrans-
formedinto : (: C1 u :::u : Cy). In addition, the
sub-epressiongorming conjunctionsare sortedand
ary duplicatesliminated. The normalisatiorprocess
alsoidenti es and simpli es sub-epressionswhich
are obviously satis able (e.g., 8R:>) or obviously
unsatis able(e.g.,(C u : C u :::)), replacingthem
with > or ? respectiely: in extremecasegwhenthe
whole expressiorsimpli es to > or ? ) theneedfor a
tableauvexpansioncanbe completelyeliminated.

The encoding processgives a unique identi er to

eachlexically distinct conceptexpressionawvhich, in

conjunctionwith lazy unfolding and the retentionof

unfoldedidenti ers, facilitatesearly clash detection
whenanidenti er andits negation occurin the same
nodelabel(Baaderetal. 1992).

Absorption—aechniquenhich eliminatesGClsfrom
a terminologyby absorbingtheminto primitive con-

ceptde nition axioms.For example,if aterminology
containgheaxiomP v C andtheGCIPuD, v D,,
the GCI can be eliminatedfrom the terminology by
absorbingit into theaxiomto giveP v Cu (D, t

. D]_)

Although absorptionaddsa disjunctionto the primi-
tiveconcepte nition axiom,it is muchmoreef cient
thanreasoningv.r.t. the GCI, whichwould requirethe
disjunctionD, t : (P u D) to beaddedto thelabel
of every node. In effect, absorptionrestrictsthe ap-
plicationof this disjunctionto nodeswhereit is really
required.

Semantic branching—a search technique adapted
from the Davis-Putnam-Logemann-Meland proce-
dure(DPL) commonlyuseto solve propositionalsat-
is ability (SAT) problemgDavis etal. 1962). Seman-
tic branchingvorksby selectingaconceptC fromone
of theunexpandedlisjunctionsn thelabelof anodex
andsearchind- (x)[ fCgandL (x)[ f: Cg. Wasted
searchs avoidedbecaus¢hetwo branchesrestrictly
disjoint. Forexamplejf fCt D;Ct Eg L(x) and
L(x) [ fCgis foundto be unsatis able,then: C is
addedto L (x) anda secondpossiblycostly, evalua-
tion of the unsatis ability of L (x) [ fCg is avoided.
A similar techniqueis alsousedin the KsaT modal
K (m) (equialently ALC (Schild1991))satis ability
testingalgorithm(GiunchigliaandSebastiani 996).

Dependeng directed backtracking—a technique
adaptedrom constraintsatis ability problemsolving

(Baker 1995)which addressethe problemof thrash-
ing (large amounts of unproductve backtracking
search)causedy inherentunsatis ability concealed
in sub-problems. Backjumping labels concept
expressionswith a dependeng set indicating the

branchpoints on which they depend. Whena clash
is discovered, the dependeng setscan be usedto

identify themostrecentbranchpointwhereexploring

theotherbranchmight alleviatethe causeof theclash.
The algorithm can then jump back over intervening

branchpointswithout exploring alternatve branches.
A similar techniquewas usedin the HARP theorem
prover (OppacheandSuenl1988).

Caching and re-using partial models—atechnique
whichtakesadwantageof therepetitive structureof the
satis ability problemsgeneratediuring terminologi-
cal classi cation by using cachedpartial tableauxto
demonstratéobvious” satis ability. For example the
satis ability of the conceptexpressionC u : D (and
thus the non-subsumptiorC 6v D) can be demon-
stratedby shaving thattableauxfor C and: D joined
attheirrootnodegesultin avalid tableaudfor Cu: D.



6.2 EMPIRICAL EVALUATION

The performanceof the FaCT systemhasbeenevaluated
using a variety of empiricaltestingproceduregHorrocks
1997). Whenassessinghe resultsof thesetestsit is im-
portantto note the the current systemis an experimen-
tal prototypewritten in CommonLisp, andthat very lit-
tle consideratiorhasbeengivento low-level ef ciency is-
sues.Thetestshave beenperformedusingAllegroCL 4.3
(compiled)on a SunSRARCstation20/61equippedwith a
60MHz superSRRC processqgra 1Mbyte off-chip cache
and 128Mbytesof RAM. The FaCT systemandtestKBs
areavailablefrom theauthors homepage.

To demonstrateéhe feasibility of usingFaCT with alarge,
realistic KB, it hasbeenusedto classify an ALCHf -
KB representinghe GALEN medicalterminology ontol-
ogy. The KB usedin the tests(which hassincebeenex-
tendaspartof theongoingGALEN project)contains2,740
conceptsp99 of which arenon-primitive, 413roles, 26 of
which aretransitve, and1,214GCls. Usingthe optimised
algorithm, FaCT is able to classifythe KB in  379sof
CPUtime, performingatotal of 122,695subsumptiornests
atanaverageof 0.003spertest. FaCT's performanceon-
trastswith thatof the KRIs system(BaaderandHollunder
1991)whichhadonly classi edasmallproportion( 10%)
of asimpli ed versionof theKB (with cyclesandtransitive
roleseliminated)after 100hoursof CPUtime.

FaCT alsoperformswell asa modallogic theoremprover:

Table 1 comparesFaCT with CRACK (Brescianiet al.

1995), KsaT and KRIs using a suite of benchmarkfor-

mulaefor modalK (HeuerdingandSchwendimani996).
Thetestsuse9 classe®f formula(k_brand, k_d4, etc.)in

both provable (p) and non-provable (n) forms? For each
type of formula, 21 examplesof exponentiallyincreasing
dif culty areprovided,andthetableshavs the numberof

the largestformula which eachsystemwas able to solve

within 100second®f CPUtime (21indicateghatthehard-
estproblemwassolvedin lessthan100s).

FaCT signi cantly outperformedll theothersystemsand
in mary casesalsoexhibited a completelydifferentquali-
tative performance.For example,with k. dump formulae
(seeFigure 5) the other systemsall shawved an exponen-
tial increasen solutiontimeswith increasingormulasize,
whereaghe timestaken by FaCT increasedrery little for
larger formulae(and FaCT wasalready2,000timesfaster
for the largestformulasolved by anothersystem).

“Notethataformulais proved by demonstratinghe unsatis -
ability of its negation.

Tablel: ModalK TheoremProving

FaCT || Crack || KSAT Kris
Test pinijp|ini{p|n|p]|n
kbranch|| 6| 4| 2| 1| 8| 8| 3| 3
k_.d4 21| 8| 2| 3| 8| 5| 8| 6
k.dum 21121| 3|21} 11|21}|/15|21
kgrz 21121 1/21}17|21|13|21
kin 21121| 5| 2| 21| 3| 6| 9
k_path 7| 6| 2| 6| 4| 8 3|11
k_ph 6| 7| 2| 3| 5| 5| 4| 5
k_poly 2121|2121} 13|12}| 11|21
k tdp 21121| 1| 1(10|18| 7| 5
100 — ‘
FaCT ——
D,..ﬂ' Crack —+—
T g KSAT -a--
06 ' m' » Kris -
\:-/ E",m x x
£ 1t
2 i
o 7
o1l 5 Y . '
0.01 : : : :
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problem size

Figure5: SolutionTimesfor k. dump Formulae

7 DISCUSSION

This paperdescribesa soundand completesatis ability

testingalgorithmfor arelatively expressie DL, onewhich

can reasonwith respectto a generalterminology and a
primitive hierarcly of transitve andnon-transitve roles.In

contrastto mostothertheoreticalpresentationsa practical
systemwhichusesan(optimised)mplementatiorof theal-

gorithmis alsodescribedThe FaCT systemhasbeenused
to investicate the practicability of usingthe algorithmfor

subsumptiorreasoningandresultsso far suggesthat in

spite of the logic's worst-casantractability the algorithm
can provide acceptableperformancein realistic applica-
tions. FaCT hasalso beenshavn to performwell when
usedas a propositionalmodal logic theoremprover, and
detailedresultsfrom theseexperimentswill bethe subject
of afuturepaper

Although the “nice” propertiesof transitive roles, as op-
posedo atransitve closureoperator(seeSection?2), made
it simpleto implementand optimisethe algorithm, mary
of the techniquesinvestigated could be usedwith other



tableauxsatis ability testing algorithms, and should be-

comestandardin future tableauxbasedDL implementa-
tions. Normalisation encodingandabsorptiorcan,for ex-

ample,be performedaspre-processingtepsandcouldbe

usedwith ary DL regardlessof its subsumptiortestingal-

gorithm, althoughintegratingnormalisationand encoding
with the classi er is preferablein orderto avoid the over

headof classifyingnew conceptgjeneratedy the encod-
ing process.The resultsobtainedwith FaCT suggesthat
someof the very expressve DLs for which tableauxalgo-

rithmsarenow availablemayalsobeusablen realisticap-

plications,andwork is alreadyundervay to produceanop-

timisedimplementatiorof suchanalgorithm.
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