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Abstract. In descriptionlogics,concretedomainsareusedto model
concretepropertiessuchas weight, name,or age,having concrete
valuessuchasintegersor strings,with built-in predicates,suchas�
or = . Until now, reasoningwith concretedomainshasbeenstudied
predominantlyin thecontext of tableauxandautomatacalculi.In this
paper, we presenta generalapproachfor concretedomainreasoning
in the resolutionframework. We apply this approachto devise an
optimaldecisionprocedurefor SH I Q(D ), theextensionof SH I Q
with a restrictedform of concretedomains,servingas the logical
underpinningof thewebontologylanguageOWL-DL.

1 Intr oduction

Description logics are a family of knowledge representationfor-
malismscloselyrelatedto �rst-order andmodallogic. They areuse-
ful in variousapplication�elds, suchas reasoningaboutdatabase
conceptualmodels,as the logical underpinningof ontology lan-
guages,for schemarepresentationin informationintegrationsystems
or for metadatamanagement[1]. Practicalapplicationsof DLs usu-
ally requireconcrete propertieswith valuesfrom a �x ed domain,
suchasintegersor strings,supportingbuilt-in predicates.In [2], DLs
wereextendedwith concretedomains, wherepartial functionsmap
objectsof theabstractdomainto valuesof theconcretedomain,and
canbeusedfor building complex concepts.For example,thefollow-
ing axiomde�nesminorsasthosehumanswhoseageis at most17:
Minor � Human u 9age:� 17 . In [2, 7, 15, 16, 10] decidabil-
ity, computationalcomplexity, andreasoningalgorithmsfor differ-
entDLs with concretedomainshave beenstudied.This researchin-
�uenced the designof the OntologyWeb Language(OWL), which
supportsabasicform of concretedomains,so-calleddatatypes.

Recently, resolution-baseddecisionproceduresfor variousDLs
have beendeveloped[14, 12]. To extendthesealgorithmswith sup-
port for concretedomains,wepresentageneralapproachfor reason-
ing with a concretedomainin clausalcalculi whosecompleteness
proof is basedonthemodelgenerationmethod.Hence,ourapproach
canbecombinedwith moststate-of-the-artcalculi,suchasbasicsu-
perposition[4]. The main differenceto (ordered)theory resolution
[19, 5] is that our calculusis compatiblewith redundancy elimina-
tion. Moreover, we addressthe problemof identifying the minimal
subsetof clausesunsatis�ablein the theory. We next apply our ap-
proachto thedecisionprocedurefor SH I Q from [13], andshow that
addingconcretedomainsdoesnot increasereasoningcomplexity.

Due to spacelimitations,we arenot ableto includeall technical
detailsin thispaper, andrefertheinterestedreaderto [12].
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2 Resolutionwith ConcreteDomains

De�nition of a ConcreteDomain. With x we denotea vectorof
variablesx1 ; : : : ; xn and,for a function � , with � (x ) we denotea
vectorof values� (x1); : : : ; � (xn ).

De�nition 1. A concretedomainD is a pair (4 D ; � D ), where4 D

is a set,called thedomainof D , and � D is a �nite setof predicate
names. Each d 2 � D is associatedwith anarity n andanextension
dD � 4 n

D . A concretedomainD is admissibleif: (i) � D is closed
under negation, i.e. for each d 2 � D , there exists d 2 � D with
dD = 4 D n dD , (ii ) it containsa unarypredicate> D interpreted
as 4 D , and (iii ) D -satis�ability of �nite conjunctionsof the formV n

i =1 di (x i ) is decidable. Thelatter is thecaseif there is a solution
� such that � (x i ) 2 dD

i , for each 1 � i � n.

Sometimes,we consider conjunctionsover literals containing
terms,ratherthanvariables.Let S = f di (t i )g be a setof literals,
wheret i is a vectorof termst i 1 ; : : : ; t ik . With bS we denotea con-
junction C =

V
di (x i ), obtainedfrom S by replacingeachoccur-

renceof a termwith thesamevariable,suchthatdifferenttermsare
replacedwith distinctvariables.For two conjunctionsC1 andC2 , we
write C1 � C2 if they areequivalentup to variablerenaming.

We usethe standardde�nitions of �rst-order clausallogics (see,
e.g.[6]). To separatethe extensionof the concreteandabstractdo-
main, we assumea two-sortedsignaturewith sortsa andc for the
abstractand the concretedomain.Moreover, we consideronly ad-
missibleconcretedomainsD , sowe mayassumethatall predicates
from � D occurpositively in clauses.

De�nition 2. Let D bean admissibleconcretedomain,N a setof
clausesovera signature that includesall predicatesfrom� D , andI
a “classic” Herbrandmodelof N , written I j= N , where concrete
predicatesare treatedas “normal” predicates.Let S = f di (t i )g
be the set of all concrete domainliterals di (t i ) 2 I . ThenI is a
D -modelof N , written I j= D N , if, additionally, bS is D -satis�able.

Concrete Domain Resolution on Ground Clauses. We now
presentthe ground concrete domain resolution calculus,GD for
short,which extendstheorderedresolutioncalculusfrom [3] with a
concretedomainresolutionrule.As usual,GD is parameterizedwith
a reductionordering� totalongroundliteralssuchthat: A � A. A
literal L is (strictly) maximalin a clauseC _ L if thereis no literal
L 0 2 C suchthat L 0 � L (L 0 � L ). With � we alsodenotethe
multisetextensionof theliteral orderingto clauses.

De�nition 3. A setS = f di (t i )g of positiveconcreteliterals is a
D -constraintif bS is not D -satis�able. A D -constraint S is minimal
if bS0 is D -satis�able, for each S0 ( S; S is connectedif it cannotbe
decomposedinto twosubsetswithouta commonterm.



It is easyto see[12] that eachminimal D -constraintS is con-
nected,or conversely, if S is not connected,it is notminimal.

Wenow presenttherulesof GD . TheclausesC _ A _ : : : _ A and
D _ : A arecalledmainpremises, whereastheclausesC _ A and
Ci _ di (t i ) arecalledsidepremises.

Positive factoring:

C _ A _ : : : _ A
C _ A

(i) A is strictly maximalin C.

Ordered resolution:

C _ A D _ : A
C _ D

(i) A is strictly maximalin C,
(ii ) : A is maximalin D .

Concretedomain resolution:

Ci _ di (t i ); 1 � i � n
C1 _ : : : _ Cn

(i) di (t i ) arestrictly maximalin Ci ,
(ii ) thesetS = f di (t i )g is aminimal

D -constraint.

It is well-known thateffective redundancy eliminationcriteriaare
necessaryfor theoremproving to be applicablein practice.A pow-
erful standard notionof redundancywasintroducedin [3]. Weadapt
this notionslightly to take into accountthefactthattheconcretedo-
main resolutionrule doesnot have a main premise.Thenwe show
thesoundnessandcompletenessof GD .

De�nition 4. Let N bea setof groundclauses.A groundclauseC
is redundantin N if there are clausesD i 2 N , C � D i , such that
D 1 ; : : : ; D m j= C. A groundinference� with sidepremisesCi and
a conclusionD is redundantin N if thereareclausesD i 2 N , such
that C1 ; : : : ; Cn ; D 1 ; : : : ; D m j= D ; if � has a main premiseC,
thenadditionallyC � D i .

Lemma 1 (Soundness).Let N bea setof groundclauses,I a D -
modelof N , andN 0 = N [ f Cg, where C is theconclusionof an
inferencebyGD with premisesfromN . ThenI is a D -modelof N 0.

Proof. For positivefactoringor orderedresolution,soundnessis triv-
ial [3]. Let C be obtainedby the concretedomainresolutionrule,
with S beingasin therulede�nition. SinceS is aD -constraint,I is
aD -modelof N only if somedi (t i ) 2 S existssuchthatdi (t i ) =2 I .
SinceCi _ di (t i ) is by assumptiontrue in I , someliteral from Ci

mustbetruein I . SinceCi � C, C is truein I aswell.

Lemma 2 (Completeness).LetN bea setof clausessuch thateach
inferenceby GD from premisesin N is redundantin N . If N does
notcontaintheemptyclause, thenN is D -satis�able.

Proof. (Sketch)We extendthe modelbuilding methodfrom [3] to
handle the concretedomain resolution rule. For a set of ground
clausesN , we de�ne an interpretationI by inductionon theclause
ordering� asfollows: for someclauseC, we setI C =

S
C � D " D ,

where" D = f Ag if (i) D 2 N , (ii ) D is of theform D 0 _ A, such
thatA is strictly maximalin D 0, and(iii ) D is falsein I D ; otherwise,
" D = ; . Let I =

S
" D . A clauseD suchthat " D = f Ag is called

productive, andit saidto producetheatomA in I .
Invariant(*): if C is falsein I C [ " C , thenC is falsein I . Since

C is falsein I C , all negative literals from C are falsein I C , and
sinceI C � I , all negative literals from C are falsein I as well.
Furthermore,since: A � A, any atomproducedby aclauseD � C
mustbe larger thanany literal occurringin C, so no clausegreater
thanC canproduceanatomthatwill makeC true.

We now show that, if all inferencesfrom premisesin N arere-
dundant,I is a D -modelof N . Assumethat this werenot thecase.

The �rst possibility is that thereis a counter-exampleclausefrom
N which is false in I . This caseis identical to the one from [3],
so we omit the details.Roughlyspeaking,since� is well-founded
andtotal, thereis a smallestcounterexampleC. Furthermore,there
is a redundantinferenceby GD with the main premiseC andside
premisesCi which aretrue in I , anda conclusionD which is false
in I . Sincethe inferenceis redundant,thereareclausesD i 2 N ,
C � D i , suchthat D 1 ; : : : ; D m ; C1 ; : : : Cn j= D . SinceC is the
smallestclausefalsein I andall D i aresmallerthanC, all D i are
truein I , soD wouldhave to betruein I , which is acontradiction.

Thesecondpossibilityis thatall clausesfrom N aretruein I , but
thesetof concretedomainliterals in I is not D -satis�able.Then,I
containsaminimalconnectedD -constraintS = f di (t i )g. By de�ni-
tion of I , literalsin S wereproducedby someE i = Ci _ di (t i ) 2 N ,
whereE i is falsein I E i . For any i , sincedi (t i ) is strictly maximal
in Ci , Ci is falsein I E i [ " E i , andby (*) Ci is falsein I . Since
N is saturated,theinferenceby concretedomainresolutionresulting
in D = C1 _ : : : _ Cn is redundantin N . Obviously, D is falsein
I . Sincethe inferenceis redundant,non-redundantclausesD i 2 N
exist, suchthatD 1 ; : : : ; D m ; C1 _ d1(t 1 ); : : : ; Cn _ dn (t n ) j= D .
All D i andCi _ di (t i ) areby assumptiontruein I , implying thatD
is truein I , which is acontradiction.

A fair derivationbyGD is de�nedasusual,asasequenceof clause
setsN0 ; N1 ; : : : whereN i = N i � 1 [ f Cg andC is aconsequenceof
aninferenceruleof GD from premisesin N i � 1 or N i = N i � 1 nf Cg
whereC is redundantin N i � 1 , andno inferenceis delayedinde�-
nitely. With N1 we denotethe setof clauseswhich never become
redundantin aderivation.By Lemmata1 and2,andthefactthatN 1

is saturated,wegetthefollowing result:

Theorem 1. Thesetof groundclausesN is D -unsatis�ableiff the
limit N1 of a fair derivationbyGD containstheemptyclause.

Concrete Domain Resolution on General Clauses. Lifting GD

to generalclausesis not trivial. Considere.g. the clauseset N =
f d1(x1 ; y1); d2(x2 ; y2)g. A connectedD -constraintcanbeobtained
by f x1 7! x2 ; y1 7! y2g, f x1 7! y2 ; x2 7! y1g, or similar substi-
tutions.To checkall possibleD -constraintsat thegroundlevel, one
hasto considerall possiblesubstitutionsproducinga connectedD -
constraintat thenon-groundlevel. Weformalizethis ideaasfollows.

De�nition 5. Let S = f di (t i )g be a multisetof positiveconcrete
domainliterals. A substitution� is a partitioninguni�er of S if the
setS� is connected.Furthermore, � is a mostgeneralpartitioning
uni�er if, for anypartitioninguni�er � such that cS� � cS� , a substi-
tution � existssuch that � = � � . With MGPU(S) wedenotetheset
of all mostgeneral partitioninguni�ersof S.

In [12], we show the property(} ): if � is a partitioning uni�er
of S, thenthereexists a mostgeneralpartitioninguni�er � unique
up to variablerenaming,suchthat cS� � cS� . Also, in [12] we give
a complete,but inef�cient algorithmfor computingMGPU(S). In
Section4wepresentaspecializedalgorithmsuitablefor SH I Q(D ).

We assume,asusual,thatall clausesinvolvedin aninferencerule
do not have variablesin common.Therulesof theconcretedomain
resolutioncalculus,R D for short, are given next, along with the
adaptationof thelifting lemma.

Lemma 3 (Lifting). LetN bea setof clauseswith thesetof ground
instancesN G . For each groundinference� G by GD applicableto
premisesCG

i 2 N G , there is an inference� by R D applicableto
premisesCi 2 N , where � G is an instanceof � .



Positive factoring:

C _ A _ B
C� _ A�

(i) � = MGU(A; B ),
(ii ) A� is strictly maximalin C� .

Ordered resolution:

C _ A D _ : B
C� _ D �

(i) � = MGU(A; B ),
(ii ) A� is strictly maximalin C� ,
(iii ) : B � is maximalin D � .

Concretedomain resolution:

Ci _ di (t i ); 1 � i � n
C1 � _ : : : _ Cn �

(i) Ci _ di (t i ) arenotnecessarilyunique,
(ii ) for S = f di (t i )g, � 2 MGPU(S),
(iii ) di (t i )� arestrictly maximalin Ci � ,
(iv) S� is aminimalD -constraint.

Proof. If � G is an inferenceby positive factoringor orderedreso-
lution, the argumentationis the sameasin the caseof orderedres-
olution [3]. Let � G be an inferenceby concretedomainresolution,
and let S = f di (t i )g be the setof correspondingnon-groundlit-
erals.SinceS� is a minimal D -constraint,it is connected,so � is
obviouslya partitioninguni�er of S. By (} ), thereis a mostgeneral
partitioninguni�er � suchthat � = � � for some� , and cS� � cS� .
Obviously, if S� is a minimal D -constraint,so is S� . Furthermore,
if literalsfrom S� arestrictly maximalin CG

i , correspondingliterals
from S� arestrictly maximalin Ci � , soD G = D � .

We brie�y commenton the constraint(i) of the concretedomain
resolutionrule. Considera claused(x; y). It is possiblethat,for the
setS = f d(a; b); d(b;c)g of groundinstancesof d(x; y), the con-
junction bS is D -unsatis�able.This is detectedby the concretedo-
mainresolutionruleonly if several“copies”of theclaused(x; y) are
consideredsimultaneously. Withoutany assumptionsonthenatureof
thepredicated, thereis no upperboundon thenumberof “copies”
that shouldbe consideredsimultaneously. This propertyof the cal-
culusobviously leadsto undecidabilityin thegeneralcase.To obtain
a decisionprocedurefor SH I Q(D ), in Section4 we show that the
numberof such“copies” to beconsideredis bounded.

The notion of redundancy is lifted as usual[3]: a clauseC (an
inference� ) is redundantin N if all groundinstancesof C (� ) are
redundantin N G . This is enoughfor soundnessandcompletenessof
R D , shown in [12] in theusualway, asin [3].

Theorem 2. Thesetof clausesN is D -unsatis�ableif and only if
thelimit N1 of a fair derivationbyR D containstheemptyclause.

Combining ConcreteDomainswith other Calculi. Theconcrete
domainresolutionrule may be addedto any calculuswhosecom-
pletenessproof is basedon the model generationmethod[3]: the
usualargumentsshow that,if N 1 doesnotcontaintheemptyclause,
thenit hasa model.Furthermore,theargumentthat I is a D -model
from Lemma2 appliesto eachsuchcalculuswithoutmodi�cation.

3 DecidingSHI Q by BasicSuperposition

We brie�y overview our previous work on decidingSH I Q by ba-
sic superpositionfrom [13], which provides the foundationfor the
decisionprocedurewepresentin Section4.

SH I Q Description Logic. Let NC andNR a besetsof concept
andabstractrole names,respectively. An abstractrole is anabstract
role nameor the inverseS� of an abstractrole nameS. A SH I Q
RBox R is a �nite setof abstractrole inclusionaxiomsR v S and
transitivity axiomsTrans(R). Thesetof SH I Q conceptsis de�ned

as the smallestset containingNC and, for C andD SH I Q con-
cepts,R anabstractrole,S anabstractsimplerole(i.e.arolewithout
transitive subroles)andn an integer, : C, C u D , C t D , 9R:C,
8R:C, � n S:C, and� n S:C arealsoSH I Q concepts.A SH I Q
knowledge baseKB consistsof anRBox KB R , a TBox KB T (i.e.
a �nite setof conceptinclusionaxiomsC v D for C, D possibly
complex concepts),andan ABox KB A (i.e. a �nite setof axioms
C(a), R(a; b), and(in)equalitiesa � b anda 6� b). In [13], these-
manticsof KB is givenby translatingKB into �rst-order logic, by
meansof the operator� , in the standardway.4 The basicinference
problemfor SH I Q is checkingKB satis�ability, i.e. determining
whethera �rst-order modelof � (KB ) exists.ALC H I Q is thelogic
obtainedfrom SH I Q by disallowing transitivity axioms.

BasicSuperposition Calculus. Thebasicsuperpositioncalculus,
BS for short,hasbeendevelopedto optimizetheoremproving with
equality[4]. A similarcalculuswasindependentlydevelopedin [17].
Themain featureof BS is that it prohibitssuperpositioninto terms
introducedby previousuni�cation steps.Considerthefollowing ex-
ample,wheretheinitial clausesetcontainsclauses(1) – (5). Clauses
(1), (2) and(3) canberesolvedto produce(6). In [a] � [b], a andb
have beenproducedthroughuni�cation, which is denotedby mark-
ing them with [ ]. Clause(6) is superposedinto (1) to obtain (7).
Sinceb in (7) is marked,superpositioninto it is prohibited.Hence,
(7) is resolvedwith (4) to produce(8) andthenwith (5) to produce
theemptyclause.

(1) A(a) (6) [a] � [b]
(2) B (b) (7) A([b])
(3) : A (x) _ : B (y) _ x � y (8) C([b])
(4) : A (x) _ C(x) (9) 2
(5) : C(b)

In BS, clauseswith marked termsare called closures. Further-
more,BS is parameterizedwith anadmissibleorderingon terms� ,
andaselectionfunction, selectingnegative literalsin theclosure.For
the inferencerules of BS, we direct the readerto [12]. Under the
notionof redundancy from [4], BS is soundandcomplete.

Deciding SH I Q by BS. To decidesatis�ability of a SH I Q
knowledgebaseKB , we�rst eliminatetransitivity axiomsfrom KB
by translatingit into an equisatis�ableALC H I Q knowledgebase

( KB ). A slight variant of this relatively standardtransformation
hasbeenpresentedin [20].

Next, we translate
( KB ) into anequisatis�ablesetof �rst-order
formulae� (KB ), whichwethentransforminto anequisatis�ableset
of closures�( KB ) usingstructuraltransformation[18]. For unary
codingof numbers,thesestepsarepolynomial.By de�nition of � and
� , we canshow that �( KB ) containsonly eightdifferentso-called
ALC H I Q-closuretypes,presentedbelow, wherehti meansthat t
mayor maynot bemarked.ALC H I Q-closuressharethefollowing
property(• ): the depthof a functional term in a closureis limited
to two, and the numberof variablesin a closureis limited by the
maximalnumbern occurringin numberrestrictions� n R:C and
� n R:C. The maximalnumberof differentALC H I Q-closuresis
atmostexponentialin jKB j, for unarycodingof numbers.

With BSD L we denoteBS parameterizedwith a speci�c lexico-
graphicpathordering [3] anda selectionfunctionwhich selectsall
negative binary literals. We saturate�( KB ) usingBSD L with ea-
gereliminationof redundancy. Thechosenparametersmake BSD L

perform inferencesonly on literals containinga term of maximal

4 The set-theoreticsemanticsof SH I Q from [11] coincideswith the one
providedby thetranslationoperator� .



1 : R(x; y) _ Inv(R)( y; x)
2 : R(x; y) _ S(x; y)
3 P f (x) _ R(x; hf (x)i )
4 P f (x) _ R([f (x)] ; x)
5 P 1 (x) _ P 2 (hf (x)i ) _

W
hf i (x)i � /6� hf j (x)i

6 P 1 (x) _ P 2 ([g(x)]) _ P 3 (hf ([g(x)]) i ) _
W

ht i i � /6� ht j i
wheret i andt j areeitherf ([g(x)]) or x

7 P 1 (x) _
W

: R(x; yi ) _ P 2 (y ) _
W

yi � yj
8 R (hai ; hb i ) _ P (ht i ) _

W
ht i i � /6� ht j i

wheret , t i andt j areeithersomeconstantb or f i ([a])

depth.This,combinedwith thefactthatbasicsuperpositionprohibits
inferencesinto termsintroducedby previous uni�cation steps,im-
plies anotherkey property(| ): applyinga BSD L inferencerule to
ALC H I Q-closuresresultsin anALC H I Q-closureor is redundant.

Properties(• ) and (| ) imply that any BSD L derivation from
�( KB ) terminates:in the worst case,all possibleALC H I Q clo-
suresarecomputed.The numberof suchclosuresis exponentialin
jKB j, andthis setcanbecomputedin time exponentialin jKB j. Fi-
nally, sinceBSD L is soundandcomplete,saturationof �( KB ) by
BSD L decidessatis�ability of KB .

Unfortunately, BSD L decidesonly the ALC H I Q � fragmentof
ALC H I Q, where numberrestrictionsare allowed only on roles
without subroles.E.g.,a superpositionfrom [f (g(x))] � [h(g(x))]
into R(x; f (x)) resultsin C = R([g(x)] ; [h(g(x))] ). Suchaclosure
is notredundantin thegeneralcaseandis notanALC H I Q-closure.
In further inferences,C canproduceclosureswith functionalterms
of depthmorethantwo, so terminationof saturationis not guaran-
teed.We solve this problemby a techniquecalled decomposition,
whichdoesnotaffectcompletenessof BSD L . It replacescertainclo-
sureswith simplerones,which do not causeterminationproblems.
E.g.,for C, decompositionintroducesanew predicateQR ;h , andre-
placesC with QR ;h ([g(x)]) and: QR ;h (x) _ R(x; [h(x)]). These
two closuresareALC H I Q-closures,sotheproperties(• ) and(| )
hold. The predicateQR ;h is uniquefor a pair of role andfunction
symbolsR andh. Sincethereareonly �nitely many suchpairs,only
a �nite numberof predicatesis introduced,so saturationby BSD L

andeagerdecompositionterminates.

4 DecidingSHI Q(D ) Description Logic

We now apply the concretedomainresolutionto obtaina decision
procedurefor SH I Q(D ).

SH I Q(D ) Description Logic. Apart from abstractroles,we as-
sumea disjoint setof concreterolesN R c . For D anadmissiblecon-
cretedomain,SH I Q(D ) is theextensionof SH I Q with concepts
of theform 9T1 ; : : : ; Tm :d, 8T1 ; : : : ; Tm :d, � n T , and� n T , for
T( i ) 2 NR c andd 2 � D . Role inclusionaxiomsarenot allowed
betweenabstractandconcreteroles,andinverseconcreterolesare
notallowed.Thenew conceptsaretranslatedinto FOL asfollows:

� y (./ n T; x) = 9. /n y : T (x; y); for ./ 2 f� ; �g
� y (8T1 ; : : : ; Tm :d; x) = 8yi :

V
Ti (x; yi ) ! d(y1 ; : : : ; ym )

� y (9T1 ; : : : ; Tm :d; x) = 9yi :
V

Ti (x; yi ) ^ d(y1 ; : : : ; ym )

Closures with Concrete Predicates. With BSD
D L we denote

the BSD L calculusextendedwith the concretedomainresolution
rule and eagerdecomposition.Transitivity elimination applies to
SH I Q(D ) aswell [13], so in the restwe focuson decidingsatis-
�ability of anALC H I Q knowledgebaseKB . BesidesALC H I Q-
closures,�( KB ) canadditionallycontainclosuresof theform listed
below. Wecall suchclosuresALC H I Q(D )-closures,andshow that
theanalogueof (| ) holdsfor themaswell.

8 closurecanadditionallycontain
: : : _ T (hai ; hb i ) _ d(ht 1 i ; : : : ; ht n i ) _

W
ht i i � /6� ht j i

wheret i andt j areeitheraconstantb or a termf i ([a])
9 : T (x; y) _ U(x; y)

10 P f (x) _ T (x; hf (x)i )
11 P (x) _ d(hf1 (x)i ; : : : ; hfn (x)i ) _

W
hf i (x)i � /6� hf j (x)i

12 P (x) _
W

: T (x; yi ) _
W

yi � yj
13 P (x) _

W
: Ti (x; yi ) _ d(y1 ; : : : ; yn )

Lemma4. Let�( KB ) = N0 ; : : : ; N i [ f Cg beaBSD
D L -derivation,

where C is the conclusionderivedfrom premisesin N i . ThenC is
eitheranALC H I Q(D )-closureor it is redundantin N i .

Proof. (Sketch) ALC H I Q(D )-closures are almost identical in
structureto ALC H I Q-closures.Hence,it is easyto seethat this
propertyholdsfor all inferencesby BSD L asbefore.Thenew aspect
is the applicationof the concretedomainresolutionrule. Consider
n sidepremisesCi _ di (ht i i ), eachpossiblyhaving a freevariable
x i , andlet S = f di (t i )g. For any mostgeneralpartitioninguni�er
� of S, S� is connected,so thereare two possibilities.If all side
premisesareof type11,� is of theform f x2 7! x1 ; : : : ; xn 7! x1g,
so theresultis of type11. If thereis a sidepremiseof type8, since
S� is connected,it may not containa variable,so � is of the form
f x1 7! c1 ; : : : ; xn 7! cn g, andtheresultis of type8.

Termination and Complexity Analysis. Wede�ne thesizeof the
new constructsasfollows: j9T1 ; : : : ; Tm :dj = j8T1 ; : : : ; Tm :dj =
2 + m. Let m denotethemaximalarity of a concretedomainpred-
icate,d the numberof concretedomainpredicates,andf the num-
ber of function symbolsin the signatureof �( KB ). As in [12], f
is linear in jKB j for unary coding of numbers,since in skolem-
izing each9T1 ; : : : ; Tm :d, we introducem new function symbols.
ALC H I Q(D )-closuresadditionally contain literals of the form
d(hf 1(x)i ; : : : ; hf m (x)i ). The maximal non-groundclosure will
containall suchliterals,whosenumberis boundedby d(2f )m (the
factor2 allows eachfunctional term to be marked or not). Hence,
thereareatmost2d(2 f ) m

closurescontainingdifferentcombinations
of literals.Thuswe have to decidewhetherm is a parameterof the
input, or generallybounded.In the formercase,thenumberof clo-
suresis doubly-exponentialin the size of the input, whereasit is
“only” exponentialin the latter. Note that this latter choiceis jus-
ti�able from a practicalview point: it is hardto imaginea concrete
domainwith predicatesof unboundedarity aswell asa sequenceof
concretedomainswith increasingarities,but wherethearity of each
domainis bounded.Underthisassumption,m is aconstant,themax-
imal lengthof a closureis polynomial in jKB j, andthe numberof
closuresis exponentialin jKB j. Thefollowing lemmais thelaststep
in determiningthecomplexity of thedecisionalgorithm.

Lemma 5. The maximal number of side premisesparticipating
in a concrete domain resolutionrule in a BSD

D L -derivation from
Lemma4 is at mostpolynomial in jKB j, assuminga limit on the
arity of concretepredicates.

Proof. In anapplicationof theconcretedomainresolutionrule, S�
doesnot containrepeatedliterals; otherwisecS� containsrepeated
conjunctsandis notminimal.Hence,in theworstcase,eachdi (t i )�
shouldbeuniquein S� . Let i bethenumberof individual namesin
�( KB ). Thereareat most`ng = df m distinctnon-groundconcrete
domainliterals,andat most`g = d(i + if )m distinctgroundcon-
cretedomainliterals.Assuminga boundon m andunarycodingof
numbers,both`ng and`g arepolynomialin jKB j.

If all sidepremisesarenon-ground,sinceS� shouldbeconnected,
� mustbef x2 7! x1 ; : : : ; xn 7! x1g. Hence,S� containsonly one



variablex1 , so the numberof distinct literals in S� is boundedby
`ng . The numberof non-groundside premisesis also boundedby
`ng , andall sidepremisesareuniqueup to variablerenaming.

If thereis a groundsidepremise,sinceS� shouldbeconnected,
� is f x1 7! c1 ; : : : ; xn 7! cn g. All literals in S� areground,and
thenumberof distinctsuchliteralsis boundedby ` g . Thenumberof
sidepremisesto beconsideredin thiscaseis boundedby ` g .

Theorem3. LetKB beanALC H I Q(D ) knowledgebase, de�ned
over anadmissibleconcretedomainD , for which D -satis�ability of
�nite conjunctionsover� D canbedecidedin deterministicexponen-
tial time. Thensaturation of �( KB ) by BSD

D L with eager elimina-
tion of redundancydecidesD -satis�ability of KB andruns in time
exponentialin jKB j, for unary codingof numbers and assuminga
boundon thearity of concretepredicates.

Proof. Sinceproperty(| ) holdsfor ALC H I Q(D )-closures,theap-
plicationof BSD

D L inferencesto ALC H I Q(D )-closurescanbeper-
formedin exponentialtime. In addition,we show that applyingthe
concretedomainresolutionruledoesnot take “too long”.

To apply the concretedomainresolutionrule to a setof closures
N , oneselectsa subsetN 0 � N . By Lemma5, ` = jN 0j is polyno-
mial in jKB j, andN 0 containsatmost` variables.If all closuresfrom
N 0 arenon-ground,thereis exactly one� which uni�es all of these
variables.If thereis at leastonegroundclosure,theneachoneof `
variablescanbeassignedto oneof i individuals,thusgiving i ` com-
binations,which is exponentialin jKB j. Closuresin N 0 arechosen
from the maximalsetof all closureswhich is exponentialin jKB j,
andsincejN 0j is polynomialin jKB j, thenumberof differentsetsN 0

is exponentialin jKB j. Hence,themaximalnumberof D -constraints
that needsto be examinedby the concretedomainresolutionrule
is exponentialin jKB j, where the length of eachD -constraintis
polynomialin jKB j. Sincesatis�ability of eachD -constraintcanbe
checked in deterministicexponentialtime, all necessaryinferences
by BSD

D L canbeperformedin exponentialtime.

Lemma5 demonstrateshow to implementthe concretedomain
resolutionrule.For non-groundclosures,themostgeneralpartition-
ing uni�er is � = f x2 7! x1 ; : : : ; xn 7! x1g. Hence,oneshould
consideronly closureswith maximal literals uniqueup to variable
renaming,soseveral“copies”of aclosureneednotbeconsidered.

For aconcretedomainresolutioninferencewhereat leastoneclo-
sureis ground,one�rst choosesa connectedsetof groundclosures
� . Let � c be thesetof constants,and� f thesetof functionsym-
bolsoccurringin agroundfunctionaltermf (c) in aclosurefrom � .
Themostgeneralpartitioninguni�er � maycontainonly mappings
of theform x i 7! c, wherec 2 � c . Hence,oneselectstheset� ng

of non-groundclosurescontaininga functionalterm in � f . To ap-
ply theconcretedomainresolutionrule, oneconsidersat mostj� c j
“copies”of aclosurefrom � ng , since� mightassignadistinctvalue
from � c to eachsuchclosure.

5 Conclusion

In this paperwe have shown how a wide rangeof resolution-based
decisionproceduresfor �rst order logic can be extendedwith ad-
missibleconcretedomains.Ourapproachis applicableto any clausal
calculuswhosecompletenessproof is basedonthemodelgeneration
method.We have exempli�ed theusefulnessof our approachby ex-
tendingthebasicsuperpositiondecisionprocedurefor SH I Q with
concretedomains,thusproviding anoptimaldecisionprocedurefor
SH I Q(D ), a logic lying at theheartof theSemanticWebontology

languageOWL-DL. Thesealgorithmscanbeusedto extendthere-
ductionof SH I Q knowledgebasesto disjunctive datalogpresented
in [13] to handleSH I Q(D ) knowledgebases.

Partof our futuretheoreticalwork will betheextensionof ourde-
cisionprocedureto handlenominals.This is a non-trivial tasksince,
in the presenceof nominals,we will have to handlenovel forms of
closures,andthushave to �nd new terminationmechanisms.On the
practicalside,wearecurrentlyimplementinganew descriptionlogic
reasonerusingthecalculuspresentedhereandtheabove mentioned
reductionto disjunctive datalog.Oncethe reasoneris complete,we
shall compareits performancewith state-of-the-artsystemssuchas
FaCTandRacer[9, 8] to validateourapproachin practice.

REFERENCES
[1] The Description Logic Handbook, eds., F. Baader, D. Calvanese,

D. McGuinness,D. Nardi, andP. Patel-Schneider, CambridgeUniver-
sity Press,January2003.

[2] F. BaaderandP. Hanschke, `A Schemefor IntegratingConcreteDo-
mainsinto ConceptLanguages',in Proc. IJCAI-91, pp.452–457,Syd-
ney, Australia,(1991).

[3] L. Bachmair and H. Ganzinger, `Resolution Theorem Proving',
in Handbook of Automated Reasoning, eds., A. Robinson and
A. Voronkov, volumeI, chapter2, 19–99,Elsevier Science,(2001).

[4] L. Bachmair, H. Ganzinger, C. Lynch,andW. Snyder, `BasicParamod-
ulation', InformationandComputation, 121(2), 172–192,(1995).

[5] P. Baumgartner, `An OrderedTheory ResolutionCalculus', in Proc.
LPAR-92, pp.119–130,St.Petersburg, Russia,(1992).Springer.

[6] M. Fitting, First-Order Logic and AutomatedTheorem Proving, 2nd
Edition, Springer, 1996.

[7] V. Haarslev andR. Möller, `Expressive ABox Reasoningwith Number
Restrictions,RoleHierarchies,andTransitively ClosedRoles',in Proc.
KR-2000, pp.273–284,SanFrancisco,(2000).MorganKaufmann.
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