Reasoningin Description Logicswith a
ConcreteDomain in the Framework of Resolution

Ullrich Hustadt! and Boris Motik 2 and Ulrik e Sattler3

Abstract. In descriptiorlogics,concretedomainsareusedio model
concretepropertiessuchas weight, name,or age,having concrete
valuessuchasintegersor strings,with built-in predicatessuchas

or =. Until now, reasoningwith concretedomainshasbeenstudied
predominantlyin thecontext of tableauxandautomataalculi. In this
paperwe present generalapproactor concretedomainreasoning
in the resolutionframework. We apply this approachto devise an
optimaldecisionprocedurdor SHI Q(D ), theextensionof SHI Q
with a restrictedform of concretedomains,servingas the logical
underpinningpf thewebontologylanguageOWL-DL.

1 Intr oduction

Descriptionlogics are a family of knowledge representatiorfor-
malismscloselyrelatedto rst-order andmodallogic. They areuse-
ful in variousapplication elds, suchasreasoningaboutdatabase
conceptualmodels, as the logical underpinningof ontology lan-
guagesfor schemaepresentatiom informationintegrationsystems
or for metadatananagemerntl]. Practicalapplicationsof DLs usu-
ally require concete propertieswith valuesfrom a x ed domain,
suchasintegersor strings,supportingouilt-in predicatesln [2], DLs
wereextendedwith concete domains wherepartial functionsmap
objectsof the abstractdomainto valuesof the concretedomain,and
canbeusedfor building complex conceptsFor example thefollow-
ing axiomde nes minorsasthosehumansvhoseageis at most17:
Minor Human u 9age: 7. In [2, 7, 15, 16, 10] decidabil-
ity, computationatompl«ity, andreasoningalgorithmsfor differ-
entDLs with concretedomainshave beenstudied.This researchn-
uenced the designof the Ontology Web Languageg({OWL), which
supportsa basicform of concretedomains so-calleddatatypes.

Recently resolution-basediecisionproceduredor variousDLs
have beendeveloped[14, 12]. To extendthesealgorithmswith sup-
portfor concretedomainswe presentigenerabpproactor reason-
ing with a concretedomainin clausalcalculi whosecompleteness
proofis basednthemodelgeneratiomethod Hence ourapproach
canbecombinedwith moststate-of-the-artalculi, suchasbasicsu-
perposition[4]. The main differenceto (ordered)theoryresolution
[19, 5] is that our calculusis compatiblewith redundang elimina-
tion. Moreover, we addresghe problemof identifying the minimal
subsef clauseaunsatis ablein the theory We next apply our ap-
proachto thedecisionprocedurdor SH | Q from[13], andshaw that
addingconcretedomainsdoesnotincreasgeasoningompleity.

Due to spacdimitations, we arenot ableto includeall technical
detailsin this paperandrefertheinterestedeaderto [12].
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2 Resolutionwith Concrete Domains

De nition of a Concrete Domain. With x we denotea vectorof

De nition 1. AconcetedomainD isapair(4 po; p),wheedp
is a set,calledthedomainof D, and p isa nite setof predicate
namesEachd 2 p isassociatedvith anarity n andan extension
d® b - A concetedomainD is admissiblef: (i) p is closed
under nggation, i.e. for eathd 2 p, there existsd 2 p with
d® = 4 nd®, (ii) it containsa unary predicate>  interpreted
4 p, and (ii) D -satis ability of nite conjunctionsof the form
., di(xi) is decidable Thelatter is the caseif there is a solution
sucthat (x;) 2 d°,foreahl i n.

Sometimes,we consider conjunctionsover literals containing
terms,ratherthanvariables.Let S = fd;(ti)g be a setof literals,
wheret; is av
junctionC = = di(x;), obtainedfrom S by replacingeachoccur
renceof atermwith the samevariable,suchthatdifferenttermsare
replacedwith distinctvariablesFor two conjunction<C; andC,, we
write C;  C; if they areequivalentupto variablerenaming.

We usethe standardde nitions of rst-order clausallogics (see,
e.g.[6]). To separatehe extensionof the concreteand abstracido-
main, we assumea two-sortedsignaturewith sortsa andc for the
abstractand the concretedomain.Moreover, we consideronly ad-
missibleconcretedomainsD , sowe may assumehatall predicates
from p occurpositively in clauses.

De nition 2. LetD bean admissibleconcetedomain,N a setof
clauseover a signatue thatincludesall predicate§rom p, andl
a “classic” Herbrandmodelof N, writtenl | N, whee concete
predicatesare treatedas “normal” predicateslLetS = fdi(ti)g
be the setof all concete domainliterals d; (t;) 2 |. Thenl is a
D -modelof N, writtenl Fp N, if, additionally, 8is D -satis able

Concrete Domain Resolution on Ground Clauses. We now
presentthe ground concrete domain resolution calculus, G°  for
short,which extendsthe orderedresolutioncalculusfrom [3] with a
concetedomainresolutionrule. As usual,G® is parameterizedith
areductionordering totalongroundliteralssuchthat: A A.A
literal L is (strictly) maximalin aclauseC _ L if thereis no literal
L°2 C suchthatL® L (L° L).with we alsodenotethe
multisetextensionof theliteral orderingto clauses.

De nition 3. A setS = fd(t;)g of positiveconceteliterals is a
D -constraintif 8 is not D -satis able. A D -constaint S is minimal
if $0is D -satis able, for each S° (S; Sisconnectedf it cannotbe
decomposeihto two subsetsvithouta commorterm.



It is easyto see[12] that eachminimal D -constraintS is con-
nectedor corverselyif S is notconnectedit is not minimal.

We now presentherulesof G° . Theclause<C A _::: A and
D _ : A arecalledmain premiseswhereaghe clausesC _ A and
Ci _ di(t;) arecalledsidepremises

Positive factoring:

C_A_::_A (i) A is strictly maximalin C.
C_A
Orderedresolution:
c A D :A (i) A is strictly maximalin C,
- = D_ - (i) : A ismaximalinD.

i lution:
Concretedomain reéo ution (i) di(t;) arestrictly maximalin C;,
Ci_di(ti); L i n (i) thesetS = fdj(t;)gisaminimal
Ci_:::_Cp D -constraint.

It is well-known thateffective redundang eliminationcriteriaare
necessaryor theoremproving to be applicablein practice.A pow-
erful standad notionof redundancyvasintroducedn [3]. We adapt
this notionslightly to take into accountthe factthatthe concretedo-
main resolutionrule doesnot have a main premise.Thenwe shav
thesoundnesandcompletenesef G .

De nition 4. LetN bea setof groundclausesA groundclauseC
is redundanin N if there are clausesD; 2 N, C Di, sud that

thenadditionallyC  Dj.

Lemma 1 (Soundness).LetN bea setof groundclauses] aD -
modelof N, andN°®= N [ fCg, whee C is the conclusionof an
inferenceby G with premisedromN . Thenl is a D -modelof N °.

Proof. For positive factoringor orderedresolution soundnesss triv-
ial [3]. Let C be obtainedby the concretedomainresolutionrule,
with S beingasin therule de nition. SinceS is aD -constraint] is
aD -modelof N onlyif somed; (ti) 2 S existssuchthatd; (t;) 2 1.
SinceC; _ di(t;) is by assumptiortruein |, someliteral from C;
mustbetruein | . SinceC; C, Cistruein| aswell. O

Lemma 2 (Completeness).LetN bea setof clausesud thateath
inferenceby G° from premisesn N is redundanin N. If N does
not containtheemptyclause thenN is D -satis able

Proof. (Sketch) We extendthe model building methodfrom [3] to
handlethe concretedomain resolutionrule. For a set of ground
clausesN , we de ne aninterpretation by inductiononsthe clause
ordering asfollows: for someclauseC, wesetlc = .  "p,
where"p = fAgif ()D 2 N, (i) D isof theformD°®_ A, such
thatA is strictly mgximalin DY and(iii) D isfalsein | p ; otherwise,
"p = ;.Letl = "p.AclauseD suchthat"p = fAgis called
productive andit saidto producetheatomA in | .

Invariant(*): if C isfalseinlc [ "c, thenC isfalsein | . Since
C is falsein I ¢, all negative literals from C arefalsein I ¢, and
sincel ¢ I, all negative literals from C arefalsein | aswell.
Furthermoresince: A A, ary atomproducecby aclauseD C
mustbe largerthanary literal occurringin C, so no clausegreater
thanC canproduceanatomthatwill make C true.

We now shaw that, if all inferencesrom premisesn N arere-
dundant| is a D -modelof N . Assumethatthis werenot the case.

The rst possibility is that thereis a counterexample clausefrom
N which is falsein | . This caseis identical to the one from [3],
sowe omit the details.Roughly speakingsince is well-founded
andtotal, thereis a smallestcounter&gampleC. Furthermorethere
is a redundaninferenceby G° with the main premiseC andside
premisesC; which aretruein |, anda conclusionD which s false
in | . Sincethe inferenceis redundantthereareclausesD; 2 N,
C Di, suchthatD1;:::;Dm;C1;:::Cq F D. SinceC is the
smallestclausefalsein | andall D; aresmallerthanC, all D; are
truein |, soD would have to betruein |, whichis acontradiction.
Thesecondpossibilityis thatall clausedrom N aretruein |, but
the setof concretedomainliteralsin | is not D -satis able.Then,|
containsaminimalconnected -constraintS = fd;(t;)g. By de ni-
tionof |, literalsin S wereproducedy someE; = Ci_di(ti) 2 N,
whereE; is falsein I g, . Forary i, sinced; (t;) is strictly maximal
in Ci, C; isfalsein g, [ "g;, andby (*) C; is falsein | . Since
N is saturatedtheinferenceby concretedomainresolutionresulting
inD = Cy1 _:::_ C, isredundantn N . Obviously, D is falsein
| . Sincethe inferenceis redundantnon-redundantlausedD; 2 N

All D; andC; _ di(t;) areby assumptioriruein | , implying thatD
istruein | , whichis a contradiction. |

A fair derivationby G° is de nedasusual asasequencef clause
setsNo;N1;:::whereN; = N; 1[ fCgandC isaconsequencef
aninferenceruleof G° from premisesnN; 1 orN; = N; 1nfCg
whereC is redundanin N; 1, andno inferenceis delayedinde -
nitely. With N1 we denotethe setof clauseswhich never become
redundanin aderiation.By Lemmatal and2, andthefactthatN 1
is saturatedye getthefollowing result:

Theorem 1. Thesetof groundclausesN is D -unsatis ableiff the
limit N; of afair derivationby G° containstheemptyclause

Concrete Domain Resolution on General Clauses. Lifting G°
to generalclausesis not trivial. Considere.g.the clausesetN =
fdi(x1;y1);d2(x2;y2)g. A connected -constraincanbeobtained
by fxi 7! X2;y1 7! y20,fX1 7! y2;X2 7! y10, or similar substi-
tutions.To checkall possibleD -constraintsat the groundlevel, one
hasto considerall possiblesubstitutiongproducinga connected -
constrain@atthenon-groundevel. We formalizethisideaasfollows.

De nition 5. LetS = fd;(ti)g bea multisetof positiveconcete
domainliterals. A substitution is a partitioninguni er of S if the
setS is connectedFurthermoe, is a mostgeneralpartitioning
uni er if, for anypartitioninguni er  sucthat$S S |, asubsti-
tution existssudthat = . Wth MGPU(S) wedenotethe set
of all mostgeneal partitioning uni ersof S.

In [12], we shaw the property(} ): if is a partitioninguni er
of S, thenthereexists a mostgeneralpartitioninguni er  unique
up to variablerenaming suchthat S S . Also, in [12] we give
a complete but inef cient algorithmfor computingMGPU(S). In
SectioM we presenaispecializedlgorithmsuitablefor SH1 Q(D).

We assumeasusual thatall clausesnvolvedin aninferencerule
do not have variablesin common.Therulesof the concetedomain
resolutioncalculus,R® for short, are given next, along with the
adaptatiorof thelifting lemma.

Lemma 3 (Lifting). LetN bea setof clauseswith thesetof ground
instancesN ©. For each groundinference © by G° applicableto
premisesC® 2 N, theris aninference by RP applicableto
premise<C; 2 N, whee € is aninstanceof



Positive factoring:
C_A_B (i)
—< A — ™A

= MGU(A; B),
is strictly maximalin C .

Orderedresolution:
C_ A D_:B

(i) = MGU(A; B),
(i) A isstrictlymaximalinC ,

C D (i) : B ismaximalinD .
Concretedomain resolution: (i) C; _ d;(t;) arenotnecessarilynique,
Ci_dit);1 i n (D) forS=Ttd(tg 2 MGPU(S),
1 G ') (iii) di(tj) arestrictly maximalin C; ,

Ci i _GCn (iv) S isaminimalD -constraint.

Proof. If © is aninferenceby positive factoringor orderedreso-
lution, the amumentationis the sameasin the caseof orderedres-
olution [3]. Let © beaninferenceby concretedomainresolution,
andlet S = fdi(ti)g bethe setof correspondinghon-groundlit-
erals.SinceS is a minimal D -constraint,it is connectedso is
obviously a partitioninguni er of S. By (} ), thereis amostgeneral
partitioninguni er  suchthat = for some , andS S .
Obviously, if S is aminimal D -constraintsois S . Furthermore,
if literalsfrom S arestrictly maximalin CE, correspondindjterals
fromS arestrictly maximalin C; ,soD® = D . O

We brie y commenton the constraint(i) of the concretedomain
resolutionrule. Considera claused(x; y). It is possiblethat, for the
setS = fd(a; b);d(b;c)g of groundinstancesf d(x; y), the con-
junction 8 is D -unsatis able. This is detectedby the concretedo-
mainresolutionrule only if several“copies” of theclaused(x; y) are
consideregimultaneouslywithoutary assumptionsnthenatureof
the predicated, thereis no upperboundon the numberof “copies”
that shouldbe consideredsimultaneouslyThis propertyof the cal-
culusohviously leadsto undecidabilityin thegeneraktase To obtain
adecisionprocedurdor SHI Q(D), in Section4 we show thatthe
numberof such“copies”to beconsidereds bounded.

The notion of redundang is lifted asusual[3]: a clauseC (an
inference ) is redundanin N if all groundinstancef C ( ) are
redundantn N €. Thisis enoughfor soundnesandcompletenesef
RP, shavnin [12] in theusualway, asin [3].

Theorem 2. Thesetof clausesN is D -unsatis ableif and only if
thelimit N; of afair derivationby R® containsthe emptyclause

Combining ConcreteDomainswith other Calculi. Theconcrete
domainresolutionrule may be addedto ary calculuswhosecom-
pletenessroof is basedon the model generationmethod[3]: the
usualagumentsshaw that,if N1 doesnotcontaintheemptyclause,
thenit hasa model.Furthermorethe agumentthat! is a D -model
from Lemma2 appliesto eachsuchcalculuswithoutmodi cation.

3 DecidingSHI Q by Basic Supermosition

We brie y overview our previous work on decidingSH I Q by ba-
sic superpositiorfrom [13], which providesthe foundationfor the
decisionprocedurave presenin Section4.

SHI1 Q Description Logic. LetNc¢ andNg, besetsof concept
andabstractole namesyrespectiely. An abstractole is anabstract
role nameor theinverseS of anabstractrole nameS. A SHI Q
RBoxR is a nite setof abstractole inclusionaxiomsR v S and
transitvity axiomsTrang R). Thesetof SHI Q conceptss de ned

asthe smallestset containingN¢ and,for C andD SHI Q con-
ceptsR anabstractole,S anabstracsimplerole (i.e. arole without
transitve subroles)andn aninteger, : C,Cu D, Ct D, 9R:C,
8R:C, nS:C,and nS:CarealsoSHI Q conceptsA SHI Q
knowledg baseKB consistoof anRBoxKB g, aTBox KB 1 (i.e.
a nite setof conceptinclusionaxiomsC v D for C, D possibly
complex concepts)andan ABox KB 4 (i.e. a nite setof axioms
C(a), R(a; b), and(in)equalitiesa banda 6 b). In [13], the se-
manticsof KB is givenby translatingKB into rst-order logic, by
meansof the operator , in the standardvay.* The basicinference
problemfor SHI Q is checkingKB satis ability, i.e. determining
whethera rst-order modelof (KB ) exists. ALCHI Q isthelogic
obtainedirom SH1 Q by disalloving transitvity axioms.

Basic Supermposition Calculus. Thebasicsuperpositiorcalculus,
BS for short,hasbeendevelopedto optimizetheoremproving with
equality[4]. A similar calculuswasindependentlylevelopedin [17].
The mainfeatureof BS is thatit prohibitssuperpositiorinto terms
introducedby previousuni cation steps.Considerthefollowing ex-
ample ,wheretheinitial clausesetcontainsclauseg1) — (5). Clauses
(1), (2) and(3) canberesohedto produce(6).In[a] [b], a andb
have beenproducedhroughuni cation, which is denotedby mark-
ing themwith [ ]. Clause(6) is superposednto (1) to obtain (7).
Sincebin (7) is marked, superpositioninto it is prohibited.Hence,
(7) is resohed with (4) to produce(8) andthenwith (5) to produce
theemptyclause.

1 A(a) (6) [a] [nl
(2 B (b) (7) A([b])
@) AKX _:BY)_x 'y (8) ([N
(4) SA(X) _C(x) @ 2
®) 1 C(b

In BS, clauseswith marked termsare called closues Further
more,BS is parameterizewvith anadmissibleorderingonterms
andaselectiorfunction selectingnegative literalsin theclosure For
the inferencerules of BS, we direct the readerto [12]. Underthe
notionof redundang from [4], BS is soundandcomplete.

Deciding SHI1 Q by BS. To decidesatis ability of a SHI Q
knowledgebaseKB , we rst eliminatetransitvity axiomsfrom KB
by translatingit into an equisatis ableALCH| Q knowledgebase
( KB). A slight variantof this relatively standardransformation
hasbeenpresentedn [20].

Next, wetranslate( KB ) into anequisatis ablesetof rst-order
formulae (KB ), whichwethentransforminto anequisatis ableset
of closures ( KB ) usingstructuraltransformation[18]. For unary
codingof numbersthesestepsarepolynomial By de nition of and

, we canshaw that ( KB ) containsonly eightdifferentso-called
ALC HI Q-closuretypes,presentedelav, wherehti meansthatt
mayor maynotbemarked. ALC H| Q-closuressharethefollowing
property(e ): the depthof a functionaltermin a closureis limited
to two, andthe numberof variablesin a closureis limited by the
maximal numbern occurringin numberrestrictions nR:C and

n R:C. The maximalnumberof differentALC H| Q-closuresis
atmostexponentialin jKB j, for unarycodingof numbers.

With BSp . we denoteBS parameterizedvith a speci ¢ lexico-
graphic path ordering [3] anda selectionfunctionwhich selectsall
negative binary literals. We saturate ( KB ) usingBSp . with ea-
gereliminationof redundang. The choserparametersnake BSp |
perform inferencesonly on literals containinga term of maximal

4 The set-theoretisemanticoof SH1 Q from [11] coincideswith the one
provided by thetranslationoperator .



1 [: R(xy) _ Inv(R)(y; %)

2 |1 R(Xy) _ S(xy)

3 [PT(x) _ R(x; K (x)i)

4 [PT() _R(f O X)

5 [Pa(x) _Pa(H(x)i) _  Hi(x)i /6 ()i

6 [P1(x) _P2([g(x)]) _ Pa(HF([g(x)i) _ i /6 h;i
wheret; gpdt; areeitherf ([g(x)]) @F X

7IPa(X)_ TRXY)_RBe(Y)_ Vi Y

8 |R(hai;hbi) _P(hi)_ hyi /6 hyi
wheret, t; andt; areeithersomeconstanborf; ([a])

depth.This,combinedwith thefactthatbasicsuperpositioprohibits
inferencesnto termsintroducedby previous uni cation steps,im-
plies anotherkey property(] ): applyinga BSp . inferencerule to
ALCHI Q-closuregesultsin anALC H1 Q-closureorisredundant.

Properties(» ) and (| ) imply that ary BSp derivation from
( KB) terminatesin the worst case,all possibleALCHI Q clo-
suresare computed-The numberof suchclosuresis exponentialin
jKB j, andthis setcanbe computedn time exponentialin jKB j. Fi-
nally, sinceBSp | is soundandcomplete saturationof ( KB) by
BSp . decidessatis ability of KB .

Unfortunately BSp . decidesonly the ALCHI Q fragmentof
ALCHI Q, where numberrestrictionsare allowed only on roles
without subrolesE.g.,a superpositiorfrom [f (g(x))]  [h(9(x))]
intoR(x; f (x)) resultsn C = R([g(x)] ; [h(g(x))]). Suchaclosure
is notredundanin thegeneraktaseandis notanALC H1 Q-closure.
In furtherinferencesC canproduceclosureswith functionalterms
of depthmorethantwo, so terminationof saturationis not guaran-
teed.We solwe this problemby a techniquecalled decomposition
which doesnotaffectcompletenessf BSp . . It replacesertainclo-
sureswith simplerones,which do not causeterminationproblems.
E.g.,for C, decompositiorintroducesa new predicateQg .» , andre-
placesC with Qgrn ([g(X)]) and: Qr:n (X) _ R(x; [n(X)]). These
two closuresare ALC HI Q-closuressothe propertiegs ) and(| )
hold. The predicateQr . is uniquefor a pair of role and function
symbolsR andh. Sincethereareonly nitely mary suchpairs,only
a nite numberof predicatess introduced,so saturationby BSp
andeagerecompositiorierminates.

4 DecidingSHI Q(D) Description Logic

We now apply the concretedomainresolutionto obtaina decision
procedurdor SHI Q(D).

SHI1 Q(D) Description Logic. Apartfrom abstractoles,we as-
sumeadisjointsetof conceterolesNg, . For D anadmissiblecon-
cretedomain,SHI Q(D) is the extensionof SH1 Q with concepts
nT,and nT,for
Tiy 2 Ngr, andd 2 p. Roleinclusionaxiomsare not allowed
betweenabstractand concreteroles, and inverseconcreteroles are
notallowed.Thenew conceptsaretranslatednto FOL asfollows:

y(8Tai i Tmidix) = 8yi 1y, Ti(x yi) ! d(ya;iitiym)

Closures with Concrete Predicates. With BS3, we denote
the BSp . calculusextendedwith the concretedomainresolution
rule and eagerdecomposition.Transitvity elimination appliesto
SHI Q(D) aswell [13], soin the restwe focuson decidingsatis-
ability of anALCH1 Q knowledgebaseKB . BesidesALCH I Q-
closures,( KB ) canadditionallycontainclosuresof theform listed
belov. We call suchclosuresALC H1 Q(D )-closuresandshow that
theanalogueof (| ) holdsfor themaswell.

8 |closurecanadditionallycontain W
cii_T(hai;hbi) _d(htgi;:iyhini) _ hgio /6 Wi
wheret; andt; areeitheraconstanboratermf; ([a])

9 1 T(Xy)_UXy)

10 [PT(x) _ T(x; hF (x)i)
11 [P(x) _ ghfa(x)i;::x;
12 P(X) _w:TOGYi) . Vi Y

13 [P(X)_  :Ti(xyi)_d(y1;:::;¥n)

whete C is the conclusionderivedfrom premisesn N;. ThenC is
eitheran ALCH | Q(D)-closueor it is redundantin N; .

Proof. (Sketch) ALCHI Q(D)-closuresare almost identical in
structureto ALC HI Q-closures.Hence, it is easyto seethat this
propertyholdsfor all inferencedy BSp . asbefore.Thenew aspect
is the applicationof the concretedomainresolutionrule. Consider
n sidepremise<C; _ di(htii), eachpossiblyhaving a free variable
Xi, andletS = fd;(ti)g. For ary mostgeneralpartitioninguni er
of S, S is connectedso thereare two possibilities.If all side
premisesareof typell,
sotheresultis of type 11. If thereis a side premiseof type 8, since
S is connectedit may not containa variable,so is of the form
fxi1 7! ¢1;::1;%Xn 7! ¢ng, andtheresultis of type8. |

2+ m. Let m denotethe maximalarity of a concretedomainpred-
icate,d the numberof concretedomainpredicatesandf the num-
ber of function symbolsin the signatureof ( KB). As in [12], f

is linear in jKB j for unary coding of numbers,sincein skolem-

containall suchliterals, whosenumberis boundecby d(2f )™ (the

factor 2 allows eachfunctionalterm to be marked or not). Hence,
thereareatmost2/@")™ closurescontainingdifferentcombinations
of literals. Thuswe have to decidewhetherm is a parametenof the

input, or generallyboundedIn the former case the numberof clo-

suresis doubly-eponentialin the size of the input, whereasit is

“only” exponentialin the latter Note that this latter choiceis jus-

ti able from a practicalview point: it is hardto imaginea concrete
domainwith predicate®of unboundedrity aswell asa sequencef

concretedomainswith increasingarities,but wherethe arity of each
domainis boundedUnderthisassumptionm is aconstantthemax-

imal lengthof a closureis polynomialin jKB j, andthe numberof

closureds exponentiaiin jKB j. Thefollowing lemmais thelaststep
in determininghe compleity of thedecisionalgorithm.

Lemma 5. The maximal numberof side premisesparticipating
in a concete domainresolutionrule in a BSS, -derivation from
Lemma4 is at mostpolynomialin jKB j, assuminga limit on the
arity of concetepredicates.

Proof. In anapplicationof the concretedomainresolutionrule, S
doesnot containrepeatediterals; otherwise$S containsrepeated
conjunctsandis notminimal. Hence,in theworstcasegachd; (ti)
shouldbeuniquein S . Leti bethe numberof individual namesn
( KB). Thereareatmost g = d ™ distinctnon-grouncconcrete
domainliterals,andat most™y = d(i + if )™ distinctgroundcon-
cretedomainliterals. Assuminga boundon m andunarycodingof
numberspoth™ g and’ 4 arepolynomialin jKB j.

If all sidepremisesrenon-groundsinceS shouldbeconnected,



variablexi, sothe numberof distinctliteralsin S is boundedby
“ng - The numberof non-groundside premisesis also boundedby
“ng » andall sidepremisesareuniqueup to variablerenaming.

If thereis a groundside premise sinceS shouldbe connected,

thenumberof distinctsuchliteralsis boundedoy " 4. The numberof
sidepremisego be consideredn this caseis boundedy " ¢. O

Theorem3. LetKB beanALCHI Q(D) knowled@ base de ned
over an admissibleconcetedomainD , for which D -satis ability of
nite conjunctionsover p canbedecidedn deterministicexponen-
tial time. Thensatumtionof ( KB ) by BS5, with eager elimina-
tion of redundancydecidesD -satis ability of KB andrunsin time
exponentialin jKB j, for unary codingof numbes and assuminga
boundonthearity of concetepredicates.

Proof. Sinceproperty(] ) holdsfor ALC HI Q(D )-closurestheap-
plicationof BSB, inferenceso ALC H1 Q(D)-closuresanbeper
formedin exponentialtime. In addition,we shov thatapplyingthe
concretedomainresolutionrule doesnot take “too long”.

To apply the concretedomainresolutionrule to a setof closures
N, oneselectsasubseN® N.ByLemma5," = jNY is polyno-
mialin jKB j, andN °containsatmost’ variableslf all closuregrom
N © arenon-groundthereis exactly one  which uni es all of these
variablesIf thereis at leastonegroundclosure theneachoneof *
variablescanbeassignedo oneof i individuals,thusgivingi com-
binations,which is exponentialin jKB j. Closuresin N © arechosen
from the maximalsetof all closureswhich is exponentialin jKB j,
andsincejN 9 is polynomialin jKB j, thenumberof differentsetsN °
is exponentiain jKB j. Hencethemaximalnumberof D -constraints
that needsto be examinedby the concretedomainresolutionrule
is exponentialin jKB j, wherethe length of eachD -constraintis
polynomialin jKB j. Sincesatis ability of eachD -constrainttanbe
checledin deterministicexponentialtime, all necessarynferences
by BSB, canbeperformedn exponentiatime. O

Lemmab demonstratefion to implementthe concretedomain
resolutionrule. For non-grouncdclosuresthe mostgeneralpartition-
ing uni er is
consideronly closureswith maximal literals uniqueup to variable
renamingsoseveral“copies” of a closureneednotbe considered.

For aconcretedomainresolutioninferencewhereatleastoneclo-
sureis ground,one rst chooses connectedsetof groundclosures

. Let ¢ bethesetof constantsand : thesetof functionsym-
bolsoccurringin agroundfunctionaltermf (c) in aclosurefrom
The mostgeneralpartitioninguni er  may containonly mappings
of theformx; 7! c, wherec 2 .. Henceoneselectsheset g4
of non-groundclosurescontaininga functionaltermin ¢ . To ap-
ply the concretedomainresolutionrule, oneconsidersaat mostj ¢j
“copies”of aclosurefrom g, since mightassigradistinctvalue
from . toeachsuchclosure.

5 Conclusion

In this paperwe have shovn how a wide rangeof resolution-based
decisionproceduredor rst orderlogic canbe extendedwith ad-
missibleconcretedomains Our approachs applicableto ary clausal
calculuswhosecompletenesproofis basednthemodelgeneration
method.We have exempli ed the usefulnes®f our approachy ex-
tendingthe basicsuperpositiordecisionprocedurefor SHI Q with
concretedomainsthusproviding an optimal decisionprocedureor
SHI Q(D), alogic lying atthe heartof the SemantidMebontology

languageOWL-DL. Thesealgorithmscanbe usedto extendthe re-
ductionof SH1 Q knowledgebasego disjunctive datalogpresented
in [13] to handleSH | Q(D) knowledgebases.

Part of our futuretheoreticawork will betheextensionof our de-
cisionprocedurgo handlenominals.This is a non-trivial tasksince,
in the presencef nominals,we will have to handlenovel forms of
closuresandthushaveto nd new terminationmechanismsOnthe
practicalside,we arecurrentlyimplementinganew descriptiorlogic
reasonewusingthe calculuspresentedhereandthe above mentioned
reductionto disjunctive datalog.Oncethe reasoneis complete we
shall compareits performancewith state-of-the-arsystemssuchas
FaCTandRacer9, 8] to validateour approachn practice.
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