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Abstract

DescriptionLogics form a family of formalisms
closelyrelatedto semanticnetworksbut with the
distinguishingcharacteristicthatthesemanticsof
theconceptdescriptionlanguageis formally de-
�ned, so that the subsumptionrelationshipbe-
tweentwo conceptdescriptionscanbecomputed
by asuitablealgorithm.DescriptionLogicshave
provedusefulin a rangeof applicationsbut their
wideracceptancehasbeenhinderedby their lim-
ited expressivenessandtheintractabilityof their
subsumptionalgorithms. This paperaddresses
boththeseissuesby describingasoundandcom-
pletetableauxsubsumptiontestingalgorithmfor
a relatively expressive DescriptionLogic which,
in spiteof thelogic's worstcasecomplexity, has
beenshown to performwell in realisticapplica-
tions.

1 INTRODUCTION

Description Logics (DLs) form a family of formalisms
which have grown out of knowledgerepresentationtech-
niques using frames and semanticnetworks; their dis-
tinguishingcharacteristicis a formally de�ned semantics
whichenablesthesubsumption(kind-of) relationshipto be
computedby a suitablealgorithm (Woodsand Schmolze
1992). DL basedknowledgerepresentationsystemshave
proved useful in a rangeof applications(Bermanet al.
1994;GuhaandLenat1994;Gobleet al. 1996;Levy and
Rousset1996;Küssner1997),but their wider acceptance
hasbeenhinderedby their limited expressiveness(Doyle
andPatil 1991;MacGregor 1991)andthe intractabilityof
their subsumptionalgorithms(Heinsohnet al. 1994;Speel
et al. 1995).1 This paperaddressesboth theseissuesby

1A desire/requirementfor soundandcompletereasoningis as-
sumed,but see(Borgida1992)for adiscussionof this issue.

describinga tableauxsubsumptiontestingalgorithmfor a
relatively expressiveDL which,in spiteof thelogic'sworst
casecomplexity, hasbeenshown to performwell in realis-
tic applications.

A particularlypromisingapplicationdomainfor DLs is in
the growth areaof ontological engineering—thedesign,
constructionandmaintenanceof largeconceptualschemas
or ontologies(Maysetal. 1996;Horrocksetal. 1996;Rec-
tor andHorrocks1997).An exampleof suchanapplication
is theEuropeanGALEN project,whichaimsto promotethe
sharingandre-useof medicaldataby building alargemed-
ical terminologyontologywhichcanbeusedbyapplication
designersasa �e xible andextensibleclassi�cationschema
(Rectoretal.1993).Howeverdesignstudiesattheoutsetof
the project identi�ed expressive requirementswhich were
satis�ed by few if any implementedDL systems(Nowlan
1993), in particular the ability to reasonabout transitive
part-whole,causalandcompositionalrelations(calledroles
in DLs) (Rectoret al. 1997).Theimportanceof reasoning
with transitive roleshaslong beenrecognised(Hors1994;
PadghamandLambrix 1994;Artale et al. 1996),andhas
beenidenti�ed as a requirementin other applicationdo-
mains,particularly thoseconcernedwith complex physi-
cally composedobjects,e.g.,engineering(Sattler1995).

The work presentedherewas motivatedby the desireto
provide a sound,completeandempirically tractablealgo-
rithm for aDL with theexpressivepower requiredby these
kindsof application.Thelogic developedfor this purpose
wasALCH R + , an extensionof the well known ALC DL
(Schmidt-SchaußandSmolka1991). ALC supportscon-
cept descriptionsusing the standardlogical connectives,
plusexistentialanduniversalrole restrictions,but only us-
ing simpleprimitive roles.ALCH R + augmentsALC with
transitively closedprimitive roles and role inclusion ax-
ioms,thecombinationof whichenablesahierarchy of tran-
sitive andnon-transitive rolesto bede�ned—afundamen-
tal requirementof theGALEN project—andallows reason-
ing with respectto generalterminologies(seeSection5), a
featurewhich is alsorequiredby someapplications(Levy



andRousset1996). A tableauxsatis�ability testingalgo-
rithm for ALCH R + will be presented,alongwith a proof
of its soundnessandcompleteness,andanextensionto the
algorithmwhich supportsreasoningwith attributes(func-
tional/featureroles)will alsobedescribed.A highly opti-
misedimplementationof thisalgorithmformsthebasisfor
a terminologicalclassi�er, FaCT, which hasbeendevel-
opedto demonstratethe feasibility of usingthe algorithm
for subsumptionreasoningin realisticapplications.

2 TRANSITIVE ROLES

Extensionsto ALC which supportsomeform of transitive
roles includeCI Q (GiacomoandLenzerini1996),T SL
(Schild1991),ALC + (Baader1990),ALC R + andALC �

(Sattler1996).Of these,CI Q, T SL andALC + all support
role expressionswith transitive or transitive re�exive oper-
ators,and from correspondenceto propositionaldynamic
logics their satis�ability problemsareknown to be EXP-
TIME-complete(Schild 1991). The ALC R + and ALC �

DLs supporttransitive roles without providing a general
transitive closureoperator, and were investigated in the
hopethat a more restrictedform of transitive role might
leadto a satis�ability problemin a lower complexity class
(Sattler1996).

ALC R + augmentsALC with transitively closedprimitive
roles: an ALC R + terminology may include axioms of
the form R 2 R + , whereR is a role nameand R + is
the set of transitive roles namesin the terminology. In
(Sattler1996) an algorithm for decidingthe satis�ability
of ALC R + conceptexpressionsis presentedalongwith a
proof of its soundnessandcompleteness.It is alsodemon-
stratedthat the complexity of the ALC R + satis�ability
problemis PSPACE-complete,thesameasfor ALC (Donini
et al. 1995). ALC � extendsALC R + by associatingeach
non-transitiveroleR with its transitiveorbit. Thetransitive
orbit of aroleR, denotedR � , is atransitiverolewhichsub-
sumesR, andcould be de�ned by the axiomsR � 2 R +

andR v R� . The interpretationof R � is thereforea su-
persetof the interpretationof the transitive closureof R,
i.e., (R� )I � (R+ )I . Unfortunately, the complexity of
theALC � satis�ability problemis alsoshown to beEXP-
TIME-complete.

ALCH R + generalisesALC � by supportingtransitively
closedprimitive rolesandarbitraryrole inclusionaxioms
of theform R v S. As it is moregeneralthanALC � , but
still lessexpressivethanDLs suchasALC + whichsupport
the transitive closurerole forming operator, theALCH R +

satis�ability problem is clearly also EXPTIME-complete.
However, the tableauxsatis�ability testingalgorithm for
ALCH R + is muchsimplerthanfor ALC + :

1. It is simpler to detect cycles in the tableauxcon-

structionwhich could leadto non-termination.Cycle
detection(blocking) involvescomparingsetsof con-
cepts,andthis is complicatedin ALC + by the need
to dealwith conceptscontainingrole expressions.It
canbeshown, for example,thatidentifyingequivalent
role expressionsis itself a PSPACE-completeproblem
(Baader1990).

2. It is simplerto dealwith cyclesoncethey have been
detected,becausein the ALCH R + algorithmall cy-
clesleadto avalid cyclical model.In theALC + algo-
rithm,ontheotherhand,it is necessaryto differentiate
betweencycleswhich leadto a valid cyclical model
(goodcycles) andthosewhichdonot (badcycles).

ALCH R + is suf�ciently expressive to beusefulin a range
of applications,but thesimplicity of its satis�ability testing
algorithmmeansthatit is easyto implementandamenable
to awide rangeof optimisationtechniques.

3 THE ALCH R+ DESCRIPTION LOGIC

In this sectiona tableauxalgorithmfor testingthe satis�-
ability of ALCH R + conceptexpressionswill bedescribed
anda proof of its soundnessandcompletenesspresented.
Thealgorithmandproof areextensionsof thosedescribed
for ALC R + (Sattler1996).

3.1 SYNTAX AND SEMANTICS

ALCH R + is the DL obtainedby augmentingALC with
transitively closedprimitive rolesandprimitive role intro-
ductionaxioms. An ALCH R + terminologyconsistsof a
�nite setof axiomsof the form C v D j C := D j R v
S j R 2 R + , whereC and D are conceptexpressions,
R and S are role namesand R + is the set of transitive
rolenames.ALCH R + conceptexpressionsareof theform
CN j > j ? j : C j C u D j C t D j 9R:C j 8R:C, where
CN is a conceptname,C andD areconceptexpressions
andR is a rolename.

A standardTarski style modeltheoreticsemanticsis used
to interpretconceptexpressionsand to justify subsump-
tion inferences(Baaderet al. 1991). Themeaningof con-
ceptsandroles is given by an interpretationI which is a
pair (� I ; �I ), where� I is thedomain(a set)and�I is an
interpretationfunction. The interpretationfunction maps
eachconceptnameCN to a subsetof � I and eachrole
to a setvaluedfunction(or equivalentlya binaryrelation):
RI : � I � ! 2� I

(RI � � I � � I ). Thesemanticsof an
ALCH R + conceptexpressionis derived from the seman-
ticsof its componentsasshown in Figure1. Thesemantics
of ALCH R + axiomsis givenin Figure2.

To simplify thedescriptionof thealgorithm,it will beas-



Syntax Semantics
CN CNI � � I

> � I

? ;
: C � I � C I

C u D C I \ D I

C t D C I [ D I

9R:C f d 2 � I j RI (d) \ C I 6= ;g
8R:C f d 2 � I j RI (d) � C I g

Figure1: Semanticsof ALCH R + ConceptExpressions

Syntax Semantics
C v D C I � D I

C := D C I = D I

R v S RI � SI

R 2 R + RI = (RI )+

Figure2: Semanticsof ALCH R + Axioms

sumedthat R + and the v relationhave beende�ned by
an ALCH R + terminologyT , so that R + = f R j R 2
R + is anaxiomin T g, andfor two rolesR andS, R v S
iff R v S is anaxiomin T or thereis a role R0 suchthat
R v R0 is an axiom in T andR0 v S. Without lossof
generality, it will alsobeassumedthattheconceptexpres-
sion is in negation normalform, so that negationsareap-
pliedonly to conceptnames,andthattheterminologydoes
not containany conceptaxioms(i.e., axiomsof the form
C v D or C := D), so thatall conceptnamesareatomic
primitives.2 Arbitrary conceptexpressionscan be trans-
formedinto negationnormalform usinga combinationof
DeMorgan's lawsandtheidentities:9 R:C = 8R:: C and
:8 R:C = 9R:: C. How thealgorithmcanbeusedto test
satis�ability w.r.t. a generalterminologywill bedescribed
in Section5.

Like other tableauxalgorithms,the ALCH R + algorithm
tries to prove the satis�ability of a conceptexpressionD
by demonstratinga model of D—an interpretationI =
(� I ; �I ) suchthat D I 6= ; . The modelis representedby
a treewhosenodescorrespondto individualsin themodel,
eachnodebeinglabelledwith asetof ALCH R + -concepts.
Whentestingthesatis�ability of anALCH R + -conceptD ,
thesesetsarerestrictedtosubsetsof sub(D), wheresub(D)
is the closureof the subexpressionsof D de�ned as fol-
lows:

1. if D is an atomic primitive conceptor its negation,
thensub(D) = f Dg

2An atomicprimitive is aconceptnameCN for which thereis
node�nition in T : all thatis known aboutCN is thatCNI � � I .

2. if D is of the form 9R:C or 8R:C, thensub(D) =
f Dg [ sub(C)

3. if D is of theform C1 u C2 or C1 t C2, thensub(D) =
f Dg [ sub(C1) [ sub(C2)

The soundnessandcompletenessof the algorithmwill be
proved by showing that a concepthasa modeliff it hasa
tableau, and that the algorithmconstructsa tableaufor a
conceptiff oneexists.

De�nition 1 If D is anALCH R + -conceptandR D is the
setof role namesoccurringin D , a tableauT for D is de-
�ned to be a triple (S; L ; E) suchthat: S is a set of in-
dividuals, L : S ! 2sub(D ) mapseachindividual to a
set of conceptexpressionswhich is a subsetof sub(D),
E : R D ! 2S� S mapseachrole nameoccurringin D
to asetof pairsof individuals,andthereis someindividual
s 2 S suchthatD 2 L (s). For all s 2 S it holdsthat:

1. ? =2 L (s), andif C 2 L (s), then: C =2 L (s)

2. if C1 u C2 2 L (s), thenC1 2 L (s) andC2 2 L (s)

3. if C1 t C2 2 L (s), thenC1 2 L (s) or C2 2 L (s)

4. if 8R:C 2 L (s) andhs; ti 2 E(R), thenC 2 L (t)

5. if 9R:C 2 L (s), thenthereis somet 2 S s.t.hs; t i 2
E(R) andC 2 L (t)

6. if 8R:C 2 L (s), hs; t i 2 E(S), S 2 R + andS v R,
then8S:C 2 L (t)

7. if R v S thenE(R) � E(S)

Lemma 1 An ALCH R + -conceptD is satis�able iff there
existsa tableaufor D .

Proof: For the if direction,if T = (S; L ; E) is a tableau
for D , amodelI = (� I ; �I ) of D canbede�ned as:

� I = S

CNI = f s j CN 2 L (s)g

for all conceptnamesCN in sub(D)

RI =

(
E(R)+ if R 2 R +

E(R) [ [
S@R

SI otherwise

whereE(R)+ denotesthetransitiveclosureof E(R).

By inductionon thestructureof conceptsit canbeshown
that I is well de�ned andthat D I 6= ; . For conceptsof
theform : C, C1 u C2, C1 t C2 and9R:C, thecorrectness
of their interpretationsfollows directly from De�nition 1
andthesemanticsof ALCH R + conceptexpressionsgiven
in Figure1 above:



1. For conceptsof the form : C, if : C 2 L (s), then
C =2 L (s), so s 2 � I � C I and : C is correctly
interpreted.

2. For conceptsof theform C1 u C2, if C1 u C2 2 L (s),
thenC1 2 L (s) andC2 2 L (s), sos 2 C I

1 \ C I
2 and

C1 u C2 is correctlyinterpreted.

3. For conceptsof theform C1 t C2, if C1 t C2 2 L (s),
thenC1 2 L (s) or C2 2 L (s), sos 2 C I

1 [ C I
2 and

C1 t C2 is correctlyinterpreted.

4. For conceptsof theform 9R:C, if 9R:C 2 L (s), then
thereis somet 2 S suchthaths; t i 2 E(R) andC 2
L (t), sos 2 f d 2 � I j RI (d) \ C I 6= ;g and9R:C
is correctlyinterpreted.

For conceptsof the form 8R:C, the correctnessof their
interpretationsfollowsfromDe�nition 1,andthesemantics
of ALCH R + conceptexpressionsandaxioms:

1. if 8R:C 2 L (s) andhs; ti 2 E(R), thenC 2 L (t)

2. if 8R:C 2 L (s), hs; t i 62E(R) and hs; ti 2 R I ,
thenthereexistsa pathhs;u1i ; : : : ; hun ; t i s.t.n > 1,
fhs;u1i ; : : : ; hun ; t ig � E(S), S 2 R + andS v R.
From property6 of De�nition 1, 8S:C 2 L (ui ) for
all 1 6 i 6 n, andfrom property4 of De�nition 1,
C 2 L (t)

so s 2 f d 2 � I j RI (d) � C I g and8R:C is correctly
interpreted.

Finally, from De�nition 1, thereis someindividual s 2 S
suchthatD 2 L (s), sos 2 D I andD I 6= ; .

For theconverse,if I = (� I ; �I ) is a modelof D , thena
tableauT = (S; L ; E) for D canbede�ned as:

S = � I

E(R) = RI

L (s) = f C 2 sub(D) j s 2 C I g

It only remainsto demonstratethatT is a tableaufor D :

1. T satis�es properties1–5 in De�nition 1 asa direct
consequenceof the semanticsof the : C, C1 u C2,
C1 t C2, 8R:C and9R:C conceptexpressions.

2. If d 2 (8R:C) I , hd;ei 2 SI , S 2 R + andS v R,
thene 2 (8S:C) I unlessthereis somef suchthat
he;f i 2 SI andf =2 C I . However, if hd;ei 2 SI ,
he;f i 2 SI , S 2 R + and S v R, then from
the semanticsof role axiomsgiven in Figure2, S 2
R + ! hd; f i 2 SI , S v R ! hd; f i 2 RI and
d =2 (8R:C) I . T thereforesatis�esproperty6 in Def-
inition 1.

3. T satis�esproperty7 in De�nition 1 asadirectconse-
quenceof thesemanticsof roleinclusionaxiomsgiven
in Figure2.

3.2 CONSTRUCTING AN ALCH R + TABLEA U

Thealgorithmbuildsatreewhereeachnodex of thetreeis
labelledwith asetL (x) � sub(D) andmay, in addition,be
markedsatis�able. Thetreeis expandedeitherby extend-
ing L (x) for someleafnodex or by addingnew leafnodes.
For a nodex, L (x) is saidto containa clashif ? � L (x)
or, for someconceptC, f C; : Cg � L (x). L (x) is called
apre-tableauif it is clash-freeandcontainsnounexpanded
conjunctionor disjunctionconcepts.Note that ; is a pre-
tableau.

Edgesof the tree are either labelledt or labelledR for
somerole nameR occurringin sub(D). Edgeslabelledt
areaddedwhenexpandingC1 t C2 conceptsin L (x), and
arethemechanismwherebythealgorithmsearchespossi-
blealternativeexpansions.Edgeslabelledwith arolename
R areaddedwhenexpanding9R:C termsin L (x), andcor-
respondto relationshipsbetweenpairsof individuals.

A nodey is calledan R-successorof a nodex if thereis
anedgehx; yi labelledR; y is calleda t -successorof x if
thereis apath,consistingof t -labellededges,from x to y.
A nodex is anancestorof a nodey if thereis a pathfrom
x to y regardlessof the labelling of the edges.Note that
boththet -successorandancestorrelationsarere�exiveas
nodesareconnectedto themselvesby theemptypath.

Thealgorithminitialisesa treeT to containa singlenode
x0, called the root node,with L (x0) = f Dg. T is then
expandedby repeatedlyapplying the rules from Figure3
until eitherthe root nodeis marked satis�able or noneof
the rules is applicable. Note that the secondcondition in
eachrule preventsmultiple applicationsof the rule to the
sameconceptexpression(s),while blocking is performed
by partb of the9-rule.

If thealgorithmconstructsa treein which theroot nodeis
markedsatis�able, thenit returnssatis�able; from this tree
atableaufor D cantrivially beconstructed.If thealgorithm
terminateswithout markingthe root nodesatis�able, then
it returnsunsatis�able.

3.3 SOUNDNESSAND COMPLETENESS

From Lemma1, the soundnessand completenessof the
algorithm can be demonstratedby proving that, for an
ALCH R + -conceptD , it alwaysterminatesandthat it re-
turnssatis�able iff thereexistsa tableaufor D .

Lemma 2 For each ALCH R + -concept D , the tableau
constructionterminates.



u-rule: if 1. x is a leafof T , L (x) is clash-free,C1 u C2 2 L (x)
2. f C1; C2g * L (x)

then L (x) � ! L (x) [ f C1; C2g

t -rule: if 1. x is a leafof T , L (x) is clash-free,C1 t C2 2 L (x)
2. f C1; C2g \ L (x) = ;

then createtwo t -successorsy; z of x with:
L (y) = L (x) [ f C1g
L (z) = L (x) [ f C2g

9-rule: if 1. L (x) is apre-tableau,thereis aconceptof theform 9R:C in L (x)
2. x is a leafof T

then for each9R:C 2 L (x) do:
a. `R x := f Cg [ f D j 8S:D 2 L (x) andR v Sg

[ f8 S:D j 8P:D 2 L (x); S 2 R + ; S v P andR v Sg
b. if for someancestorw of x, `R x � L (w)

thencreateanR-successory of x with L (y) = ;
c. otherwisecreateanR-successory of x with L (y) = `R x

SAT-rule: if 1. x is anodeof T , andeither:
a. L (x) is apre-tableaucontainingnoconceptsof the

form 9R:C
b. L (x) is apre-tableauwhichhassuccessors,

andall successorsof x aremarkedsatis�able
c. L (x) is notapre-tableauandsomet -successorof x is

markedsatis�able
2. x is notmarkedsatis�able

then markx satis�able

Figure3: TableauxExpansionRulesfor ALCH R +

Proof: Let m = jsub(D)j. As nodesare labelledwith
subsetsof sub(D), jL (x)j � m for all nodesx. For any
nodex theu-rulecanthereforebeappliedatmostm times.
Thesizeof any sub-treesis alsolimited by m: the t -rule
canalsobeappliedatmostm timesalongat -labelledpath
andthe9-rule canbeappliedat most2m timesalongany
pathbeforetheremustbesomeancestory s.t.`R x � L (y)
for any R.

Lemma 3 For anALCH R + -conceptD , thereexistsa tab-
leaufor D iff thetableauconstructionreturnssatis�able.

Proof: For the if direction (the algorithmreturnssatis�-
able), let T be the treeconstructedby the tableauxalgo-
rithm for D . A tableauT = (S; L ; E) canbede�ned with:

S = f x j x is a nodein T , x is markedsat-
is�able and L (x) is a non-emptypre-
tableau.g

E(R) = fhx; yi 2 S � S j either y is a t -
successorof anR-successorof x; or x
hasan R-successorz with L (z) = ; ,
y is anancestorof x and`R x � L (y);
or for somerole S, hx; yi 2 E(S) and
S v Rg

andit canbeshown thatT is a tableaufor D :

1. D 2 L (x) for the root x0 of T and for all t -
successorsof x0. As x0 is marked satis�able oneof
thesemustbeanon-emptypre-tableaumarkedsatis�-
able, soD 2 L (s) for somes 2 S.

2. Properties1–3 of De�nition 1 are satis�ed because
eachx 2 S is apre-tableau.

3. Property4 in De�nition 1 is satis�ed becausef C j
8R:C 2 L (x)g � `R x and`R x � L (y) for all y with
hx; yi 2 E(R).



4. Property5 in De�nition 1 is satis�ed by the 9-rule
which, for all x 2 S, createsfor each9R:C 2 L (x) a
new R-successory with either:

(a) C 2 L (y) or
(b) L (y) = ; , C 2 `R x and`R x � L (z) for some

ancestorz of x.

5. Property6 in De�nition 1 is satis�edbecausef8 S:C j
8R:C 2 L (x), S 2 R + and S v Rg � `Sx and
`Sx � L (y) for all y with hx; yi 2 E(S).

6. Property7 in De�nition 1 is satis�edbecausehx; yi 2
E(S) for all hx; yi 2 E(R) andR v S.

For theconverse(thealgorithmreturnsunsatis�able), it can
beshown by inductionon h(x), theheightof thesub-tree
below x, thatif x is notmarkedsatis�ablethentheconcept
X = uC 2 L (x ) C is notsatis�able:

1. If h(x) = 0 (x is a leaf) and x is not marked sat-
is�able, thenL (x) containsa clashandX is clearly
unsatis�able.

2. If h(x) > 0, L (x) is not a pre-tableauandx is not
marked satis�able, then noneof its t -successorsis
marked satis�able; henceC1 t C2 2 L (x) andnei-
thery with L (y) = L (x) [ f C1g nor z with L (z) =
L (x) [ f C2g is marked satis�able. It follows by in-
ductionthatX is not satis�able.

3. If h(x) > 0, L (x) is apre-tableauandx is notmarked
satis�able, thenthereis someR-successorof x which
is not marked satis�able andit follows by induction,
andthesemanticsof valuerestrictionconceptexpres-
sions(8R:C), thatX is not satis�able.

4 EXTENDING ALCH R+ WITH
ATTRIB UTES

ALCH R + can be extendedwith limited support for at-
tributes(functional/featureroles)to give ALCHf R + . Un-
like ALCF (HollunderandNutt 1990),ALCHf R + does
not includesupportfor attribute valuemapconceptform-
ing operators,but it only requiresa minor extensionto the
ALCH R + algorithm.

ALCHf R + extendsthe syntaxof ALCH R + by allowing
axiomsof the form A 2 F to appearin terminologies,
where A is a role nameand F is the set of functional
role names,or attributes. As well as being correct for
ALCH R + conceptexpressions,an ALCHf R + interpreta-
tion I = (� I ; �I ) must satisfy the additionalcondition
that, for all A 2 F, A I is a singlevaluedpartial function,
A I : dom A I � ! � I .

The9-rulein theALCH R + treeconstructionalgorithmcan
beextendedto dealwith attributesin ALCHf R + . Expres-
sionsof the form 9R:C, whereR is a role, aredealtwith
exactlyasbefore,but expressionsof theform 9A:C , where
A is an attribute, requirespecialtreatment.The extended
ruletreatsattributesin asimilarwayto roles:9A:C expres-
sionsin the label of a pre-tableaunodex will leadto the
creationof new A -successornodesyi andlabellededges
hx; yi i . However, it may group togethermultiple 9A:C
expressionsin x's label to createa singleA -successory,
labelingtheedgehx; yi with asetof attributenamesA .

Multiple 9A:C expressionsmust be grouped together
when,in themodelrepresentedby thetree,theA I (x) are
constrainedto be the sameindividual, for examplewhen
therearemultiple 9A:C expressionscontainingthe same
attributeA. Theinteractionbetweenattributesandtherole
hierarchy meansthat for two expressions9A:C1 2 L (x)
and9B :C2 2 L (x), whereA andB areattributes,A I (x)
and B I (x) are also constrainedto be the sameindivid-
ual when A v B (becauseA I � B I ) or B v A (be-
causeB I � A I ). We will say that an attribute B is
directly-constrainedby anattributeA in L (x) if (9A:C 2
L (x) andA v B ) or (9B :C 2 L (x) andB v A), andwe
will saythatanattributeB is constrainedby anattributeA
in L (x) if B is directly-constrainedby A in L (x) or if, for
someattributeA0, A0 is directly-constrainedby A in L (x)
andB is constrainedby A0 in L (x). For anattributeB and
a nodex, thesetof attributeswhich areconstrainedby B
in L (x) will bedenotedA B x , whereA B x = f A 2 F j A
is constrainedby B in L (x)g. The extended9-rule for
ALCHf R + is shown in Figure4.

5 GENERAL TERMINOLOGIES

Thealgorithmdescribedin Section3 teststhesatis�ability
of a conceptexpressionD w.r.t. a terminologywhich does
not containconceptaxioms,but it canalsobeusedto test
satis�ability w.r.t. anarbitraryterminologyT . If T is a re-
strictedterminology, onewhich containsonly acyclic con-
ceptde�nitions,3 this canbeachievedsimply by unfolding
D—usingthede�nitions in T to expandconceptnamesin
D until they areall atomicprimitives. TheALCHf R + al-
gorithmcan,however, alsobeusedto testthesatis�ability
of aconceptexpressionwith respectto ageneral terminol-
ogy, onewhich may containboth cyclesandgeneralcon-
cept inclusionaxioms(GCIs). A GCI is an axiom of the
form C v D whereC is anarbitraryconceptexpression.

3A conceptde�nition is an axiom of the form CN v C or
CN := C, whereCN is a conceptnamewhich appearsonly once
on the left handsideof suchan axiom. Conceptde�nitions are
acyclic if C doesnot refer to CN, either directly or indirectly.
Conceptsde�ned by an axiom of the form CN v C arecalled
primitive while thosede�ned by anaxiomof the form CN := C
arecallednon-primitive.



if 1. L (x) is apre-tableau,thereis aconceptof theform 9R:C in L (x)
2. x is a leafof T

then for each9R:C 2 L (x) whereR =2 F do:
a. `R x := f Cg [ f D j 8S:D 2 L (x) andR v Sg

[ f8 S:D j 8P:D 2 L (x); S 2 R + ; S v P andR v Sg
b. if for someancestorw of x, `R x � L (w)

thencreateanR-successory of x with L (y) = ;
c. otherwisecreateanR-successory of x with L (y) = `R x

and for each9A:D 2 L (x) whereA 2 F do:
a. if for someA -successory of x, A 2 A thendonothing.
b. otherwise

i. A := A Ax

ii. `Ax :=
S

B 2 A (f C j 9B :C 2 L (x)g [
f C j 8S:C 2 L (x) andB v Sg [
f8 S:C j 8P:C 2 L (x); S 2 R + ; S v P andB v Sg)

iii. if for someancestorw of x, `Ax � L (w)
thencreateanA -successory of x with L (y) = ;

iv. otherwisecreateanA -successory of x with L (y) = `Ax

Figure4: Extended9-rule for ALCHf R +

An axiomC := D is equivalentto two GCIs,C v D and
D v C, sowe can,without lossof generality, restrictour
attentionto GCIs.

A procedurecalled internalisation(Baader1990) can be
usedto test the satis�ability of a conceptexpressionD
with respectto a terminologyT containingan arbitrary
set of GCIs f A1 v B1; : : : ; An v Bn g. Internalisa-
tion worksby testingthesatis�ability of D u M u 8U:M ,
whereM is a conceptexpressionformedfrom the GCIs,
M := (B1 t : A1) u : : : u (Bn t : An ), andU is a spe-
cially de�ned transitive role which subsumesall the other
roleswhich occur in T . The propertiesof U ensurethat,
in any modelconstructedby thetableauxalgorithm,every
individual satis�esM , andthussatis�eseachof theGCIs
in T .

Assuming descriptive rather than �x ed point semantics
(Nebel 1990), terminologicalcycles can easily be dealt
with by treatingall conceptaxiomsasGCIs(Buchheitetal.
1993). However, this methodis highly inef�cient because
reasoningwith GCIs introduceslargenumbersof disjunc-
tions and is thus very costly. Terminologicalcycles can
be dealt with in a much more ef�cient mannerby using
lazy unfolding: usingthe de�nitions in T to expandcon-
ceptnamesin D , but only asrequiredby the progressof
thetableauexpansion(Baaderetal. 1992).

Whenbuilding a treeT , lazy unfoldingensuresthat if the
terminologyT containsaprimitivede�nition axiomCN v
C, thenfor any nodex in T , CN 2 L (x) ) C 2 L (x).
Therefore,in themodelrepresentedby T , CNI � C I and
the axiom is satis�ed. If C referseitherdirectly or indi-

rectly to CN, terminationof thetreeconstructionalgorithm
is still guaranteedbecauseof blocking—mostimplemented
DLs areunableto dealwith terminologicalcyclesbecause
they have no blockingmechanismandcouldnot guarantee
termination.

Lazy unfoldingalsotakescareof non-primitive de�nition
axiomsCN := C 2 T , provided that C canbe unfolded
so that it containsonly primitive concepts,as any primi-
tive interpretation(anassignmentof valuesto theinterpre-
tationsof primitive concepts)will lead,via thesemantics,
to an interpretationfor CN suchthat CNI = C I . How-
ever, if C cannotbeunfoldedsothatit containsonly prim-
itive concepts,then it cannotbe guaranteedthat a model
constructedby the algorithmsatis�esT . For example,if
T = f CN1 v > ; CN2

:= : CN2g, thenT is obviously
unsatis�able(it only hasa modelwith anemptydomain).
Testing the satis�ability of CN1 would, however, cause
the algorithm to build a tree representinga model where
� I = f xg andCNI

1 = f xg.

This problemcanbe dealtwith by checkingeachde�ni-
tion axiom CN := C 2 T , and if C cannotbe unfolded
until it containsonly primitive concepts,then transform-
ing the axiom into a primitive de�nition CN v C anda
GCI C v CN. TheaxiomCN2

:= : CN2 from theabove
examplewould thusbeconvertedinto theprimitive de�ni-
tion CN2 v : CN2 andtheGCI : CN2 v CN2. TheGCI
would lead to CN2 beingaddedto every nodelabel, and
the unfolding of CN2 would thenadd : CN2, causingan
immediateclash.



6 THE FaCT SYSTEM

The FaCT systemis a terminological classi�er (TBox)
which hasbeendevelopedasa testbedfor a highly opti-
misedimplementationof theALCHf R + satis�ability test-
ing algorithm, and to evaluate its empirical tractability.
FaCT reasonsabout concept,role and attribute descrip-
tions,andmaintainsa concepthierarchy basedon thesub-
sumptionrelation. Thealgorithmis usedfor subsumption
testingin the usualway: C subsumesD iff D u : C is
not satis�able. Correspondencesbetweenmodal and de-
scriptionlogics(Schild1991)meanthatFaCTcanalsobe
usedasatheoremprover for thepropositionalmodallogics
K (m ) , KT (m ) , K4 (m ) andS4(m ) .

6.1 OPTIMISA TION TECHNIQ UES

A naive implementationof thealgorithmwould beof lim-
ited valuein realisticapplications:whentrying to classify
the GALEN medical terminologyontology, for example,
singlesatis�ability problemswereencounteredwhich the
unoptimisedalgorithmhadfailed to solve after 100 hours
of CPUtime. To improvetheperformanceof thealgorithm,
a rangeof optimisationshave beenemployed (Horrocks
1997).Theseinclude:

� Lexical normalisation and encoding of concept
expressions—atechniquewhich takes the hierarchi-
cal structureof terminologiesto its logical conclusion
by lexically normalisingandencodingall conceptex-
pressionsand, recursively, their sub-expressions.In
this form, conceptexpressionsconsistonly of (possi-
bly negated)conceptnames,conjunctions(C1 u : : : u
Cn ) and value restrictions(8R:C): expressionsof
the form 9R:C aretransformedinto : (8R:: C) and
expressionsof the form (C1 t : : : t Cn ) are trans-
formed into : (: C1 u : : : u : Cn ). In addition, the
sub-expressionsforming conjunctionsaresortedand
any duplicateseliminated.Thenormalisationprocess
also identi�es and simpli�es sub-expressionswhich
are obviously satis�able (e.g., 8R:> ) or obviously
unsatis�able(e.g., (C u : C u : : :)), replacingthem
with > or ? respectively: in extremecases(whenthe
wholeexpressionsimpli�es to > or ? ) theneedfor a
tableauexpansioncanbecompletelyeliminated.

The encodingprocessgives a unique identi�er to
eachlexically distinct conceptexpressionswhich, in
conjunctionwith lazy unfolding andthe retentionof
unfolded identi�ers, facilitatesearly clashdetection
whenan identi�er andits negationoccurin thesame
nodelabel(Baaderetal. 1992).

� Absorption—atechniquewhicheliminatesGCIsfrom
a terminologyby absorbingtheminto primitive con-

ceptde�nition axioms.For example,if a terminology
containstheaxiomP v C andtheGCI Pu D 1 v D2,
the GCI can be eliminatedfrom the terminologyby
absorbingit into the axiom to give P v C u (D 2 t
: D1).

Although absorptionaddsa disjunctionto the primi-
tiveconceptde�nition axiom,it is muchmoreef�cient
thanreasoningw.r.t. theGCI,whichwouldrequirethe
disjunctionD2 t : (P u D1) to beaddedto the label
of every node. In effect, absorptionrestrictsthe ap-
plicationof thisdisjunctionto nodeswhereit is really
required.

� Semantic branching—a search technique adapted
from the Davis-Putnam-Logemann-Loveland proce-
dure(DPL) commonlyuseto solve propositionalsat-
is�ability (SAT) problems(Davis etal.1962).Seman-
tic branchingworksby selectingaconceptC fromone
of theunexpandeddisjunctionsin thelabelof anodex
andsearchingL (x) [ f Cg andL (x) [ f: Cg. Wasted
searchis avoidedbecausethetwo branchesarestrictly
disjoint. For example,if f C t D ; C t Eg � L (x) and
L (x) [ f Cg is found to be unsatis�able,then: C is
addedto L (x) anda second,possiblycostly, evalua-
tion of theunsatis�ability of L (x) [ f Cg is avoided.
A similar techniqueis alsousedin the KSAT modal
K (m ) (equivalentlyALC (Schild1991))satis�ability
testingalgorithm(GiunchigliaandSebastiani1996).

� Dependency directed backtracking—a technique
adaptedfrom constraintsatis�ability problemsolving
(Baker 1995)which addressestheproblemof thrash-
ing (large amounts of unproductive backtracking
search)causedby inherentunsatis�ability concealed
in sub-problems. Backjumping labels concept
expressionswith a dependency set indicating the
branchpointson which they depend. Whena clash
is discovered, the dependency setscan be used to
identify themostrecentbranchpointwhereexploring
theotherbranchmightalleviatethecauseof theclash.
The algorithm can then jump back over intervening
branchpointswithout exploring alternative branches.
A similar techniquewasusedin the HARP theorem
prover (OppacherandSuen1988).

� Caching and re-using partial models—atechnique
whichtakesadvantageof therepetitivestructureof the
satis�ability problemsgeneratedduring terminologi-
cal classi�cation by usingcachedpartial tableauxto
demonstrate“obvious” satis�ability. For example,the
satis�ability of the conceptexpressionC u : D (and
thus the non-subsumptionC 6v D) can be demon-
stratedby showing thattableauxfor C and: D joined
attheirrootnodesresultin avalid tableaufor C u : D .



6.2 EMPIRICAL EVALUATION

The performanceof the FaCT systemhasbeenevaluated
usinga variety of empirical testingprocedures(Horrocks
1997). Whenassessingthe resultsof thesetestsit is im-
portant to note the the current systemis an experimen-
tal prototypewritten in CommonLisp, and that very lit-
tle considerationhasbeengivento low-level ef�ciency is-
sues.Thetestshave beenperformedusingAllegro CL 4.3
(compiled)on a SunSPARCstation20/61equippedwith a
60MHz superSPARC processor, a 1Mbyte off-chip cache
and128Mbytesof RAM. The FaCT systemandtestKBs
areavailablefrom theauthor's homepage.

To demonstratethe feasibility of usingFaCTwith a large,
realistic KB, it hasbeenusedto classify an ALCHf R +

KB representingthe GALEN medical terminologyontol-
ogy. The KB usedin the tests(which hassincebeenex-
tendaspartof theongoingGALEN project)contains2,740
concepts,699of which arenon-primitive, 413roles,26 of
which aretransitive,and1,214GCIs. Usingtheoptimised
algorithm, FaCT is able to classify the KB in � 379sof
CPUtime,performingatotalof 122,695subsumptiontests
at anaverageof 0.003spertest.FaCT's performancecon-
trastswith thatof theKRIS system(BaaderandHollunder
1991)whichhadonly classi�edasmallproportion(� 10%)
of asimpli�ed versionof theKB (with cyclesandtransitive
roleseliminated)after100hoursof CPUtime.

FaCTalsoperformswell asa modallogic theoremprover:
Table 1 comparesFaCT with CRACK (Bresciani et al.
1995), KSAT and KRIS using a suite of benchmarkfor-
mulaefor modalK (HeuerdingandSchwendimann1996).
Thetestsuse9 classesof formula(k branch, k d4, etc.) in
both provable(p) andnon-provable(n) forms.4 For each
type of formula, 21 examplesof exponentiallyincreasing
dif�culty areprovided,andthe tableshows thenumberof
the largestformula which eachsystemwas able to solve
within 100secondsof CPUtime(21indicatesthatthehard-
estproblemwassolvedin lessthan100s).

FaCTsigni�cantly outperformedall theothersystems,and
in many casesalsoexhibiteda completelydifferentquali-
tative performance.For example,with k dump formulae
(seeFigure 5) the other systemsall showed an exponen-
tial increasein solutiontimeswith increasingformulasize,
whereasthe timestaken by FaCT increasedvery little for
larger formulae(andFaCTwasalready2,000timesfaster
for thelargestformulasolvedby anothersystem).

4Notethata formulais provedby demonstratingtheunsatis�-
ability of its negation.

Table1: ModalK TheoremProving

FaCT Crack KSAT Kris
Test p n p n p n p n
k branch 6 4 2 1 8 8 3 3
k d4 21 8 2 3 8 5 8 6
k dum 21 21 3 21 11 21 15 21
k grz 21 21 1 21 17 21 13 21
k lin 21 21 5 2 21 3 6 9
k path 7 6 2 6 4 8 3 11
k ph 6 7 2 3 5 5 4 5
k poly 21 21 21 21 13 12 11 21
k t4p 21 21 1 1 10 18 7 5
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Figure5: SolutionTimesfor k dump Formulae

7 DISCUSSION

This paperdescribesa soundand completesatis�ability
testingalgorithmfor a relatively expressiveDL, onewhich
can reasonwith respectto a generalterminology and a
primitivehierarchy of transitiveandnon-transitiveroles.In
contrastto mostothertheoreticalpresentations,a practical
systemwhichusesan(optimised)implementationof theal-
gorithmis alsodescribed.TheFaCTsystemhasbeenused
to investigatethe practicabilityof usingthe algorithmfor
subsumptionreasoning,and resultsso far suggestthat in
spiteof the logic's worst-caseintractability the algorithm
can provide acceptableperformancein realistic applica-
tions. FaCT hasalso beenshown to perform well when
usedas a propositionalmodal logic theoremprover, and
detailedresultsfrom theseexperimentswill be thesubject
of a futurepaper.

Although the “nice” propertiesof transitive roles, as op-
posedto a transitiveclosureoperator(seeSection2), made
it simple to implementandoptimisethe algorithm,many
of the techniquesinvestigated could be usedwith other



tableauxsatis�ability testing algorithms,and should be-
comestandardin future tableauxbasedDL implementa-
tions. Normalisation,encodingandabsorptioncan,for ex-
ample,beperformedaspre-processingsteps,andcouldbe
usedwith any DL regardlessof its subsumptiontestingal-
gorithm, althoughintegratingnormalisationandencoding
with theclassi�er is preferablein orderto avoid theover-
headof classifyingnew conceptsgeneratedby theencod-
ing process.The resultsobtainedwith FaCT suggestthat
someof thevery expressive DLs for which tableauxalgo-
rithmsarenow availablemayalsobeusablein realisticap-
plications,andwork is alreadyunderwayto produceanop-
timisedimplementationof suchanalgorithm.
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