
Propositional Interpolation
&

Abstract Interpretation

Vijay D’Silva



Propositional Interpolation

V. D’Silva 2



A B

P ∧ (P ⇒ Q) R⇒ Q
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A ⇒ I ⇒ B

P ∧ (P ⇒ Q) R⇒ Q

V. D’Silva 3



A ⇒ I ⇒ B

P ∧ (P ⇒ Q) ⇒ Q ⇒ R⇒ Q

V. D’Silva 3



William Craig

V. D’Silva 4



V. D’Silva 5



Theorem 1 (Craig 1957)
Let A and B be closed, first order formulae.

If A⇒ B is valid, there exists a formula I such that

A⇒ I and I ⇒ B and Var(I) ⊆ Var(A) ∩Var(B).

This talk: A and B are propositional formulae.
Observe that A⇒ B iff A ∧ ¬B is unsatisfiable.
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Abstract Interpretation
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Concrete
Domain

Concrete
Semantics

Abstract Domain
and Semantics

Optimal
Abstractions
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Concrete
Domain

{〈Coloured Clause, Formula〉}

Concrete
Semantics

Resolution + Interpolation

Abstract Domain
and Semantics

Restricted Colouring

Optimal
Abstractions

Existing Algorithms
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Interpolation Algorithms: Very Short Introduction
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Resolution

Var Propositional variables: a1, a2, a3, . . .

Literal Variable or its negation: a, a,¬a

Clause Disjunction or set of literals: {x1, x2, x5}

CNF Formula Conjunction or set of clauses: {{a}, {a, b}}

x ∨ C D ∨ x
C ∨D

[Resolution]

V. D’Silva 13



a1 a1a2 a1a2 a1

a2

a1

�
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Daniele Mundici
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Theorem 2 (Mundici 1983)
A polynomial upper-bound on the circuit-size of propositional
interpolants implies that NP∩ coNP has polynomial-size circuits.
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Jan Krajı́ček Pavel Pudlák
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Bounding interpolant-size is hard. Easier to study the
relationship between proof size and interpolant size.

Theorem 3 (Krajı́ček 1997, Pudlák 1997)
If A ∧B is unsatisfiable and has a resolution refutation of size
n, then there is an interpolant I with circuit-size at most 3n.
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A
def
= (a1) ∧ (a1 ∨ a2) B

def
= (a1 ∨ a2) ∧ (a1)

a1 [F] a1a2 [F] a1a2 [T] a1 [T]

a2 [T]

a1 [a2]
� [a1 ∧ a2]

〈x ∨ C, I1〉 〈D ∨ x, I2〉
〈C ∨D, I〉

I1 ∨ I2 if x ∈ Var(A) \Var(B)
(x ∨ I1) ∧ (I2 ∨ x) if x ∈ Var(A) ∩Var(B)

I1 ∧ I2 if x ∈ Var(B) \Var(A)
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If Q(x0) ∧ T (x0, x1) ∧ Err(x1) is UNSAT, there exists I(x1):

Q(x0) ∧ T (x0, x1)⇒ I(x1) and I(x1) ∧ Err(x1) is UNSAT.

Q Img(Q) Err

T

Theorem 4 (McMillan 2003)
There is a purely SAT-based procedure for deciding error
reachability in finite-state systems.
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A
def
= (a1) ∧ (a1 ∨ a2) B

def
= (a1 ∨ a2) ∧ (a1)

a1 [a1] a1a2 [a1 ∨ a2] a1a2 [T] a1 [T]

a2 [T]

a1 [a1 ∨ a2]
� [a1 ∧ a2]

〈x ∨ C, I1〉 〈D ∨ x, I2〉
〈C ∨D, I〉

I1 ∨ I2 if x ∈ Var(A) \Var(B)
I1 ∧ I2 if x ∈ Var(A) ∩Var(B)
I1 ∧ I2 if x ∈ Var(B) \Var(A)
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Questions

Do more interpolation algorithms exist?

What are the properties of the interpolants obtained?

What are quality metrics for interpolation algorithms?
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“Abstract Interpolation”
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∅

A B

AB

x1x2

x1 x2 x1 x2 x1 x2 x1 x2

x1 x2 x1 x2

x1x2

· · · · · ·

Concrete Domain

Colours : S def= {∅,A,B,AB}
Coloured clauses: C → S, a lattice under point-wise order.
Coloured CNF: Set of coloured clauses.
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Concrete Semantics: Coloured Interpolation

Base Case

C|A
def= {x ∈ C|Colour(x) v A}

C

〈C,C|B〉
[C ∈ A]

C

〈C,C|A〉
[C ∈ B]

Interpolation & Resolution

〈x ∨ C, I1〉 〈D ∨ x, I2〉
〈C tD, I〉

I1 ∨ I2 if Colour(x) t Colour(x) = A
(x ∨ I1) ∧ (I2 ∨ x) if Colour(x) t Colour(x) = AB

I1 ∧ I2 if Colour(x) t Colour(x) = B
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A
def
= (a1) ∧ (a1 ∨ a2) B

def
= (a1 ∨ a2) ∧ (a1)

a1 [F] a1a2 [F] a1 a2 [T] a1 [T]

a2 [T]

a1 [(a2 ∨ F) ∧ (T ∨ a2)]

� [a2]

This interpolant cannot be derived with the previously shown
algorithms.
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Locality Preservation
A colouring of a CNF pair 〈A,B〉 is locality preserving if

Every literal in the formula has a non-empty colour.
A literal occurring only in A is coloured A and vice-versa.

Var(A) \ Var(B) Var(A) ∩ Var(B) Var(B) \ Var(A)

A BA or AB or B
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Theorem 5
If 〈A,B〉 is assigned a locality preserving colouring, and 〈�, I〉
is derived with the interpolating resolution rule, then I is an
interpolant for A and B.

Proofs for existing algorithms are all different. Adapt inductive
invariant from [Yorsh and Musuvathi, CADE 2005].

Locality preserving colourings define interpolation algorithms.
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Existing algorithms do not propagate colours. Why?

A colouring is partitioning if all occurrences of a variable have
the same colour.

a1 a1a2 a1 a2 a1

a1 a1a2 a1a2 a1

a1 a1 a2 a1 a2 a1

Abstraction: Every colouring is contained in a partitioning one.
Different partitions define different abstract domains.
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Theorem 6
There is a unique, coarsest partition admitting three locality
preserving colourings.

Var(A) \ Var(B) Var(A) ∩ Var(B) Var(B) \ Var(A)

Dual-McMillan

Var(A) \ Var(B) Var(A) ∩ Var(B) Var(B) \ Var(A)

Huang-Krajı́ček-Pudlák

Var(A) \ Var(B) Var(A) ∩ Var(B) Var(B) \ Var(A)

McMillan
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B I1 ∧ I2

AB (x ∨ I1) ∧ (I2 ∨ x)

A I1 ∨ I2

∅

⇑

⇑

Order colours by strength of the formulae obtained.
Lift point-wise to an order on coloured clauses.
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Theorem 7
The set of locality-preserving colourings form a complete lattice
with respect to the strength order.

Var(A) \ Var(B) Var(A) ∩ Var(B) Var(B) \ Var(A)

McMillan

Var(A) \ Var(B) Var(A) ∩ Var(B) Var(B) \ Var(A)

Huang-Krajı́ček-Pudlák

Var(A) \ Var(B) Var(A) ∩ Var(B) Var(B) \ Var(A)

Dual-McMillan

⇑

⇑
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What else is in the paper?

Dual of a colour and interpolation algorithm.
Proofs of the optimality for partitions and strength use
order-theoretic arguments.
Smallest and largest set of variables appearing
syntactically in an interpolant (underlying colourings are
not partitioning).
Standard resolution is an abstraction of
interpolating-resolution. In fact, it is an α-complete
abstraction.
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Summary

Different interpolation algorithms exist.
Algorithms are defined by colouring functions.
Study properties of algorithms by studying colourings.
Existing algorithms are two of three residing in the
coarsest abstraction.
Huang-Krajı́ček-Pudlák algorithm is the most abstract with
respect to colouring order.
McMillan’s algorithm produces strongest interpolants.
Every algorithm has a dual.
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The End
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Properties of Colourings

Locality preserving colourings are a join-semi-lattice.
Locality is not preserved under meet.
Every colour has a dual. The dual of A is B, and vice-versa
and AB and ∅ are self-duals. Duality extends point-wise to
labelling functions.
If I is the interpolant for 〈A,B〉 obtained with an colouring,
the dual colouring yields ¬J where J is the interpolant for
〈B,A〉.
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Huang-Krajı́ček-Pudlák Method

〈x ∨ C, I1〉 〈D ∨ x, I2〉
〈C ∨D, I〉

I1 ∨ I2 if x ∈ Var(A) \Var(B)
(x ∨ I1) ∧ (I2 ∨ x) if x ∈ Var(A) ∩Var(B)

I1 ∧ I2 if x ∈ Var(B) \Var(A)

McMillan’s Method
〈x ∨ C, I1〉 〈D ∨ x, I2〉

〈C ∨D, I〉

I1 ∨ I2 if x ∈ Var(A) \Var(B)
I1 ∧ I2 if x ∈ Var(A) ∩Var(B)
I1 ∧ I2 if x ∈ Var(B) \Var(A)
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