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Abstract

This dissertation studies the category-theoretic semantics of typed programming
languages. It is known that Freyd-categories provide sound and complete semantics
for the computational lambda calculus, but a detailed description of the direct model
and its corresponding proofs are not present in the literature. The main contribution
of this project is the direct formalization of the interpretation of the semantics of the
computational lambda calculus in Freyd-categories and the syntactic Freyd-category
of the computational lambda calculus and providing detailed proofs of soundness
and completeness, and a free property showing that the computational lambda
calculus is an internal language of Freyd-categories, as well as the description
of a semantically justified translation from the computational lambda calculus

to the monadic metalanguage.
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Introduction

1.1 Background

Denotational semantics aims to describe the meaning of programming languages by
describing programs with mathematical objects. The denotation of a programming
language term is built up inductively from the denotation of its subterms, i.e.,
compositionally. The study of such mathematical descriptions can be helpful in
understanding programming language concepts in an implementation-independent
way, which can be useful in programming language design. It can also be used to
formally prove statements about the behaviour of programs, which can be useful
in formal program verification.

We can, for example, use a sufficiently faithful mathematical description to prove
that two program terms are contextually equivalent, i.e., that we can replace one

with another in any program and the observable outcome does not change. Such
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a statement can be hard to prove syntactically, but with a sound and adequate
denotational semantics, it reduces to checking that the corresponding mathematical
descriptions agree as in [21I]. Studying contextual equivalence can be used in
optimizing compiler design to find and justify optimizations that do not change
the semantics of the program, for example, as in [7].

One well-known result of denotational semantics is that cartesian closed categories
(CCCs) provide a sound and complete semantics for the simply-typed lambda
calculus [10]. While such a result is significant from a denotational semantics point
of view, it also has category theoretic significance. It shows that the simply-typed
lambda calculus provides an internal language for CCCs, and we can use it to
prove statements about CCCs using the language of the simply-typed lambda
calculus [4, Chapter 4].

However, the simply-typed lambda calculus (STLC) is a completely effect-free
programming language, which makes it impossible to model certain programming
language features, and hard to model others.

The monadic metalanguage (Ay) is an alternative to the simply-typed lambda
calculus, which extends it with monads, a general method of adding computational
effects, such as printing, reading data or state. In the monadic metalanguage,
side-effecting computation has to be explicitly “marked” with monads, similarly
to how it would be done in Haskell. The corresponding denotational semantics
result is that CCCs with a strong monad provide a sound and complete semantics
for the monadic metalanguage [19].

However, in many commonly used programming languages, that is not how side
effects are handled: in languages such as OCaml [11], side-effecting computation
does not need to be marked explicitly. A different modification of the simply-
typed lambda calculus, the computational lambda calculus (A¢), is often used to

model that treatment of side effects.
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It is known that Freyd-categories provide sound and complete semantics for the
computational lambda calculus. The result is sketched in [24], and [13] proves it by
a translation of the computational lambda calculus into another language, fine-grain
call-by-value, but a direct semantics and a detailed, formal proof of soundness and

completeness are not presented in either.

1.2 Outline and contribution of the dissertation

Chapter [2| contains a short review of the category-theoretic interpretations and
corresponding syntactic models of the simply-typed lambda calculus in CCCs.
Chapter [3| summarizes the corresponding result for the monadic metalanguage
and CCCs with a strong monad.

Chapter[d] contains a detailed description of the interpretation and syntactic model
of the computational lambda calculus in Freyd categories, with the corresponding
proofs of correctness.

Chapter [5| describes and proves how to synthesise a semantically-justified trans-
lation from the computational lambda calculus to the monadic metalanguage. The
computational lambda calculus can be regarded as a minimal model of Ocaml, and
the monadic metalanguage as a minimal model of Haskell, so such a translation can
have real-life relevance as it can inform a translation of Ocaml to Haskell.

The main contribution of this dissertation is hence three-fold. Firstly, it is
the explicit formalization of the direct syntactic model of A¢ in Freyd-categories.
Secondly, it is the formal proof of correctness which is often omitted when similar
results are claimed, such as in [13]. Soundness is proved in Theorem [11] Theorem
proves that the claimed syntactic closed Freyd-category is indeed a closed Freyd-
category, and Theorem [13| uses these results to prove a certain free property. And

thirdly, it is the translation and its justification (Theorem from the computational
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lambda calculus to the monadic metalanguage.

1.3 Related work

The untyped lambda calculus is a Turing-complete model of computation introduced
by Church [2]. The simply-typed lambda calculus is a typed, terminating fragment
of that, also introduced by Alonzo Church [3]. The simply typed lambda calculus
was related to CCCs by Lambek [9]. Until that observation, denotational semantics
were largely built on sets and functions.

The monadic metalanguage and its denotational semantics in CCCs with strong
monads have been introduced by Moggi [19]. The idea of using monads to organise
effects has been a particularly influential one and informed the design of many
modern functional programming languages such as Haskell or Agda.

The computational lambda calculus and its denotational semantics in cartesian
categories with a strong monad and Kleisli-exponentials are also due to Moggi [18§].

Freyd-categories were introduced and related to the computational lambda
calculus by Power and Thielecke [23], [24]. A semantics for the fine-grain call-by-
value model in Freyd categories and a description of its relation to the computational

lambda calculus is presented in [I3] by Levy, Power and Thielecke.



Simply-typed lambda calculus and

cartesian closed categories

This chapter is a short summary of the simply-typed lambda calculus, cartesian closed
categories, and the interpretation of the former in the latter. It outlines the key results
and concepts and serves as background for understanding the main results from

Chapters [4 and [5] Proofs for standard results are omitted, for more detail, see [4].

2.1 Simply-typed lambda calculus

The simply-typed lambda calculus (STLC) is a simple, fully functional programming
language that, unlike the untyped lambda calculus, is not Turing complete, and can
only describe terminating programs [25]. Nonetheless, it is an important starting

point to understanding programming languages and building more complex models,
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as we will see in the following chapters.
In this dissertation, we work with a version of the STLC parameterized by a

signature, with a unit type we denote by 1, products, and functions.

Definition 1 (Signature for the STLC). A signature S for the STLC consists of a
set Syype of base types, and a set Sconst describing the constants. Sconst has elements

(¢, ) where ¢ is the name of the constant and T is a STLC-type. A

Definition 2 (Types of the STLC). The types of the STLC are given by the following
grammar

Tiizﬂ‘l‘T1XT2‘Tl—>7'2

where B € Sype Tanges over the given base types. A

Definition 3 (Terms of the STLC). The terms of the STLC are given by the

following grammar

E = x | C | () | <E1,E2> | 7TZ‘E | )\CL’E | ElEQ

where ¢ ranges over the given constant symbols, i.e., (¢,T) € Seonst for some 7. A

The typing rules are described in Figure In the typing rules we use a context
(often denoted by I'), which is an ordered list of pairs of variables and types.

The equations of the STLC are defined in Figure 2.2 These describe the
semantics of the STLC, and are the minimal congruence generated by the g and
n-rules familiar from the untyped lambda calculus. The [S-rules describe how the
programs reduce, and they correspond to the intuition that the meaning of a program
should be preserved if we take one step in the operational semantics. The n-rules
describe the extensionality of the STLC.

In what follows, we write terms to represent the a-equivalence class that they

belong to, eg., x : 1F Ayyr : (1 - 1) > land z: 1 F dwwz : (1 - 1) = 1
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(var)
T1:Tl, e Ty T Ty

(Cu T) € Sconst
I'ke:r

(const)

FI—E:7'1><7'2( oi)
TFmE:7,

Fl_EIZTl F}_EQITQ
F|_<E1,E2>IT1X7'2

(pair)

Ne:mkEE:n
' e E:m —n

(abst)

F|_E1:’7'1—>7'2 Fl_EQZTl(a )
F|_E1E2:7—2 pp

Figure 2.1: Simply-typed lambda calculus over a signature

represent the same terms. We use Ej[r — Es] to denote the capture-avoiding
substitution of the free variable x in the term £, with the term FE5. As these are
standard practices for working with the lambda calculus, these are not detailed

here, for more detail see [14].

2.2 Cartesian closed categories

Definition 4 (Terminal object). In a category C, an object 1 is a terminal object

iff for every object X there is a unique morphism!: X — 1.

A

Definition 5 (Binary product). In a category C, given two objects Ay, Ay, the

binary product of Ay and Ay (if it exists) is an object Ay X Ay, and two morphisms:
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Fl_EliTl F'_EQZTQ 16{1,2}

CFm(Ey, E) =E;: 7 (prods3)
Ne:mbEE :m I'EEy:n
'+ ()\J,‘El)EQ =F [iC — EQ] P To (fnﬁ)
I'FE:7 Xny
P {(mE mE)=FE:17 X7 (prodn)
I'-E:7 — 1 xisfreshin £
'FXNeFr=E:11 —>n (fun)
'-F:1
r'E()=FE:1 (unit)

Together with the equivalence relation rules (reflexivity, symmetry, transitivity),
and congruence rules for each constructor.

Figure 2.2: Equations of the STLC

m o (A X Ag) — Ay and my 1 (A; X As) — As, such that for any object X,
and any morphisms f1 : X — Ay, fo : X — Ay, there is a unique morphism

(f1, f2) : X = (A1 x Ag) such that my o (fy, fo) = fi and a0 (f1, f2) = fa.

Al <7T71 A1 X AQ L A2
(f1:f2)

2

f1
X

A

Definition 6 (Exponential). In a category C in which all binary products exist,
given two objects Ay, Ay the exponential (if it exists) is an object Ay = As together
with a morphism eval : ((A; = As) x Ay) — Ay such that for any object X and

morphism [ : X x A; — As, there is a unique map A(f) : X — (A1 = Ay) such
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that the following diagram commutes.

(Al :>A2) XAl Lal) A2

A ;
X X Al

A

Definition 7 (Cartesian closed category). A cartesian closed category (CCC) is
a category with a terminal object, where all binary products, and all exponentials

exist. A

Note that a cartesian closed category might have multiple possible choices for
products and exponentials, in what follows, when referring to a particular CCC,

we assume a particular choice of products and exponentials.

Example 1. The category Set where the objects are sets and the morphisms are
functions between sets is a cartesian closed category. The terminal object is the
one-element set. Given two objects corresponding to sets X, and Xs, their binary
product object is given by the Cartesian product X1 X Xs, and their exponential

object is given by the set of all functions from X to Xs. A

2.3 Connection

An interpretation is a mapping from the types and terms of a programming language
to mathematical objects. In our case, the types will be mapped to objects in a
category, and the typed terms will be mapped to morphisms.

An interpretation [—] of a typed language L is sound with respect to an equational

theory ' H — = — . 7, iff

CEMy=My:7)= ([['F M, :7] =['F M, :1]).
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An interpretation [—] of a typed language L is complete with respect to an

equational theory I' m — = — : 7, iff

(ICEMy:7]=["FMy:7])= (' M, = My :T).

Subsection describes an interpretation of the STLC that is sound with
respect to the equational theory from Figure 2.2] Subsection [2.3.2] then describes
the syntactic CCC of the STLC, i.e., a CCC that is “built from” the syntax of the
STLC and the equations, and in which interpretation of the STLC is complete.

The existence of this CCC proves the following completeness result of inter-
pretations of the STLC in CCCs: if the interpretation of two terms agrees in all
CCCs, they are equal with respect to the equational theory. Together with the
soundness result, this proves that two terms are equal with respect to the equational
theory iff their interpretations agree in all CCCs.

Subsection formalizes the free property the interpretation of the STLC

in the syntactic CCC has.

2.3.1 Interpretation of the STLC in CCCs

Definition 8 (Interpretation of a signature in a CCC). Given a signature S =
(Stype, Sconst), and a CCC C with chosen products and exponentials, an interpretation
of S in C is a map iyype : Spype — 00(C) extended to a mapping of all types to objects
as in Figure and @ map iconst that maps a constant (¢, 7) € Seonst to a morphism
1 — [r] in C, that is extended to a mapping from all terms of the STLC with that

signature, as in Figure[2.3 A

Note that this interpretation maps types to objects and terms I' = E : 7 with con-

text I' = [z1 : 71,22 : To, ... Xy, ¢ Ty] to morphisms from [((73 X 72) X ... ) x 7,] to [7].
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[5] = Z'ltyzae(ﬁ)

[1] =1
[r1 x o] =[] X [72]
IITl — 7'2]] = IITl]] = [[7'2]]

[0l =1
[z 7, coxn ] = (([1] x [r2]) x-.0) X [7]
[Tt c: 7] =dconst(c, T)o!
[0+ 2 7] = ([T 5 [7])
[FF0:1] = (I = [7])
[TEXe.E:mp — 1] =A (HP]] x [m1] M [[7'2]]>

[r1)
EEmm ] x [] > )

([CFE1:m1—72],[TF E2:72]) eval )

([CFE1:71],[THE2:r2])

[CF (B, ) : 11 x 7] = ([[r]]

ﬂ:FFE T1 XTQ]]

[[FI—mE:n]]-(

[T'F BBy 7] = ([[F]] ([n] = [m]) x [n] — [l

Figure 2.3: Interpretation of the STLC in a CCC

Theorem 1. The interpretation of the STLC in any CCC, described in Definition

8, is sound with respect to the equational theory described in Figure[2.3 N

2.3.2 Syntactic CCC of the STLC

Given a signature S, the syntactic CCC of the STLC with that signature is the

category F[S] with:
e Objects given by types of the STLC.

e Morphisms between objects 7 and 75 given by equivalence classes of well-
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typed terms E of the STLC with a fixed variable x,

r:m b E:m,

quotiented by a-renaming and the equational theory described in Figure [2.2]

Note that for clarity, we abuse notation by using different variable names

x,T1,%2,...,Y... for naming the one fixed variable.
o Identity morphism of an object 7 is given by z : 7 F z : 7.

o Composition is given by substitution:

<y2T2|_E22T3>O(‘TIT1}_E1ITQ)I(ZL’iTl'_EQ[’yHEl]IT3).

Theorem 2. F[S] is a CCC. O

There is a natural interpretation ¢ of the STLC in F[S] with

uB)=p for B in Syype

e)=(Fc:7) for a constant ¢ of type 7 in Sconst-

extended to all types and terms as in Definition [§

Theorem 3. The interpretation v of the STLC in F[S] is complete with respect to

the equational theory described in Figure[2.9

Proof. This statement holds by the definition of the category, as two terms x : 7 F
Ei:mand z: 7 b Ey: 75 are in the same equivalence class iff x : 7 + Fy = Es :

T2. ]
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For more on the STLC and CCCs, see Chapter 4 of Categories for Types [5].

For a full proof of the soundness and completeness stated in this chapter, see [6].

2.3.3 Free property

Definition 9 (Strict cartesian closed functor). Given two cartesian closed categories
C1,Cy with chosen products and exponentials, a strict CC-functor C; — Cy is a
functor F' : C; — Cq that strictly preserves cartesian closed structure, i.e., for any

objects 11, T2, T, and morphisms fi, fa, f, and for i € {1,2},

F(le,) = 1c,
F(m X¢, 72) = F(11) X¢, F(12)
F(r =¢, ) = F(11) =¢, F(m)
F(ig,) =1¢,”
F(r)

F(ﬂ-gl,i) = 7TC2,i

F({f1, fa)e,) = (F(f1), F(f2))c,

F(evaly ) = evals™”
F<AC1(f)) :ACQ(F(f)) A

Definition 10 (Free CCC over a signature). Given a signature S = (Syype, Sconst)
a CCC F|S8] is free over S iff there exists an interpretation v of S in F[S] such
that for any CCC C, and any interpretation F' of S in C, there is a unique strict

CC-functor F* such that the following diagram commutes:
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i.e., for any B € Siype, F7(1(B)) = F(B) and any ¢ € Seonst, F7(1(c)) = F(c). A
To motivate calling it free, consider the following adjunction.

Definition 11 (Restricted signature for the STLC). A restricted signature for the
STLC S consists of a set Syype of base types, and a set Sconst describing the constants.

Sconst has elements (c, T) where ¢ is the name of the constant and T € Syype. A
Note that unlike before, constants cannot be of arbitrary types, only of base types.

Definition 12 (Sig™). Let Sig™ be the category of restricted signatures: the objects
are restricted signatures of the STLC, and a morphism from (Siyype1,Seconsta) to
(Stype,2s Sconst.2) s a mapping of base types Fiypes : Stypen — Stype2 and a mapping

Of constants Fconst : Sconst,l — Sconst,? TeSpGCting the types. A

Definition 13 (CCC). Let CCC be the category of CCCs: the objects are small
CCCs with chosen products and exponentials and the morphisms are strict cartesian

closed functors. A

Given C € CCC, let UC € Sig be the underlying signature of C, in particular, let
UC = (Stypesasconst> where Stypes = Ob(C) and Seonst = UXeob(c) UfeC(l,X){<f , X )}7
i.e., we choose all types as base types and all morphisms from the terminal object
to a base type as constants.

For this special case of restricted signatures, we can rephrase the uniqueness
requirement in Definition [10| as follows: for any S € Sig™,(F[S],¢: S — UF#S) is
such that F[S] € CCC and for any C € CCC and functor F : S — UC, there is a

unique F# : F[S] — C in CCC such that the following diagram commutes in Sig™~:
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This is exactly the universality condition of the following adjunction.

U
VRS

Sig~ T CCC
~_ 7
Fl-]

Our construction is more general as it allows for constants of any type, but this

restricted case illustrates the reason for naming it free.
Theorem 4. F[S| with ¢ is the free CCC over S.

Proof sketch. F[S] is a CCC by Theorem [2]

F# is a mapping from objects and morphisms of F[S] so from types and
equivalence classes of typed lambda terms (with a one-variable context) to objects
of C.

The requirement that the above diagram commutes enforces the behaviour of
F# on base types. The requirement that F'# is a CC-functor extends the behaviour
to the terminal object, products and exponentials. Similarly, the requirement that
the above diagram commutes enforces the behaviour of F# on constants, and we
can inductively extend this to all morphisms using the requirement that F7# is
a CC-functor. Hence if such an F# exists, it is unique, and it maps on object
corresponding to the type 7 to [7] and a morphism corresponding to x : 7 F E : 7
to [x : 7 F E : 1] for the interpretation of the STLC with that signature as defined
in Definition [§

Now Theorem [I] can be used to see that this gives a well-defined functor on
morphisms, i.e., that if two terms correspond to the same morphism in F[S], i.e., if
they are equivalent in the congruence from above, then they are mapped to the same
object by F[S]. Finally, it remains to check that F# is indeed a strict CC-functor:
preservation of composition can be proved by induction on the second morphism of

the composition and preservation of identities, strict preservation of the terminal
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object and binary products all follow directly from the definition of F7#. O



Monadic metalanguage and cartesian

closed categories with a strong monad

This chapter is a short summary of the monadic metalanguage, strong monads, and

the interpretation of the monadic metalanguage in CCCs with a strong monad.

3.1 Monadic metalanguage

The monadic metalanguage (A1) was introduced by Moggi [19] as a minimalist
programming language that allows for the modelling of side-effecting computation.
It extends the STLC by adding a new type constructor 7" that describes monadic
computation. Intuitively, a computation of type T'T means a computation of type
7 that potentially has side effects of kind T'.

This treatment of side effects is similar to that of Haskell, where a print function

21
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has type putStrLn :: String -> I0 (). Here I0 has the same role as the
monad 7' in our metalanguage.

To combine monadic computations, we can use the let-binding in our language:
let © <= E; in Fsy corresponds to the intuition of “perform the computation of E;
together with all its side effects, bind the resulting value of F; and perform the com-
putation Fy with the resulting value substituted for z”. The corresponding operator

in Haskell is »=, for example, we could combine two printing operations as follows:
putStr "hello " >>= (\ x -> putStr "world")

(Note that here x will be bound to the result of the first putStr statement, which
has type () and we do not use it in the second putStr statement.)

In the monadic metalanguage, to create a monadic term of type T'7 from a
term of type 7 without adding any actual side effect, we can use the [—|r construct.

This corresponds to return in Haskell.
(return () >>= (\x -> putStr "hello world")

A signature for the monadic metalanguage is similar to that of the simply-typed
lambda calculus: a set of base types and a set of constants, but now these might have
a monadic type. For example, a possible signature could be Sy, = {bool, string},

Sconst = {(true,bool), (false,bool), (print, string — 7'1)}.

Definition 14 (Signature for An;). A signature for Ay, S consists of a set Sype of
base types, and a set Seonst describing the constants. Seonst has elements (¢, T) where

¢ is the name of the constant and T is a monadic metalanguage type. A

Definition 15 (Types of \y). The types of the monadic metalanguage are given by

the following grammar

Tuo=p|1|Tr | X1|1 =7
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(var)
T1:Tl, e Ty T Ty

(Cu T) € Sconst
I'ke:r

(const)

FI—E:7'1><7'2( oi)
TFmE:7,

Fl_EIZTl F}_EQITQ
FF<E17E2>IT1X7'2

(pair)

I'EE:T
CE[Elr:TT

(return)

I'-E:Try Dyx:mbE Ey:Tn

I'Flet < E;in By : Ty (let)
Ne:mbEE:m
I'EXe B — 1 (abst)
Fl_EllTl%TQ Fl_EQITl(a )
TF EEy: 7 PP

Figure 3.1: Monadic metalanguage

where B € Sype ranges over the given base types. A
Definition 16 (Terms of the monadic metalanguage). The terms of the monadic
metalanguage are given by the following grammar

Ex=ua|c| ()| (B, ) | mE | e.E| E\Ey | [Elr | let x <= Ey in Ey

where ¢ ranges over the given constant symbols, i.e., (¢,T) € Seonst for some 7. A

The typing rules are described in Figure [3.1]
The equations of A\, are defined in Figure They differ from the rules for
the STLC by the addition of the (letg), (letn) and the (assoc) rules.
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Fl_EllTl F'_EQZTQ 16{1,2}

CFm(Ey, E) =E;: 7 (prods3)
Ne:mbEE :m I'EEy:n
'+ ()\IEl)EQ =F [iC — EQ] P To (fnﬁ)
'-Ei:m Lyx:mb Ey:m
['Flet x < [Ei]r in Ey = EyJx — Ey]: 7 (letB)
I'EE:m Xn
'E(mE,mE)=E:7 X (prodn)
I'EE:17 — 7 xnotfreein E
' XeEx=FE:1—n (fan)
'-E:Tt
F'Fletx < Fin [zl =FE: Tt (letn)
'EE:1
r()=FE:1 (unit)

F"EliTTl F,ZL'ITll_EgZTTQF,yZTQ}_EgiTTg
I'Flet y < (let x < E; in Ey) in B3 =
letx<:E1 in (lety<:E2 in Eg)ZTTg

(assoc)

Together with the equivalence relation rules (reflexivity, symmetry, transitivity),
and congruence rules for each constructor.

Figure 3.2: Equations of Ay

3.2 Strong monads

The previous section introduced monads as a programming language concept. This
section presents monads in category theory. It presents them in Kleisli form, which
is equivalent to their standard definition [16] but, as we will see later, aligns more

directly with monads in the monadic metalanguage.

Definition 17 (Monad in Kleisli form). Given a category C, a monad in Klesli form

is a triple (T,n, (-)1), where:

o T :0b(C)— 0b(C)
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o for each object X, nx € C(X,TX)
e for all pairs of objects X,Y, ()&Y C(X,TY) - C(TX,TY)

satisfying the following axioms:

. 1k =idx
« flonx=Ff
« ghoft=(g"0 f)N. A

The following theorem illustrates the importance of monads from a category-

theoretic point of view.
Theorem 5. [1] Every adjunction L 4 R gives rise to a monad R o L. O

Definition 18 (Strength of a monad). Given a monad (T, n, (-)'), a strength for T

s a natural transformation with components

stap: AxTB —T(Ax B)

satisfying the strength azioms from [§]. A
Definition 19 (Strong monad). A strong monad is a monad with a strength. A

As we will see below, strong monads can be used to describe the semantics
of the monadic metalanguage. In particular, n corresponds to returning a value,
i.e., making a monadic term from a term without adding any side effects, and (-)T
corresponds to sequentially composing computations. The strength of a monad then
describes how to combine a term and a monadic term into a single monadic term.

As an illustration of the strength of a monad, consider the following theorem.
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Theorem 6. [17] Every monad in Set with the Cartesian product has a unique

strength given by

stx,y (7, Ym) = T(Ay.(2,9)) (Ym)-

3.3 Connection

This section describes how to extend the results for the STLC and CCCs to the

case of the monadic metalanguage. The results are due to Moggi [19].

3.3.1 Interpretation of the monadic metalanguage in CCCs

with a strong monad

Definition 20 (Interpretation of a signature in a CCC with a strong monad).
Given a signature S = (Stype, Sconst), and a CCC C with chosen products and
exponentials and a strong monad (T,n, (-)T,st), an interpretation of S in C is a map
itype * Stype — 0b(C) extended to a mapping of all types to objects as in Fz'gure
and a map icons that maps a constant (¢,7) € Seonst to a morphism 1 — [7] in C,
that is extended to a mapping from all terms of A\ with that signature, as in Figure

5. 3. A

Theorem 7. [19] The interpretation of A in any CCC with a strong monad,

described in Definition [20] is sound with respect to the equational theory described in
Figure 3.2, O
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[8] = itym(ﬂ)
[1] =1
[m1 x o] =[] X [72]
[n — ] =[n] =[]
[T7] = T[]

[0] =1

[x1: 71, cxn ] = (([1] x [r2]) x --0) X [7]
[T'Fc: 7] =dconst(c, 7)o!
[T+ 2] = (0] =5 [n])
-0 1= (1] 5 [1)
[TEXe.E:m = 7w =A ([[F]] X [1] M [[7'2]])

[T+ (B Ba) s my x ] = ([ 22, )

[T+mE:n] = ([[F]] B xrl, [m] % [r2] = [[Tz]]>
[T+ ELEy: ] =
(1ry L2l EED, () = fr]) x [n] <% [])
[CF[Elr:Tr]=n-o[l'F E:7]
[THlet z < By in By : T = [T,z : 1 F By : Tr] o sty 0 (id, [T F By : 71])

Figure 3.3: Interpretation of the monadic metalanguage in a CCC with a strong monad

3.3.2 Syntactic CCC with strong monad of the Monadic
Metalanguage

Given a signature S, the syntactic CCC with a strong monad of A, with that

signature is the category F[S] with:
e Objects given by the types of the A,,.

o Morphisms between objects 7 and 7, given by equivalence classes of well-
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typed terms E of A\, with

x:m b FE Ty,
quotiented by the equational theory above.
o Identity morphism of an object 7 is given by z : 7 F 2z : 7.

o Composition is given by substitution:

(y:mb Ey:m)o(z:m b Ey:m) = (x:m b Ey— Ei]:13).

« The monad is given by (T, 7, (-)) where

= (x: 7k [z]p:T1)

(z:mFE:Tn) =(@:TrnFletz<yin E:Tn).

o The strength of the monad is given by

Strym = (217 X Ty Flet 2 <= mx in (mz, 2) : T(1 X 72)).

Theorem 8. FI[S] is indeed a CCC with a strong monad. O

There is a natural interpretation ¢ of the monadic metalanguage in F|[S] with

up)=2p for 5 in Syype

e)=(Fc:7) for a constant ¢ of type 7 in S.ppnsi-

extended to all types and objects as in Figure [3.3]

Theorem 9. The interpretation ¢ of the monadic metalanguage in F[S| is complete

with respect to the equational theory described in Figure[3.2,
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Proof. As before, this holds by the definition of the quotienting. O

3.3.3 Free property

The free property of the interpretation of A\, is similar to that of the STLC.

Definition 21 (Strictly preserving a strong monad). Give cartesian categories with
strong monads (Cy, Ty, m, (1)1, sty) and (Co, To,m2, (1)12,st2), a functor F : C; — Co

is said to strictly preserve the strong monadic structure if for all objects 7,7, Ty,

F(Ti(r)) = To(F(1))
F(m,z) = no,pr
F((N)) = (F(f)F

F(8t17,m,) = Stop(r),Fro- A

Definition 22 (Free CCC with a strong monad over a signature). Given a signature
S = (Stypes Sconst) a CCC with a strong monad F[S| is free over S iff there exists
an interpretation v of S in F[S| such that for any CCC with a strong monad C,
and any interpretation F' of S in C, there is a unique strict CC-functor F' strictly

preserving the strong monadic structure, such that the following diagram commutes:
Fls) 5 ¢
1 A4
S
i.e., for any B € Siype, F7(1(B)) = F(B) and any ¢ € Seonst, F7(1(c)) = F(c). A

Theorem 10. F[S] with ¢ is the free CCC with a strong monad over that signature.
O]
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Computational lambda calculus and

Freyd-categories

This chapter describes and proves the relationship between the semantics of compu-
tational lambda calculus and closed Freyd-categories. While it has been known that
closed Freyd-categories provide sound and complete semantics of the computational
lambda calculus, the detailed description of the interpretation and the syntactic
closed Freyd-category, and the required proofs are original work. The key to the

abbreviations used throughout this Chapter is available in Appendix [A]

4.1 Computational lambda calculus

The computational lambda calculus is a simple programming language introduced by

Moggi [18] as a generalization of the STLC that allows for modelling side-effecting

31
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computation. Its structure is similar to that of the STLC and A, but unlike the
STLC, it is not necessarily pure, and unlike the A\, side-effecting computations

do not need to be treated differently in syntax from pure expressions.

Definition 23 (Signature for the computational lambda calculus). A signature for

the A\¢ S consists of:
o A set Syype of base types.

o A set Sprim describing the pure constants. Sprim has elements (¢, T) where ¢ is

the name of the constant and T is a computational lambda calculus type.

o A set S.pop describing the effectful constants. S.fop has elements (¢, ) where ¢

is the name of the constant and T is a computational lambda calculus type.
A

The types of the computational lambda calculus are exactly the same as

those of the STLC.

Definition 24 (Types of \¢). The types of the computational lambda calculus are

given by the following grammar

TIIIﬂ‘l‘T1XT2|Tl—>TQ

where B € Sype Tanges over the given base types. A

We introduce a new concept: intuitively, values are terms that do not have
side effects. Note that this definition differs from the definition of values often
used for the untyped lambda calculus, where values are those terms that do not
reduce. In this case, values also include complex values [12], terms that reduce,

but do not have side effects, such as m((), z).
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Definition 25 (Terms of A¢). The terms of the computational lambda calculus are

given by the following grammars of values and general computations

V=l cprim | )| 7V | (Vi,Va) | let x <=V in Vy | Ao M

M = cepop | V | ma M | (My, Ms) | let & <= My in My | My M,

where Cprim Tanges over the given pure constant symbols, i.e., (Cprim,T) € Sprim for
some T, and Cefop Tanges over the given effectful constant symbols, i.e., (Cefop, T) €

Sefop for some T. A

Note that an expression might not have side effects, and still might not be
generated by the V' grammar, for example, if it is of the form (Az.V;)Vs. This
is not a problem as V is simply a helper construct and we will see later, that
in that case, an equivalent expression (in the above case Vs[z +— V;]) might be
generated by the value grammar.

Note also that in A, every variable is pure, unlike in A, where variables could
have monadic types and hence correspond to potentially side-effecting computation.

The typing rules, described in Figure [4.1] are also similar to those of the STLC,
with the exception of the (let) rule, and the rules for constants.

The equations of \¢ are described in Figure 4.2l These differ from the STLC
ones in multiple points. In particular, in the  and [ rules of products and functions,
and in the (unit) rule, some of the terms are restricted to be values. The fnS-rule is
restricted to values to achieve a call-by-value semantics, i.e., a semantics where the
values are computed before substituting them. Note that if a term does not have
side effects (such as all the term of the STLC), while it makes a difference in the
operational semantics whether we compute the term before or after substitution,
it does not make a difference semantically. However, with side effects, it does, as

it affects when and how many times the side effects are performed. Similarly, the
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(var)
T1:Tl, e Ty T Ty

(C, T) € Spm'm .
TTheir P

(¢, 7) € Sefop

I'ke:r (efop)

W (unit)

Fl_M:TleQ(r )
TFmM:z 0

Fl_MliTl F}_MQ:TQ
F"(Ml,M2>ZT1X7'2

(pair)

F"MliTl F,ZEZTll_MQZTQ

I'klet < M;in My : 1y (let)
Fe:mbEM:m
'XeM:m — (abst)
F}_MliTl%Tg Fl_MQITl(a )
F}_MlMQZTQ PP

Figure 4.1: Typing rules of \¢

prodf specifies that we first compute the product, and only project out the correct
position after it, and the let[ specifies that for a let-binding let x <= M; in M, we
want to compute M; before substituting it for  in M. We restrict certain terms in
the n-rules to values to remain sound with respect to contextual equivalence.
The (letn), (let3) and (assoc) rules are newly added as we have newly added
the let construct. The (compproj), (comppair) and (compapp) rules are also new,
intuitively, these describe how these constructs interact with side-effecting terms.
Note that these equations also explicitly describe which order the terms are evaluated

in. For example, the (comppair) rules specifies that (M, M) should semantically
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agree with let z <= M; in (let y <= M, in (z,y)), so these equations specify that

the left position should be evaluated first in a product.

4.2 Freyd-categories

Freyd-categories were introduced as a model of languages with side effects [23].
Intuitively, premonoidal categories are better suited to modelling side effects than
monoidal categories (such as cartesian categories), because they allow us to explicitly
describe that side effects do not commute, as (f ® id) o (id ® g) does not in general
equal (id ® g) o (f ®id). This is required as for example printing hello and
then world should have different semantics than the other way around. Freyd-
categories formalize the intuition that non-side-effecting expressions, i.e., values, do
commute (so they can be modelled by a cartesian category V), but computations,
in general, satisfy a weaker structure (and form a premonoidal category C instead),
and every value can be regarded as a general computation (so we have a structure-

preserving functor J : V. — C).

Definition 26 (Binoidal category). A binoidal category is a category C together

with:

for any two of objects X, Y of C, an object X @ Y of C
o for any object X, a functor X x — such that for any object Y, X xY = X®Y

o for any object X, a functor — x X such that for any object Y, Y x X =
Y ®X. A

For simplicity, for a morphism f we denote X x f by id ® f when X is clear.

Similarly, we also denote f x X by f ® id.
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r-v:.n e:mnbEM:n

Fkletz<=VinM=Mz—V]:n (lets)
'EVi:m THEV:m i€{1,2}
Em(Vi, Vo) =Viim (prodp)
'cVin TINe:nbEM:n
XMV =Mz—V]:n (fnp)
'=M:t
'Fletr<<=Minz=M:71 (letn)
'V xmn
PE(mV,mV)=V in xn (prodn)
I'-V:rn — 1 xisnotfreein V
FrEXeVe=V:in—n (fon)
'cEy:m Do nbEin Ty:nbEE:r
. . (assoc)
I'Flet y <= (let x <= Ey in Ey) in B3 =
let v <= Ey in (let y <= Ey in E3) : 73
rev:i1 i
THO)=V:1 (tmit)
PEM:mxm i€{l,2}
'-mM=let x <= M in mjx : 7; (compproj)
F"MliTl FI_MQ:TQ (Comppair)

I'F (M, M) =
let <= M; in (let y <= My in (x,y)) : 71 X 7o

F"MliTl—>7'2 F'_MQ:Tl
' MMy =let o <= My in (let y <= My in zy) : 7 (compapp)

Together with the equivalence relation rules (reflexivity, symmetry, transitivity),
and congruence rules for each constructor.

Figure 4.2: Equations of A¢
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Definition 27 (Central morphism). In a binoidal category C, f : X1 — Y is a

central morphism ff for any morphism g : Xo — Y5 the following diagrams commute:

X1 Xg

X1 ® Xo X10Y,

fNXQJ lfxyz

Yl@XzTYN@YQ

and

gx X3

X ® X, Yo ® X,

XQNfJ/ JYzﬂf

Xo®0Y: T’YQ@)YL

A

Definition 28 (Premonoidal category). A premonoidal category is a category C

with:
e an object |

e a natural transformation a with components
axyz: (X®Y)®Z - X (Y ®Z),

where all components are isomorphisms and central

o natural transformations \ and p with components
)\X X1 —X

pxl®X—>X

where all components are isomorphisms and central, such that the pentagon
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law and triangle law holds, i.e., the following two diagrams commute:

ax.1y

(Xe)evY X@IeY)
X®Y
and
(WoX)eY)eZ —222, We X))o (Y ® Z)
aW’X’Y[XZl
(W & (X (029 Y)) QR L AW, X,Y®Z
aw,xozmzl
We(XeY)®Z) G We (X e ((YeZ)
A
Example 2. Fvery monoidal category is also a premonoidal category. A

Definition 29 (Symmetry of a premonoidal category). A symmetry of a premonoidal

category C is a central natural isomorphism with components
SX,yIX®Y—>Y®X

such that for any XY, syx o sxy = idxgy and the following diagram commutes:

axX,Y,Z
—_—

(XQY)®Z Xo(Yo2) X veoz)e X

SX,y ®idl JGY,Z,X

(Y®X>®ZW Y®<X®Z) IMY®(Z®X)

Definition 30 (Freyd category). A Freyd category [20)] is V L € where:

o V is a category with finite products
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o C is a symmetric premonoidal category
e V and C have the same objects

o J:V — C is an identity-on-object functor that strictly preserves symmetric
premonoidal structure and maps every morphism of V to a central morphism

in C. A

Definition 31 (Closed Freyd category). A Freyd category V L © is closed if for
every object X, the functor J(— x X) : V — C has a right adjoint.

Ezplicitly, if we denote the right adjoint by (X = —), we get

C(J(AL x X), Ay) 2 V(A X = Ay),
natural in Ay and A,. A

So if we denote the counit of this adjunction by eval, one has that for any
f X x A — Ay in C, there is a unique A(f) : X — (4; = Ap) in V such

that the following diagram commutes:

(Al :>A2)®A1 La1> A2
| ;
X® A

With this notation, we might also represent the above adjunction as:

A(-)
/\
V(X,A=B) T C(X®A,B)

\/

evalo(J—®A)

This adjunction gives the following n and [ rules of exponentials in closed

Freyd-categories:
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e Forany f: X - (A= B)inV

Afevalo (Jf ® A)) £ f.

o Forany f: X® A — BinC

evalo (JA(f) @ A) £ f.

These have a similar form to the (fun) \z.Vz =V and (fnf8) \e. MV = M|z —
V] rules for the computational lambda calculus, and as we will see later, are

indeed closely related.

Example 3. For a cartesian category with a strong monad (C,T,n, (-)7), and Cr
the Kleisli-category of C with the monad T, C = Cr is a Freyd-category, and it is

closed iff C has Kleisli-exponentials [15]. A

4.3 Interpretation of \c in a closed Freyd-category

Definition 32 (Interpretation of a signature in a Freyd-category). Given a signature
S = (Stypes Sprim» Sefop), and a Freyd-category V EN C, an interpretation of S in C
is @ map iype © Stype — 0b(V) extended to a mapping of all types to objects as in
Figure and maps iprim, lefop that map (¢, 7) € Sprim to a morphism 1 — [1] in
V and (¢, 7) € Sepop to a morphism 1 — [7] in C respectively, that is extended to a

mapping from all values and terms respectively, as in Figure[{.3. A

Note that as before, types are interpreted as an object of V and C, denoted
by [7] = [r]v = [7]e. Furthermore, every well-typed term I' = M : 7 has an
interpretation in C given by [I' F M : 7]¢. Values I' = V : 7 also have an

interpretation in V given by [I' - V' : 7]y.
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Notes on notation. Where the type of a variable in a context or the type of a

term is deducible from context, it is omitted for brevity. E.g., we might use

[[va - M]]C

as a shorthand for [T,z : 71 F M : »]c.

4.4 Soundness

In this section, we prove that the interpretation of A¢ is sound with respect to the
equations of A\¢. The two key lemmas required to prove this are the Weakening

lemma (Lemma [3)) and the Substitution lemma (Lemma [{4]) from below.
Lemma 1. In a closed Freyd-category V EN C, for objects X, A, B, and morphisms

frg: X —>A=BinV,

f=g9g < (evalo(Jf® A)) = (evalo (Jg® A)).

Proof. The = direction holds trivially.
To see the < direction, note that f = A(eval o (Jf ® A)), and similarly A(evalo
(Jgw A) =g. O

Lemma 2. In a closed Freyd-category V ER C, for objects X, X', A, B, and
morphisms f : X' ® A— B inCandg: X — X' inV,

A(fo(Jg®A)) =A(f)og.



42 4.4. Soundness

[[5]] = itype(ﬁ)

] =1
[o1 x a3] = [o1] X [o2]
[[0'1 — 0'2]] = [[0'1]] = [[0'2]]

[0] =1
[x1:71, . cxn ] = (([1] x [2]) x --0) X [7]

[T+ Cprim Tlv = iprim(cprim, 7)ol
[0+ 0]y = ([T [o3])
[TF 01y = (1] [o3])
[T Ao M: oy = ooy = A ([[F]] ® [or] EmorMle, [[ag]])
[0 F Vi, V2) s oy x oy = ([ AR, gy
B2 ol x oa] = [o4])

(id [[FH/i]}v VI, ) o o] [C,z:01FValy [[02]]>

[CFmV oy = ( Vi,

[T'let x <= V) in Vy @ ooy (

[T F ceop : Tle = tefop(Cefop, ) © J!
[T'F (M, Ms) : 01 X o3¢ = ([I'] x [T'F My : os]le) o ([T'F My : o1]e x [I'])
o JA
[T+ mM:o]c=Jmo[lEM: o Xos]e
[T'Flet o <= My in My : oo]¢ =[x 01 My og]co ([I'] x [I'F Mi]e) o JA
[T+ MM, : os5]c = evalo ([oy — oo @ [I'F My : 09]¢)
o([T'+ My : oy — o3]e X [T]) o JA

Figure 4.3: Interpretation A\¢ in a closed Freyd-category
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Proof. Using Lemma [I} it is sufficient to show
evalo (J(A(fo(Jg® A))) ® A) =evalo (J(A(f)og) @ A).

But indeed, evalo (J(A(fo(Jg® A)))® A) z fo(Jg® A) and using that J and

— ® A are functors:

evalo (J(A(f)og)® A)
=evalo ((J(A(f)) o Jg) ® A)

=evalo (J(A(f)) ® A)o (Jg® A)

=

fo(Jg® A). O

Lemma 3 (Weakening). For contexts I'y =x1 i 7y, ... o, Do =y1 1 01,0, Ym ©
Om, define p: Ty — T'y to be a context renaming if, for each z; in I'y, p(x;) = y; for
y; is in I'y and 7, = 0j. Furthermore, define p; to be the (unique) index j such that

(i) = y;.
Now for [—]v, [-]c the interpretation of A in the closed Freyd-category V L,
for any value 'y =V @ 7,
[[Fl Vo T]]V ¢} <7Tp1, . ,7Tpn> = [[FQ H V[l‘z — p(f,El)] : T]]V
in 'V, and for any term I'y = M : T,

[Ty EM:7]cod{my,....7p,) = [Lat Mlz; — p(x;)] : T]c

in C.

Proof. We are going to prove this statement by structural induction on the grammar
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of values and computations. For each term, we have to show that the denotation of

the right-hand side agrees with the denotation of the left-hand side.

e Case: var

[T2 = zj[zi = pi(x:)]]v

= [T = p(x;)]v

=T 0 (Tpyyevnsp,)
= Falvo(my,...,m,)

e Case: prim

[Tt clz; = pi(xy)] : Tlv

=[Tkec:7]y

=[Fc:7]yo!
=[Fc:7]volo(mp,....,7p,)
=[z1,...,xn e Tlvo(my, ..., 7))

e Case: unit

[FrE 0 v o lm s mp,) = [Fa b= Olzi = p(z:)] : v

because both are morphisms from the [I's] object to the terminal object.

o Case: val-proj

[TC2 = (V) [wi = p(xs)]]v
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= [y - m(V]z = plz)])]v
— ;0 [Ty + Viz; = p(z)]]v
Iél'/rj o) [[Fl H V]]V o <7Tp1>""7rpn>

= [ (mV)lv o (Tprs - )
o Case: val-pair

[T = (Vi, Va)[wi = plai)]]v
= [l = (Vilzi = p(z:)], Valzi = p(ai)])]v
= ([2 = Vilzs = p(@)]]v, [T2 F Valzi = p(@)]]v)
Tr FVilvo (mps. oy ), [Ta F Valv o (s ey ), ))
= {([T1 - Vilv, [Ty F Valv) o (o5 7p)

- [[Fl - <V17 V2>]]V © <7Tp17 B 77TPn>
e Case: val-let

[Ty (let x < Vi in Va)[z; — p(a;)]]v
= [[q Flet 2 < Vi[x; — p(x;)] in Valz; — p(a;), 2 — z]]v
= [Ty, x = Valx; = p(a;), 2 — z]]v o (id x [Tg F Vi[x; = p(x)]]v) o A
! [T,z b Valv o T,y Ty T )
o(id x ([T1 F Vi]y o (mp, ..., 7)) 0 A
=T,z F Vo]yo(m, omy,...,m,, om,ma)
o(id x ([T1 F Vi]y o (mpy, ..., ))) 0 A
=,z FVa]v o ((mpy,s ..., mp,) xid) o (id x [I'1 - Vi]v)

o (ld X <7Tp17"'7ﬂ-pn>)oA

45
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=,z Vo]yo (id x [I'y F Vi]y) o ((mp,, ..., mp,) X id)
o (id x (my,, ..., mp,)) 0 A
=,z Voyo(id x [I't F Vi]y) o Ao (my, ..., 7))

= Flet z < Viin Wy o (mp,,...,mp,)

o« Case: abst

[C2 B Az M)[z; = p(z:)]]v
= [P F Az (M[z; = p(a;), = — 2))]v
= A([Fe, 2 = Mz; = p(ai),z > al]e)
ZA([My 2 Mleo J(my, . 7,7 )
= A([y, 2+ M]co Jimy, om, ..., m,, om,m))
=AMy, 2 - Meo (J(my,, ..., m,,) ®id))
Z APy, 2 - M) o {mp, . 7,

et [[Fl l_ )\Z‘M]]V o <7Tp17 R Jﬂ-Pn)

where * hold by Lemma [2]

e Case: val-to-comp

T2 F Vizi = p(2)]]e
= J[To F Viz; = p(x:)]]v
L Jri - Vivo (..., 7))
= (J[Dy F V]v) o J{mp, .. 7,

=T EV]coJ(my,...,mp,)
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o Case: efop

[T F el = p(z:)] : T]e
=[Ckec:7le
—[Fec:r]eo !
=[Fe:rlcoSloJ(my, .., 7))

=[z1,...,xn e Tleo J(mp, ... Tp)

o Case: comp-proj

[z F (mM)[z; = p(x:)]]c
=2 b mj(M[z; = p(z:)])]e
= Jmjo Lo = Mz = p(z:)]]c
= Jmjo Lo b= Mz = p(:)]]c
B Jm o ([0 M]go J{my, ... 7))
= Jm;o [T Mleo J{(mp,...,7p)

= ﬂFl }_WjM]]Co<]<7Tpl,...,7Tpn>

« Case: comp-pair

[T b (M, My)[zi = p(ai)]]e
= [Tz = (My[z; = p(a:)], Mofzs = p(:)])]e
= (id ® [Tz F Malz; = p(xi)]]c) o ([T2 b Mifz; = p(:)]]e ®id) o JA
Lde ([T F Ma]co J(mp, ... 7,)))

o(([Th F Mi]c o J(mpyy...,mp,)) ®id) o JA
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= (id ® ([T} F Ma]co J{mp,. ... m,)))
o ([T1 F MiJco J(my, ..., ) ®id) o JA
= ([ ® [[1 F Ms]e) o (id® J(m,,, ..., mp))
o ([T F MJe®id) o (J(x,,,..., 7, ) ®id) o JA
= (i[d® [Ty F Ma]e) o ([T1 F Mi]e ®id)
o (iId® J(myy, ... 7y ) 0 (J(mpy,. .. 7, ) ®id) o JA
= (i[d® [y F Ms]c) o ([T1 F MiJe ®id) o JA 0 J{my,... 7,

= [[Fl - <M17M2>]]C © J<7Tpl7 s 77Tpn>

o Case: comp-let

[ToF (let x < My in Ms)[z; — p(z;)]]e
= [[o Flet z < (Mi[x; — p(z;)]) in (Ms[z; — p(z;), 2 — z])]e
= [P,z b (Ms[z; — p(z;), 2 — z))]e
o(id® [ b Mi[z; — p(z:)]c) o JA
2,2k M]eo J(Tp 0Ty, T, O T, Ta)
o(id® ([I'y F M]co J(mp,...,mp,))) 0 JA
= [T,z F My]co (J(m,, ... m,) ®id)
o(id® ([I'y F Mi]co J(mp,...,mp,))) 0 JA
— 1,2 F My]g o (id ® [T - Mi]e)
o (J(Mpys-oymp)y ®id) o (id @ J(mp,, ..., 7)) 0 JA
= [Ty, 2k Mago(id® [Ty F Mi]g) o JA o J(mp,, ..., 7p,)

= [y Flet < My in My]c o J(mp,...,Tp,)
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o Case: app

[Ty = (MyMo)[z; = p(x:)]]e

= [z b (Mi[z; = p(@:)]) (Ma[z; — p(z:)])]c

= eval o (id ® [T F My[z; > pla;)]]e)
o ([Ly F My[z; — p(x:)]]c ®id) o JA

Devalo (id @ ([T F M) o J{mp,. .. 7,)))
o ([T F My]e o J(mp, ... 7,,)) ®id) o JA

— evalo (id @ [Ty F My]e) o (id® J{m,,, ..., 7)) o ([T1 F Mi]c ®id)
o (J(mpys. . 7, ) ®id) o JA

= evalo (id ® [y F My]e) o ([T F Mi]e ®id) o (id ® J(m,,, ..., 7))
o (J(mpyy.oymp,) @id) o JA

= evalo (id ® [Ty F Ms]e) o ([T + Mi]e ®id) o JA o J(m,,,....7,,)

= [[Fl F MlMQ]]COJ<7Tp1,...,7Tpn>

O

Lemma 4 (Substitution lemma). For [—]v, [—]c the interpretation of Ac in the
closed Freyd-category V ER C, for any values I' =U; : 7; fori=1,...,n, and any

value x1 Ty, ...,y T, EV i T
[[F}_V[.I'i'—)Ui]37]]V:[[£C1ITl,...,l'nITnl_VZTﬂvO<HFFU1ﬂv,...,[[F|_Un]]v>
in'V, and for any term x1 : T, ..., xp T E M T,

[[F}_M[leUZ]T]]C: [[xl 27'1,...,1EnITnl_M2T]]@OJ<[[F|_Uﬂ]v,...[[FFUd]V)
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in C.

Proof. As above, we are going to prove this statement by structural induction on

the grammar of values and computations.

e Case: var

ITF xjlx; — Ullv
[T
=mjo([l'FUlly,...,[I'FU.v)

= [z1,...,xn Fxi]vo ([T F Ui]v, ..., [I'F Uslv)

o Case: prim

[T F clz; = U 7]y
—[Ckec:rlv
—[Fc:r]vo!
—[Fc:rlvelo ([T F Uiy, ..., [T F Udv)

=[z1,...;xnFc:T]vo([I'F Ui]v,....[I'F Us]v)

e Case: unit

[T+ Olz: = Ullv

= [+ Olv

!
=lo ([l F Ulv,...,[TF Udv)

=[z1,...,xnF O]v o ([T F Uilv, ..., [T F U.Jv)
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o Case: val-proj

[T (V) [zi = U]y
= [I'Fmj(V]zi = Ullv)
=mjo[['F (Vz; = U])lv
B riofzy,...., 20 F V]yvo ([LF Uilv,..., [T F UJv)

= [z1,...,2, F T V]y o ([I'FUilv,....[T'F Uv)

o Case: val-pair

[T E (Vi, Vo)l = Uil]v
= [I'F (Vilz; = Ui, Va[z; = U)]v
=([['F Vilz; = U]v, [I' + Valz; = Uil]v)
L ([a1, .. zn FmWlv o (IUF Uiy, .., [T F Uav),
[z1,...,zn F 7 Vo]y o ([I'F Uily, ..., [T F Unv))
= ([z1,..., 20 F i Vi]lv, [z1, .. 20 B Va]v)
o([T'FUi]v,..., [T F Uslv)

= IIIl,...,JZn H <‘/i,‘/2>]]vo <[[F H Ul]]v,...,ﬂF H Un]]V>

e Case: val-let

[T'F (let x < V; in Vo)[z; = U]y =
= [Tk (let x < (Vi[z; — Uj]) in (Vax; — U,z — z)))]v
= [T,z b Valz; — U,z — z]]y o (id x [T+ Vi[z; = U]]lv) o A

Dle, . apaF lvo ([T, a b Ully,.... [T,z F Uy, [T, 2 F 2]v)
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o (id x ([z1, ... 20 F ilv o ([T F Uillv,- .., [T F UnJv)) 0 A
2 [a1, .. @ x b Valy o ([T F Uiy oy, ..., [T F UnJly o 71, o)
o (id x ([x1,..., 2 F Vi]v o ([T F Uiy, ..., [T F UJv))) 0 A
= [z1, .. 2m, 2z F Valv o (T F Ui, ..., [T F UsJv) x id)
o (id x [21, ..., 20 F Vi]v) o (id x ([T + U]y, ..., [T F UJv)) o A
= [a1, .. 2,2 F Vol o (id X [a1, ..., 20 F Vi]v) 0 A
o ([T'F Uiy, ..., [T F Udv)

=[z1,...xp Flet z <= Vi in o]y o ([T’ F Ui]y, ..., [T F U.]v)

where w holds by weakening.

e Case: abst

[T+ Az M)[z; — Ullv
— [CF Az.(M[z; = Uy, — 2))]v
=A([T, 2 o1 = Mz = Uiz o al]c)
ZA([vr, . wm,x Mlco J(IU,x b Ully,.. [T, 2 b Uy, [T, 2 b 2]y))
= A(lry,- st w E Mleo J(DF Uiy om, ..., [T F Upy o w1, m2) )
= A(lz1,- 2w - Mleo (J(ITF Uily,..., [ F Ualv) @id))
= A([er, 20w E M]o) o ([T F Uiy, [T - Unlly)

= ([#1,.. ;20 F Ax.M]y) o ([’ = Uiy, ..., [I'F Un]v)

where w holds by weakening and * holds by Lemma [2|

o Case: val-to-comp

[T+ Ve, — Ulle



4. Computational lambda calculus and Freyd-categories

= J[OF Viz; = Ul]v
D J([21, .. 20 F V]vo ([Uiv,. ... [Udv))

= J([[3317 ey Ty V]]V) ° J(<[[U1HV> ) [[Un]]V>)

o Case: efop

[T F clz; = U : 7)o
= Fe:]e
=[Fec:T]goJ!
—[Fe:rlooJlo J(TF Uiy, ..., [T F UJv)

=[z1,...,xnFc:Tleo J(I'F Ui]v, ..., [I'F Us]v)

o Case: comp-proj

[I' = (m;M)[z; = Ullle
= [I'Fmj(M[z; = Uil]e)
=Jrjo[l'F (M[z; = U)]c
B ymiofa,...,ant Mlgo J(ITF Uy, ..., [T F Udv)

= [[xl,...,ﬂj‘nl_WjM]]Coj<[[F|_U1]]V7...,[[Fl_Un]]V>

o Case: comp-pair

[T = (M, My) [z = Us]]c
= [I'F (Mi[z; = U], Ma[z; = Us))]c

= (d® [I' F Ms[z; = U]e) o ([T’ Milz; — Ul]e ® id) o JA
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B 6d® ([a1,..., 20 F Ma]co J(T F Ui]v, ..., [T F UaJv)))
o ([x1, ... @0 F Mi]co J(LCF U]y, ..., [T+ Uv)) ®id) o JA
= (id @ ([z1, ..., 20 F My]c)) o (id @ J(C F Ui]v, ..., [T F Uv))
o ([a1,- .. 2 - Mi]e ®id) o (J(T F Ui]v, ..., [T F UdJv) ®id)
o JA
= (id® ([x1,- .., 20 b Ma]c)) o ([a1, ..., 20 b Mi]c ®id) o JA

o J([I'F Ui]v,- .-, [T+ U.]v)

o Case: comp-let

[T F (let x < M, in My)[z; — Ul]e
= [['Flet x < (Mi[z; — Uj)) in (Ms[z; — U,z — z))]e
= [T, 2+ Ms[a; — Uy, 2 = z]]c o (id @ [T+ My[z; — U]]e) o JA
B ([21,..., 20,2 F Mo]co J(T, 2+ Uily,.... [,z - Uy, [T,z - z]v))
o (id® ([z1,...,20 F Mi]co J(TF Ui]v, ..., [T+ UJv))) o JA
¥ ([z1, ... 2,2 b My]eo J([LF Uiy o, ..., [T F Uy o, m)))

o (id® ([£1, .. ..an F Moo J(TF Uilv,-... [T F Uv))) o JA



4. Computational lambda calculus and Freyd-categories 55

o(id® J(L F U]y, ..., [T F Uv))
o (J(IC+Ui]v,...,[TF U,]v) ®id) o JA

= [z1,. . xn,x F My]go (id® [, ..., 2, F My]e) 0 JA
o J(IT'F Ui]v, ..., [T F UJv)

= [z1,..., 20 F let 2 <= M, in My]e o J(CF Uiy, ..., [T F UdJv)

where w holds by weakening.

o Case: app

[T+ (MiMs)[z; = Uil]e
= [['F (Mi[z; = U)(Ma]z; = Ui])]e
= evalo (id @ [[' F My[z; — Uil]e) o ([T F My[z; — Ui]]c ®id) o JA
L evalo (id @ ([z1, ..., 20 - My]c o J(ITF Uily, ..., [T F Udv)))
o (([x1, ..., 20 F Mi]co J(CF Uile, - .., [CF Une)) ®id) o JA
=evalo (Id ® ([z1,...,2, F M3]c))
o (id® J(IL+ Ur]v, ..., [T F UdJv))
o ([x1,. .., 20 F Mi]c ®id)
o (J(ITF U]v,...,[T+ Uv) ®id) o JA
—evalo (iId ® ([z1, ..., 20 F Ma]e)) o ([x1, ..., 20 F Mi]c ®id) 0 JA
o J(IC+ U]y, ..., [T+ Uv)

= [[.fl)'l,...,$n = M1M2]]C OJ([[F = Ul]]v,...,[[r ~ Un]]V)

[]

Theorem 11 (Soundness). The interpretation of \¢ is sound with respect to the
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equational theory described in Figure [{.9

That is, if we interpret A\¢ in the closed Freyd-category V ER C, then for values
Vi, Vo, we have TV =V :7) = [I'FVi:i7]yv =[I'F Vo 7]y, and for terms
My, My, we have (T =M, =My :7) = [I'FM;:7]c =[T'F My : 7]c.

Proof. We are going to prove that each of the rules from Figure [4.2, and reflexivity
are sound. We can then prove that symmetry, transitivity, and the congruence rules
are sound by induction on the derivation of the =-relation.

For the reflexivity, symmetry, transitivity and congruence rules, we are only
going to show soundness for [—]¢, as the proof follows exactly the same way for
[=Iv.

Reflexivity is sound because for any term (I'H M : 1), [ M : 7]¢ = M :
T]c-

The symmetry rule

'-My=M,: 1
Fl_MQEMliT

is sound as if we deduce I' = My = M, : 7 with this rule, we can apply the inductive
hypothesis to the condition of the rule to get [I' - M; : 7]¢ = [I' F My : 7]¢, so
using the symmetry of equality, [['F My : 7]¢c = [I'F My : 7]e.

Similarly, the transitivity rule

Fl_MlEMQ:T Fl_MQEMgiT
'-M,=Ms:71

is sound because if we deduce I' = M; = M3 : 7 with this rule, we can apply the
inductive hypothesis to the condition of the rule to get [I' F M; : 7]¢ = [I' F
M, : 7]c and [I' - My : 7]l¢ = [[' = Mj : 7] ¢, so using the transitivity of equality,
[TH M :7]c=[TF Ms:7]c.

The congruence rules are sound by induction as the interpretation is defined
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compositionally. E.g., consider the following congruence rule.

PEMy=M:mn T'EMy=M,:m
Fl‘(Ml,M2>E<M{7Mé>I7'1XTQ .

If we deduce T' - (My, Ms) = (M, M}) : 71 X 15 with this rule, then we can apply
the inductive hypothesis to the condition of the rule to get [I'F M; : mi]le = [T’ F
M| :m]c and [I'F My : )¢ = [I' F M) : ], so using that the denotations are
defined in terms of the denotations of the subterms, [I" b (My, Ms) : 71 X T]¢ =
[T (M, M3) : 11 X To]e.

So it remains to prove that the rules given explicitly are sound.

« Case: letf let v = Vin M = Mz — V]

[C+let 2 <V in M]e
= [I,z+ M]co (id® I+ V]e) o JA
— [P,z + M]eo (id® (J[TF V]v)) o JA
= [T,z + M]e o J{d, [T F V]y)
— I,z + M]eo J(U F Ty, [T+ V]v)
S [C+M[D =T,z Ve

:[[F}_M[ZEP—)VH]@

o Case: prodp Vi, Vo) =V,

[T b Vi, Va)lw
=1m; 0 [[F + <‘/1, ‘/2>]]V
= ;0 ([T F Vi]v, [T + Va]v)

= [[F'_V;]]V
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« Case: fnf Ae. M)V = M[z — V]

L+ Az M)V]e
— evalo (id ® [T F V]e) o ([T F Az.M]c ®id) o JA
= evalo (id ® J[T F V]v) o (JA([T, z F M]¢) ®id) o JA
= (eval o (JA([T, 2 = M]c) ®id)) o (id ® J[I' - V]y) o JA
20,z F M]co J(d, [T F V]v)
= [,z M]co J(T F Iy, [T F V]v)

Z[FMID =T,z V]]e=[T+ Mz~ V]]c

o Case: letn let v <=M inx=M

[T Flet z < M in 2]¢
=D,z F z]co (id® [T+ M]c) o JA
= Jmo (id® [L F M]¢) o JA
=Jmo (J!®id)o (id® [I'F M]¢) o JA
= Jmyo (id® [+ M]e)o (JI ®id) o JA
Zpo(id®@ '+ M]¢)o (J!®id)o JA
LT M]copo(Jl®@id)o JA
= [+ M]coJmo (JI®id)o JA

=['F M]¢

where * holds because Jry™ = px because J preserves the premonoidal

structure; and T holds because p: I ® X — X is natural.
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o Case: prodny (mV,mV)=V

[T (mV,mV)]v
= ([T F mV]v, [T F mV]v)
= (mo[['FV]y,mo[l'FV]y)

=[FV]v

e Case: fnn A Ve=V

e.Va]y
= A(Il, 2 + Va]e)
= A(evalo (id @ [, 2 b 2]e) o ([T, 2 F V]e ®id) 0 JA)
= A(eval o (id ® Jm) o (JIT, 2 = V]y ®id) 0 JA)

= Afeval o (id ® Jm) o (JIT' F V]y 0 Jm) @id) o JA)
= A(evalo (JIT - V]v) @id) o (id ® Jrz) o (Jm @ id) o JA)
= A(evalo (J[I' V]y) @id))

L [M+V]v

e« Case: assoc

let y < (let x <= M in Ms) in M3 =let x <= M, in (let y <= M, in M3)

[Tt let y <= (let @ <= My in My) in M3]¢
=[IyF Ms]eco(id® [I'Flet © <= M; in Ms]¢) o JA
— [0,y + Ms]eo (id® ([0, 2+ Ma]o o (id @ [T F MiJo) o JA)) o JA

=[Iyk Ms]co (id® [I',x F Ms]¢) o (id® (id® [I' - Mi]¢))

59
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o (id® JA) o JA

= [T,yF Ms]go(ild® [T, 2 F My]¢)o (id® (id® [T F Mi]¢)) oa
o J((id,id) x id) o JA

L0,y - Ms]co (id® [,z - Ms]e) oao ((id®id) ® [T - Mi]c)
o (J(id,id) ® id) o JA

= [T,y + Ms]co (id® [T,z - Ma]c) o ao (J{id,id) ® id)
o ((id®id) ® [[ F My]e) o JA

=[yk Ms]co(id® [I',x F Ms]¢) o (id® JA) o (id ® [I' F Mi]¢) o JA

where * holds because (id ® JA) = J(a o ((id, id) x id)) and { holds because a

is a natural transformation.

Furthermore,

[Tt let @ <= M in (let y <= My in M3)]¢ =
=D,z F (let y < My in M) o (id @ [T F Mi]e) o JA
= ([0, 2,y - Ms]eo (id® [T,z F My]c) o JA) o (id @ [T F Mi]e) o JA
= ([T, y F Ms]c o J{m omy,m) o (id® [[,z F M]g) o JA)
o(id® [I'+ Mi]¢) o JA
=[T,yF Ms]co (Jm ®id)o (id® [T,z F Ms]¢) o JA
o(id® [I'F Mi]¢) o JA
= [0,y F Msco (i[d® [,z - M]e) o (Jm @id) o JA
o(id® [I'F Mi]¢) o JA

= [T,y M3]co (id® [,z F Ms]¢) o (id® JA) o (id @ [T' F Mi]¢) o JA

« Case: unit =V
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The interpretation of both sides, [I' F () : 1]y and [I' F V' : 1]y are morphisms

to the terminal object 1, so they have to agree.

o Case: compproj M =let v <= M in mx

[Tk let 2 < M in mx]¢
=[N zFmz]eo(id® [I'F M]¢) o JA
=Jmo[lzkz]co(id® [I'F M]¢) o JA
=JmoJmo(id® [I'F M]¢) o JA
— Jm o[+ M]eo Jmo JA
— Jm o[+ Me

=[I'FmM]¢

o Case: comppair (My, My) =let o <= M, in (let y <= M, in (x,y))

[T+ let @ <= My in (let y <= M; in (z,9))]c
= [T,z F (let y <= My in (x,y))]c o (id® [['F Mi]¢) o JA
=[T,z,yF (x,y)]co (id® [,z F M]¢c)o JAo (id® [I' F Mi]¢) o JA
= J(mom,m)o (id® [,z F M]¢)o JAo (id® [T+ Mi]¢) o JA
= J{myom,m)o(id® ([I'F My]go Jm)o JAo (id® [I' - Mi]¢) o JA
=(Jm®id) o (id® [I'F M3]¢) o (id ® Jm) o JA o (id & [T+ Mi]¢)
o JA
= (id® [I'F M3]¢) o (Jma ®id) o (id ® Jmi) o JA o (id & [T+ Mi]¢)
o JA

= (id® [I'F Ms]¢) o J(mg,m1) o (id @ [I' b Mi]¢) o JA
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Z ((d® [T+ Mc)oso(id® [I'F M]c)o JA

L d® [T F M]e)o ([T F Mie ®id)oso JA

= ([d® [ F My]e) o ([T F Mi]e ®id) 0 J{ma, m) 0 JA
= (i[d® [+ Ms]e) o ([T F Mi]c ®id) o JA

= [I' = (M1, Ms)]c

where * holds because J preserves symmetry, and { holds because s is natural.

o Case: compapp MiM; = let x <= M in (let y <= M, in zy)

[I'Flet © < M in (let y <= M, in 2y)]e
= [T,z F (let y <= My in 2y)]co (id® [I' - Mi]¢) o JA
=T, 2,y ay]co (id® [, F My]¢) o JAo (id ® [T+ Mi]g) o JA
=evalo J(myomy,m) o (id® [,z F Ms]¢) o JAo (id® [I' + Mi]¢) o JA
= evalo J(myom, m) o (id® ([I' F My]go Jm)) o JAo (id® [I' - Mi]c)
o JA
=evalo (Jmy®id) o (id® [I'F Ma]¢) o (id ® Jmy) o JA
o (id® [T Me) o JA
=evalo (id® [['F M]¢) o (Jme ®id) o (id ® Jmy) o JA
o (id® [T+ Me) o JA
— evalo (id @ [T F Mae) o J{ma,m1) o (id @ [T F Mi]e) o JA
Z evalo (id® [+ M,y]¢) oso (id® [T F M]¢) o JA
L evalo (id @ [T F Ma]e) o ([0 F MiJe ®id) 0 s 0 JA
=evalo (id® [['F My]c) o ([T + Mi]¢ ®id) o J(my, ) o JA

=evalo (id® [T+ Ms]¢) o ([T F Mi]¢ ®1id) o JA
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T=03|1|mXn|n—=mn

Figure 4.4: Objects of V and C

= [+ (M, M)]c

where * holds because J preserves symmetry, and { holds because s is natural.

This concludes the proof, so the interpretation is indeed sound with respect to the

equational theory. O]

4.5 Syntactic closed Freyd-category of \c

This section describes the syntactic Freyd-category of A\¢ with a given signature

and proves that it is indeed a closed Freyd-category.

4.5.1 Definition of the syntactic Freyd-category of \c

V 4 C where:

Objects of V and C are the types of A\¢, as in Figure 4.4

Morphisms of V from object 7 to 75 are equivalence classes of well-typed terms
(with a distinguished and fixed free variable x) x : 7y F V : 75, and morphisms of C
from object 7 to o are equivalence classes of well-typed terms (with a distinguished
and fixed free variable ) x : 74 = M : 75 of A¢, quotiented by the equations
from Figure [4.2] as described in Figure [4.5] We describe morphism with contexts
for brevity. Aterm 'V : 7or I' = M : 7 for context I' = x1 : 7q,...,2, : Ty
corresponds to a morphism from ((71 X 73)...) X7, to 7 and is essentially a shorthand
forz:((mxmn)...)xmbE V= me,... e, me]and z: (X 7). ) X7, b
Mlzy — mx, ..., x, — m,z] respectively. This is consistent with the treatment of

contexts in the interpretations of A\¢: in both cases, we simulate n-ary products
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morphisms of V morphisms of C
I'=v:.r
LeV: T l-to-
Ty ITl, e Ty T E T 1 TG (var) FI—V:T(Va fo-comp)
- 't
r(y.1 (it
F"Vi7'1><7'2(a1_r0,) Fl_M:TlXT2(com-ro')
'-mV .7 Varpro) I'mM: 7 P=pro]
'Evi:m TEV:m (val-pair) I'EM,:mm TEM,:m (comp-pair)
FF(%,‘/Q>:7-1X7—2 P F|_<M1,M2>I7'1XT2 bp
'=vi:n F,x:ﬁl—ngTg(allt) I'EM, :7n F,m:ﬁl—MQ:TQ( let)
I'Fletz <= Viin Vo :my vare I'Flet < M in My : 1y cotpTe
x:mbEM:m (abst) 'EMy:m— 7 Fl_MQ:Tl(a )
X XeM:1 =7 I'E MM, : 7 PP
Ty eSrz’m efops ESeo
(Cp T) p (prlm) (Cfp T) fop (efop)

I'Fcprim o T

' Cefop i T

Quotiented by the equations from Figure |4.2|

Figure 4.5: Morphisms of V and C

with a sequence of binary products associating to the left.

Identity in V and C of object 7 is the morphism = : 7 - x : 7 which exists

in V by (var) and in C by (val-to-comp).

Composition of morphisms z : m = My : mand y : o = My : 73 in C is

(y:mbEMy:m)o(x:mb M :m)=(x:mkFlety< M in My : 73).

This morphism exists in C because

y:To b My T3

rz:m M

x T,y To My T3

(weakening)

x:7m Flet y < Myin M : 73

(comp-let)
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Similarly, using (val-let), define composition in V as

(y:mbEVoim)o(x:mbEViim) =(@:mFlety<Vyin V).

Define the functor J to be identity-on-objects, and map a morphism x : 7 F

V' : 715 to the morphism = : 77 F V' : 75 in C, which exists by (val-to-comps).

4.5.2 V and C are categories

Lemma 5. Composition (in both V and C) is well-defined with respect to the

quotient, i.e., if

rz:m M =M1

yZ’TQ'_M;gEM427'3

according to the equational theory, then

(y:mbEMs:m)o(x:mbEM :m)=(y:nbtMy:m)o(x:mE My:m).

Proof. Using the definition of composition,

(y:mbFMs:m)o(x:mbEM :m)=x:nkFlety< M in M3 : 13

and

(y:mbEMy:m)o(x:mbMy:m)=x:mFlety< Myin My : 73.

These two morphisms agree because the =-relation is a congruence. O]
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Lemma 6. The identity as defined above satisfies the left- and right-unit rules.

Proof. Let us prove this for C, as the proof follows exactly analogously for V.

idy,o(x:m b M:m)
=(y:mky:mo(z:mFM:m)
=r:nbFlety&=Miny:n

n
=r:mkEM:n

(x:m b M:m)oid,
=(x:mkEM:n)o(y:nty:m)
=y:nkletr<=yinM:n
gy;Tll—M[l"—)y]iTQ

=x:mtEFM:1n

Lemma 7. Composition as defined above is associative.

Proof. Let us prove this for composition in C, as the proof follows exactly analogously

for V.

((z:mbFMs:my)o(y:mb My:m3))o(x:m b M 1)

i let 2 <= Myin M3 7)o (z:m b M)
:Tll—lety<:M1in(letz<:M2inM3):T4)
:7'1l—letz<:(lety<:MlinM2)inM3:T4)

i3 Ms:Tmy)o(x:mblet y < My in M; : 73)
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=(z:mFMs:m)o((y:mmb My:m3)o(x:m M 1))

Combining these lemmas, we can deduce the following proposition.

Proposition 1. V and C are categories.

4.5.3 J is an identity-on-objects functor

Note that it is identity-on-objects by definition, and it maps a morphism between

objects 7 and 7, in V to a morphism between 7 and 7 in C as required.

Lemma 8. J is well-defined with respect to the quotient, i.e., if

ZUITll_MleQZTQ,

then J(x:Tl l_MliTQ) EJ(QZ’:Tl l_MQITg).

Proof. We quotient the morphisms by the same set of rules, so if (z : 74 B M :
n)=(@:mbEMy:m)inV then (x:mF M :m)=(x:mF My:7m)in C, ie.,
Jx:mbEM :n)=J@:nkF M:m). O

Lemma 9. J respects identity morphisms.

Proof.

Jid¥Y)=J(z:mFz:7)=(x:7F2:7)=1id"

T

Lemma 10. J respects composition.
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Proof.

J(y:m bk Vaim)oy (w:m b Viim))
=J(x:mFlety<Viin Vs 73)
=zr:mFlety<=Viinly:m
=:mkEVyim)oc(r:mV:m)

=Jy:mtVo:m)ocJ(x:mEVi:m)

Combining these lemmas, we can deduce the following proposition.

Proposition 2. J is an identity-on-objects functor.

4.5.4 V has finite products

Lemma 11. The object corresponding to type 1 is a terminal object in V.

Proof. For any object 7 in V| there is a unique morphism 7 — 1in V, (z: 7 F () : 1),
which exists by the (unit) rule, and it is unique because every (z : 7 = V : 1)

morphism is equivalent to it by the (unit) equivalence rule. O

v

Lemma 12. (1; X 7o, m), 7y ) for 7Y : 7y X 79 — 73 given by

W}/:(l’271><7'2|_71'i$:7}')

is a binary product for objects T, 75 in V.

Proof. We are required to prove that this has the universal property, i.e., for any

object 7 and morphisms = : 7 = V; : 7;, there is a unique morphism z : 7=V : 7y X 1
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such that
Fiod
TN X Ty — T;
v] ’
-
commutes.

Indeed, we can define V' = (Vj,V,) which is a morphism in V between the

appropriate objects by rule (val-pair), and it has the required property:

(y:mxmbEmy:m)o(z:7H(V,V5) i1 X T)
=x:7hlety< (Vi,Va)inmy: 7
£;E:Tl—7ri<V1,V2>:TZ-

L Viim
Furthermore, any V' with the above property is =-equal to (V4, V3), because:

z:7THEV i1 X1
rir b (mV,mV):n X n
=z :7E ((my)lyr = V], (mage) o = V]) 1 x 7
=z:7F (let y1 < Vin muyy,let yo < Vin moys) 1 71 X 7
=z:7H{(m oV,my oV) 1 X1y

=z:7H(V1,Va) i1 X7y

]

So V has a terminal object and binary products, so we can deduce the fol-

lowing proposition.

Proposition 3. V is a category with finite products.
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Corollary 1. V is a premonoidal category with the premonoidal structure given by:

Txy(:mbEVin)=rxy(@:mEV i in)=(y:7xnF (my, Mz — my]))

(x:mbEVin)xyr=(@:nktV:n) xyr=(qy:n x717F (M[xw— my|, my))

I=1

A%

T1,72,T3

=x: (1 X 1) X 13 b (m(mz), (mo(m12), M)
N =(z:7xIFm2)

pY = (x:1 X 7F m)

Proof. 'V has finite products, so it is a monoidal category, e.g., as described in [15]
Chapter VII], hence it is also a premonoidal category. The structure is derived from

the finite products of V. O]

4.5.5 C(C is a premonoidal category
Description of the premonoidal structure

Let us define the premonoidal structure on C as follows.
For objects 7,7, define 14 ® 7 1= 73 X Tu.

For a particular objects 7, define the functors 7 x — and — x 7 as follows:

TXT =17 =17x7
Tx(x:imbEM:n) =y :7xnF (my, Mz — myl) : 7 X 1)
'xr=7"@r=7x71

(x:mbEM:m)x7T:=(y:n X7k (Mx— my|,my) : 79 X T)
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And define the

I =1

R O

Ar = (x

corresponding premonoidal structure as:

(11 X 79) X 13 F (my(mx), (ma(max), mx)) : 71 X (79 X T3))
T x I Fmx:T)

I X TEmx )

Lemma 13. 7 x — and — X 7 are indeed functors.

Proof. T x — respects identities:

7 % id]
=(y:7 X7 F{my,my) :7x7)
m

y:7x7ThFy:Tx7)

= idTXT’

And it respects composition:

(TN(yITQ}_MQ

im3))o(Tx (x:m F M)

= (2’2 LT X Ty F <7T12’2,M2[y — 7T22’2]>) ) (21 T X T1 = <7T121,M1[ZE — 7T22’1]>)

:ZliTX7'1|_

|ES

Z1:7'><’7'1|_

let zo < ({121, Mi[x — Taz1])) in (7129, Moy — mo29])

let zo < (let 23 <— Ml[l' — 7'['221] in <7TlZl,23>) in <7T122, MQ[y — 7T222]>

[|®

ZliTXT1|_

let z3 <= Mi[x — maz1] in (let 29 <= (M1 21, 23) in (M1 22, Maly — ma23]))

71
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=z1:7 X1 Flet 25 <= Myx — mozq] in (m(m 21, 23), Moy — mo(m121, 23)])
=z1:7 X1 Flet z3 << Mz — mz] in (m21, Maly — z3))

=z1:7 X1 Flet 25 <= My[x — mozq] in (let 24 < Moy — 23] in (m121, 24))
z1: T x 1 Flet zg < (let z3 <= Mi[x — mazy| in Maly — z3)) in (m121, 24)
=z1:7 X1 F(mz, (let 25 <= Mylx — mozq] in Maly — 23]))

=z:7xmnkF(mz (let y < Mi[z — mz] in My)) : 7 X 73
=z:7xmnkF(mz (let y < My in Ms)[z — mz]) : 7 X 73
=7x(x:mFlety< M in My : 73)

=7X((y:mmkEMy:m)o(x:mk M :n))

Hence it is a functor. Similarly, — x 7 is also a functor. O
Lemma 14. For each (x:m FV 7)) and (y : o & M : 75),
71X (y oM :7h) ,
T X Ty —————— T1 X Ty
(Q?.’Tﬂ‘V.’T{)lXTQl l(aﬁ,‘Tl'—V.'T{)NTé

T X To T X T}

-
T 9 (YoM 1))

and
(y:mabM 7)) xT) ,
To X T4 ——— T9 X T

TQN(miTlFVIT{)J/ lfrém(x:nl—v:’r{)

Ty X Tf Ty X T}

—
(y:me-M 7)) x|

commute, i.e., x: 1 =V 171 is central.

Proof. Let us first consider the two paths in the first square.

(z:mbEVim)xm)o(mx(y:mkM:))

= (yr 1 x 1y E (V[z = mup), moun)) o (Y2 0 71 X 7o B (miya, My — mayp]))
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=y 7 X o let yy < (mye, My — moys)) in (V]x — myn], moy1)
= Yo i T1 X T2l

let y1 <= (let z <= My — mays] in (T1y2, 2)) in (V[z — muy], may1)
Sy T X Tk

let z <= My — moys] in (let y1 <= (miys, 2) in (V]z — myi], may1))
Loy x 7 b let 2 < My — moys] in ((V[z e m (myys, 2)], ma(miys, 2)))

Lt Y2 1T X 1o Flet z <= My — moys] in (V[z — mysl, 2)
and

(i x(y:mEM:m)o((z:mFV:7)XT)
= (y2 1 71 X T2 = (miye, My = maye])) o (y1 0 1 X 7o B (V2 = muyn], may))
2L (yy: 7] X Ty Flet 2 <= M[y — moys] in (m1ys, 2))
o(y; :m X o B (V]x— muy], moy1))
=y T X Tk
let g1 <= (V]z = my], myr) in (let z <= My — o] in (MY, 2))
B Y1:T1 X o b

let z <= My — m(V]r — muyi], moy1)] in (m (V[ — my], maun), 2)

ph y1 11 X o b let 2 <= My — moyn] in (V]z — muyl, 2)

So the two paths agree, so the first square indeed commutes.
Similarly but in the proof, the m; and 7y and the positions in (—, —) swapped,

the second square commutes as well. O

Hence all value morphisms are central. Note that these are the morphisms of

C that are of the form Jf for a morphism f of V.
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Note in particular, that a,, -, ,, Ar, pr are values, so they are central.
Lemma 15. J strictly preserves premonoidal structure, i.e., for any objects 11, T,

T3, T and morphism x T =V i1 in 'V,

v
Ary 9,13 = Ja
1,72,73 T1,72,73

A= JAY
Pr = pr
and
TX(@:m—=>Vin)=Jrxy(@:m—=>V:in)
(x:m—=>Vimxr=J(z:m =V im) XyT)
Proof. This holds trivially by Corollary [1] and the definition of J. O

Lemma 16. The triangle law and the pentagon law for C with the claimed

premonoidal structure defined above holds.

Proof. J is a functor, so it preserves commuting diagrams, so using that the triangle

law and pentagon law holds for V| it also holds for C. O]
Lemma 17. A and p are natural transformations.

Proof. To see that A\ is natural, required to prove that the following diagram

commutes.
(z:miEM:o)x I
X ——— mpx T

| [

1 T2

(z:m1HM:12)
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Ano((x:mbEM:m)xI)
=(w:mxIFmw:m)o(y:mn xIkFlet z< Mz~ my| in (z,my)
=y:m xIFletw<= (let 2 <= Mz — my|in (z,my)) in mw : 7

2

y:1 X IFlet z < Mz — myl in (let w < (z, moy) in mw) : Ty

gy:ﬁ><[I—letz<:M[3:r—>7r1y] in m (z, moy) 1 T
pzﬁy:ﬁxll—letz<:M[:cr—>7rly] in z
l:77y:7-1><[|—M[:UH7T1y]:7'2
=y:nxIkFletz<myin M:n
=(x:nkFM:m)o(y:mnxIFmy:n)
=(x:mbEM:7m)o0\,

Hence A is indeed natural. Similarly, p is also natural. [

Lemma 18. As defined above, a is a natural transformation with components

A7y o753 (Tl ® 7-2) RT3 —> 7T & (7'2 X T3).

Proof. There are three naturality-squares to consider, one for each of 7, 7, 73. We

will consider these in turn, and confirm that the two paths agree in each of them.

(11 X T3) X T3 e T X (T2 X T3)

((a::TFM:T{)KTg)IXTgJ J{(wiTﬂ*MZT{)D((TQXT?,)

(11 X Tg) X T3 ————— T X (T2 X T3)
71,7—2,7—3

(z:mEM:7) X (T2 X 73)) © Ury 7y
=(y:7m X (2 X 73) Flet 2 = Mz — my] in (2, my) : 71 X (12 X 73))

o(w: (m X 1) X 13k (m(mw), (me(mw), mw)) : 71 X (79 X T3))
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=w: (1 X 7o) X 13Flet y < (m(mw), (m(mw), mw))
in (let 2 <= M[z — my] in (z,my)) : 71 X (T2 X 73)
Bw:(n xm) x 1k let 2 < Mz — m(m (mw), (Ta(mw), mow))]
in (z, m(m (mw), (ma(mw), mow))) : 7| X (12 X 73)

LG (11 X 72) X T3 let 2 <= M|z — m(mw)]

in (z, (me(mw), mw)) : 71 X (T2 X 73)

Ut yry © (w21 B M 7)) X Tp) X 73)
= (q: (r{ X ) X 3 = (m1(m1q), (m2(m19), ™2q)) : 71 X (T2 X T3))
o(w:(m X)) X713k
let zo < (let 2y <= Mz — mwy] in (21, mows))[wy — mw]
in (29, mow) : (7] X T2) X 73)
= (q: (1 X 72) X 75 - (mi(miq), (m2(m1q), maq)) - 71 X (T2 X 73))
o(w: (1 XT) X 13k let zo < (let 21 < M|z — m(mw)] in (z1, To(mw)))
in (29, mow) : (1) X T2) X 73)
= (g1 (1 X 1) X T3 b= (mi(m1q), (ma(m1q), m2q)) 71 X (72 X 73))
o(w:(m X 1) X713k let 2y < Mz — m(mw)]
in let zp <= (21, mo(mw)) in (29, mw) : (7] X 72) X 73)
v (q: (1] X 72) X 13 F (m1(m1q), (ma(71q), T2q)) : 71 X (T2 X 73))
o(w:(m X)Xk let 21 < Mz — m(mw)]

in let z, < <Zl,7T2(7T1'U})> in <22,7T2’w> : (T{ X 7'2) X 7'3)
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= (¢ : (11 x 72) X 3 = (m1(m1q), (m2(m1q), m2q)) © 7] X (T2 X T3))
o(w:(m X)) X713t let 2y < Mz — m(mw)]

in ({21, my(mw)), mw) : (11 X 2) X 73)
=w: (1 X 1) X 13k let ¢ < (let 2y <= M|z — m(mw)]

in ((z1, me(mw)), mw))

in (my(m1q), (m2(m1q), T2q)) : 71 X (T2 X T3)
Zw:(n X)X 1klet 21 < Mx — m(mw)]

in let ¢ < ((z1, ma(mw)), mow)

in (1 (m1q), (ma(m1q), Taq)) + 71 X (19 X 73)
Yo (11 X 7o) X T3 let z; <= Mz — m(mw)]

in (my (w1 ({21, ma(mW)), M2W)),

(o (1 ({21, Mo (M w)), Mow)), mo((21, Mo (m1w)), Tow))) : 71 X (T2 X T3)

=w: (1 X 7) X713k let 21 < Mz — m(mw)]

in (21, (ma(mw), maw)) : 7 X (12 X 73)

(11 X T9) X T3 e 71 X (T2 X T3)

(11 Xm:TgFM:Té)IX‘rgJ J{Tl)ﬂ((l’:TQ'*M!Té)D(TQ,)

(0 X 73) X T3 —5——— 71 X (75 X 73)
T1:T9iT3

(i ((x i b M2 75) X T3)) © Gry 1y g
= (y1: 71 x (12 x ) = (myr, (M[z = m(mayn)], ma(m2y1))) © 1 X (15 X 73))
o (yg : (11 X 1) X 13 b (m1(m1y2), (ma(m1y2), Toya)) : T1 X (T2 X T3))

=Y : (’7’1 X Tg) X T3 F let Y1 <~ <7T1(7T1y2), <7TQ(7T1y2),772y2>>
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in (myy, (M2 = 7 (moyn)], ma(may))) = 71 x (75 X 73)
Zyn (11 X 1) X 7 b (m(m(mag), (ma(miye), mays)),
(M[z = m(mo(mi(miya), (ma(m1ya), may2)))],
mo(ma (M1 (m19s), (ma(m1ya), maya))))) + T X (75 % 75)

2y (11 X 1) X 13 F (w1 (m1ya), (M [z mo(m1y2)], maya)) = 11 X (5 X T3)

Uy rpmy © (11X (T2 B M Ty) X T3))
= (y1 : (11 X 13) X 73 b (mi(miyn), (ma(miyn), moyn)) © 11 X (73 X 73))
o (y2 1 (1 X 12) X 13 = ((mi(miya), M[z = ma(miy2)]), maya) (11 X 73) X 73)
=y (1 X 1) X713k
let y1 < ((m1(m1y2), Mz — mo(m1y2)]), Taya)
in (i (my1), (ma(miyr), may1)) 71 X (73 X 73)
=y (11 X 12) X 13 F let y; <= (let 2z <= Mz — mo(m12)]
in ((m1(m1y2), 2), T2y2))
in (m1(my1), (Ta(miy), moyn)) + 71 X (75 X 73)
Ly i (T X 7o) X T3 let 2 <= Mz mo(m132)]
in (let vy < ((m1(my2), 2), T2y2)
in (i (miy), (me(miyn), mn)) © 11X (13 X 73)
B Yo 1 (11 X 1) X 13 F let z <= Mz — mo(m1y2)]
in (my (m ({1 (m1y2), 2), Tay2)),

(ma(mi((mi(m1ya), 2), Taya)), Ta{(T1(T1y2), 2), Maya))) 1 1 X (T3 X T3)
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Bp Yo 1 (11 X 1) X 13 F let 2z <= Mz — mo(m1y2)]
in (m(m1y2), (2, T2y2)) : 71 X (Té X T3)

=1y 1 (11 X 7o) X 13 F (mi(mye), (M[x > mo(miye)], Taya)) © 71 X (15 X T3)

(Tl X T2) X T3 —>a71‘72"r3 T X (7'2 X T3)

(1 XTQ)N(IZTg"M:Té)J/ JTlx(Tgx(wTy—M:Tg”))

(1 X 72) X T3 —5——— 71 X (T2 X 73)
7'1,7'2,7'3

(i X (e X (x 13 b M :73))) 0 Gryry g
= (g 71 X (ra x 73) b (mays, (m(may), Mz = (ma(magn))))) = 71 x (72 % 75)
o (yo 1 (11 X T2) X T3 b (m1(m1ya), (m2(m1y2), Tay2)) : 71 X (T2 X 73))
=yp 1 (11 X T2) X 73 - let yy <= (m1(m1y2), (T2(T1y2), T2y2))
in (myys, (1 (may), Ml (ma(mayn)))) 71 x (72 % 75)
£yt (11 x 1) X 73 (m(mu(magn), (ma(mayn), mays)),

(m1(may), Mz = (ma(ma(mi(miy2), (ma(miy2), m2)))])) 71 X (72 X 73)

2yt (11 x 7o) X 73 F (m(mige), (m(may), Mz = (maye))])) = 71 X (12 X 75)

Oryirpry © ((T1 X T2) X (20 T3 M 2 73))
= (Y2 (1 x 72) x T3 b (mi(miye), (m2(m1y2), mays)) : 71 X (12 X 73))
o (1 : (11 X)X 73k let z < Mz — muyi] in (myr, 2) 1 (11 X T2) X 73)
=y : (1 X 1) X 13k let yp < (let z <= M|z — moyy] in (my1, 2))
in (71 (m132), (T2 (m1y2), Toy2)) * (11 X T2) X T3

Ly (X 1) X 13k let 2 <= Mz — myi]
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in (let yo <= (my1, 2) in (m1(m1Y2), (m2(m1y2), Tay2))) © (171 X 7o) X 74

ﬁyl:(ﬁ><72)><Tgl—letz<:M[xr—>7r2y1]

in (my(m1(m1y1, 2)), (mo(m1(miy1, 2)), MMy, 2))) * (10 X T2) X 73)

p—_ﬁyl : (Tl XTQ) X 13 F let Z<:M[$'—>7T2y1]
in (7 (my1), (m2(mi1n), 2)) = (71 X 72) X 731,)

=y 1 (11 X 1) X 73 (mi(my), (ma(myy), Mz = maun])) @ (11 X 1) X 73)
Hence a is indeed a natural transformation. OJ

Lemma 19. a,, ;, ~,, s, pr are isomorphisms.

Proof. By Lemma , ay AY and pY are isomorphisms, and a,, , 5, A; and p,

T1,72,T37

are their images respectively under the functor J, so they are isomorphisms in C.

O
Hence we can formulate the following proposition.

Proposition 4. C is a premonoidal category.

4.5.6 C is a symmetric premonoidal category
Define s;, ., = (z : 71 X 7o b (mox, mz) : T2 X 7).
Lemma 20. s is a natural transformation with components St (TI®Ty — To® Ty,

Proof. We are required to prove that the following naturality square commutes.

(yrmi- M) X2 ,
TN X Ty ——————> T1 X Ty

/
To X T4 ———— T9 X T
2 1 ToX (y:mEM:T]) 2 1
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Indeed,

St 0 ((y 1 M 7)) X 7))

=(z:7 X1k (mr,mz) :mx1)o(z:7 X b (Mly — m2],m22))

=z:71 Xk let z < (Mly — m2],m2) in (mx, mz) : 7o X 71)
=z:m X7nklet z < (let w<< My — m2] in (w,mz2)) in (mox, mx) 1 9 X 7]
z:m X T let w< My — mz] in (let © < (w, mz) in (mx, mz)) @ 72 X 71
=z2:71 X blet w<< My~ m2z] in ((m(w, m2), m{w, mz2))) : 7o X 74
=z:m xnbletw<e My~ mz]in (mz,w) 1 9 X7

=2:7 X T b (mz, My — m2]) i 1o X 7

and

(o (y:m b M:7])) oS n
=(zimxnt{mz,Mly—mz]) i xr)o(x:7 Xk (M, mx) : 7 X 71)
=x:7 X T Flet z < (mx, mz) in (mz, My — mz])
Y rimxmh (m1({mox, M), My — mo({moz, m2)])

¥ X Ty b (mox, My — mz]) : 79 X 79.

Hence the above square commutes. By logical symmetry, s, -, is also natural in
the second position, so it is indeed natural as required to prove. O
Lemma 21. For any 11,72, S -, s central.

Proof. Tt is a value, so it is central by Lemma [T4] O

Lemma 22. If we regard V as a symmetric premonoidal category with X the product,
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A%

o = (@ T X b (mox, M) T2 X TY),

as in Corollary then the symmetry is s

_ 7.V
so we have s, ., = Js . O
Lemma 23. s, ., is an isomorphism.

Proof. By Lemma 22| 5, ,, is the image of an isomorphism under the functor J, so

it is also an isomorphism. O]

Lemma 24. The following diagram commutes:

(7’1 X 7'2) X T3 a;l’vﬁ?) 1 X (7'2 X 7'3) S*WS (7’2 X 7'3) X T SL’T:&MTI (7'3 X 7'2) X T

Ja‘fs 12T

T3 X (7'2 X 7'1>

J’m XS1y,11

T3 X (7'1 X Tg)

ST1X719,73

Proof. We have seen above that J maps the symmetric premonoidal structure of
V to the claimed symmetric premonoidal structure of C, and J is a functor, so it
preserves commuting diagrams.

The above diagram is the symmetry condition, so the corresponding diagram

holds in V| so this diagram holds in C. O]

Hence we can deduce the following two propositions.
Proposition 5. C is a symmetric premonoidal category.

Proposition 6. J is an identity-on-object functor that strictly preserves symmetric

premonoidal structure.

4.5.7 V 2 C is a closed Freyd-category

Define

(= mn)=(n—m)
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eval : (7 = 7o) @ T4 — T

eval := (z : (1 = ) X 7 F (ma)(mz) : 72)
And for any (z : 7 x 7 F M : 1) in C, let
ANz:rxnbEM:n)=y:7E Xz .Mz — (y,2)] : 71 = 7.

Lemma 25. This is the unique y : 7=V : 171 — 75 such that

|
M=THn —=2 1,

J(y.’T'*V.’T1HT2)I><T1T %M.’Tz

TX T

commutes.

Proof. Forany y:7HV i1 — 7o,

evalo (J(y:7HV :im — m) X 1)
=(w: (= n) X1 F (mw)(mw):mn)o(z:7x1F (Viy— mz],mz2))
=q:7x7ntFlet w< (Vy— mq],mq) in (mw)(mw) : T
£ g xm b (m(Vly = malme) (m(Viy = mal ma)) < )

o q: 7 X1 (V]y mgl)(mq) : .
So for V.= Az : .Mz — (y, 2)],

evalo (J(y:7HV i1 — ) X 1)
=q:7x7n Az Mz = (y, 2)][y = mq])(mq) : 7
=q:7x7nkFA:n.Mxw— (mq,2)])(m2q) : 72

f
v q:7x 7 Mz (mq,mq)]) : 2
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oirxnbkMz—gq)imn=mxntM:n

as required.
However, it is unique with this property (with respect to the congruence from

above), because if evalo (J(y:7FV i1 = ) X 1) =2 :7 X7 F M : 75, then:

o T Az Mz (yo, 2)]
—yo Tk Ae(evalo (J(y:TFVim — 7)) x 7))z — (1o, 2)]
=yo: 7 E A2 ((V]y = ma])(mw))[z — (o, 2)]
=yo: 7 Az (V[y = m1(yo, 2)]) (m2(v0, 2))
Ly 7 A2(VIy > 00))2)
—y:iTF AV

f:ny:Tl—V:Tl—H'g.

Hence A(z : 7 x 7 = M : 15) is indeed the unique value with that property. [
Theorem 12. V 2% C is a closed Freyd-category.

Proof. By Proposition |3| V is a category with finite products, by Proposition [5| C is
a symmetric premonoidal category, and by Proposition [6] J is an identity-on-objects
functor strictly preserving the symmetric premonoidal structure and it maps central
morphisms to central morphisms, so V LCisa Freyd-category. Furthermore, by

Lemma it is a closed Freyd-category. O]

4.6 Free property

Definition 33 (Strict closed Freyd-functor). For a closed Freyd-categories V, LN Cy,

A\ EEN Cq let us call F = (Fy, Fg¢) a strict closed Freyd-functor if:
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(C1) Fy : Vi — V5 is a functor that strictly preserves finite products;

(C2) Fe : C — Cy is a functor that strictly preserves symmetric premonoidal

structure;
(C3) Fy and Fg strictly preserve the closed structure;

(C4) The following diagram commutes:

A

Definition 34 (Free closed Freyd-category over a signature). Given a signature
S = (Siype, Sconst) a closed Freyd-category F[S] = Vg s, Cs is free over S iff there
exists an interpretation v of S in F[S] such that for any Freyd-category V EN C, and
any interpretation F' of S in V ER C, there is a unique strict closed Freyd-functor

F7# such that the following diagram commutes:

(Vs 25 €s) 22 (V2 ©)

T / (C5)

B

i.e, for any B € Supe, F(U(B)) = F(B), any (cprim:7) € Sprims F ((eprim)) =

Fy(Cprim), and any (Cefop, T) € Sefops FE (UCepop)) = Fo(Cefop)- A

This section contains the proof of the following theorem, the key theorem

of this dissertation.

Theorem 13. Given a signature S, the syntactic closed Freyd-category of the
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computational lambda calculus with that signature, Vg Is, Cs, is the free closed

Freyd-category over that signature.

In particular, given a closed Freyd-category V 2L € and an interpretation F' of

Sin V% € we can define F# = (F F) as follows. On objects:

FE(1) =FF(1) =1 (01)
FE(B)=FL(B)=F(B)  for B in Sype (02)
F(r x 1) = Ff (1, x ) = F () x F (1) = F (1) @ F (1) (03)

F{ﬁé(ﬁ —T) = Fg(ﬁ — ) = F{%(ﬁ) = F{%(Tg) = Fg(ﬁ) = Fg(Tg) (04)

On morphisms of Vg:

Fg;%(xlZTI,...,Z‘annf_ZL'iZT,;):Wi (MV1)
FETF():1) = (MV?2)
FIOCFmV:m)=moFi(THFV 1 x1) (MV3)
FETHE VL) im x ) = (FE(TEVL:n), (T F Vo 7)) (MV4)

FiTrletz<=ViinVo:m) =Fi(Cx:m b Vy:n)

o(idx FE(TFVi:m))oA (MV5)
F{(T XM = 7)) =A(FETx:n b M:n)) (MV6)
FETF Cprim = 7) = Fy(Cprim )©! (MV7)

On morphisms of Cg:
FITFV:n)=JFfTFV:7) (MC1)

FiTFlet < M, in My:7)=Fi(T,z:m b M, : )

o(id® FE T+ M) o JA (MC2)
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FITFmM:7)=JroFf(LF M) (MC3)

FETF (M, M) 7y x 1) = (id® FE (L F M,)) o (FE(T'F M) ®id) o JA

(MC4)
FE(OF MM, :75) =evalo (id® FE (T F M, : 71))

o (FE(CF M, : 7 — 1) ®id) o JA (MC5)
FE(TF Cofop : ) = Fe(Cepop)o! (MC6)

Note that syntactically this is the same definition as the interpretation of the
computational lambda calculus in a Freyd-category from Figure[4.3] but conceptually
this is a mapping from objects and morphism of the syntactic category, not types

and terms of the computational lambda calculus.

4.6.1 F7 is a strict closed Freyd-functor

Lemma 26. Y and F§ are functors.

Proof. We defined F¥f (A), F&(A) for all objects of Vs and Cs and Fif (fy), F& (fe)
for all morphisms.

Furthermore, we have seen that the interpretation of A\¢ in a closed Freyd-
category is sound with respect to the equations we quotient with, so F{f and F(#
are well-defined with respect to the quotienting.

Furthermore, they respect identities:

Féz:trhz:7)=id’

Fi(x:rra:7)=JFf(z:mFa:7)=JidY =id®
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and composition:

F@E((y:Tgl—Vg:Tg)o(:p:Tll—Vl:TQ))
—Fi(r:mFlety<ViinV,: )
—Ff@@ my:nFVam)o(idx Ff(x:mFVi:m)oA
LRy bk Vaim)omo(idx F(z:mFVi:im))oA

—Fi(y bk Ve:m)oFf(x:mkVi:n)

Fi((y:mb My:ms)o(x:m b M :1))
= Ff(z:m Flet y < M in My : 75)
—Ff(x:m,y:mbF M :m)o(id®@Fi(x:m M :m))oJA
EFf(y:m b My 1) o Jmo (id® Fi(x:m - M : 1)) o JA
—Ff(y:mb My :m)oFf(x:m F My :m)oJmyoJA

:Fé#(yiTgl_MQ2T3)OF(#(£L‘Z7'1|_M127’2)

Hence FYf and Fg are indeed functors, as required. O
Lemma 27. F{% strictly preserves finite products.

Proof. 1t strictly preserves the terminal object by (O1). It strictly preserves the
unique morphism into the terminal object by (MV2). It strictly preserves the
product object by (O3). It strictly preserves projections by (MV3) and pairing by
(MV4). [

Lemma 28. F‘# strictly preserves symmetric premonoidal structure.

Proof. 1t strictly preserves — ® = on objects by (03).

Fg(TN(I:Tll_M:TQ))
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= Fg(y 17 x 7 B (my, Mz e may]) - TeT)

= Ff(y T x 1 Flet z <= Mz — moy] in (my, 2) : TxT2)

:Féé(y:TXﬁ,z:Tgl—my,z}:Txrg)o(id®F§(y:T><ﬁI—M[wr—wrgy]))
o JA

= J(mom,m)o (id@ (Ff(z:mt M:m)oJm))oJA

= (Jm®id)o (id@ F(z:m - M: 7))o (id®Jm)o JA

—([d@Ff(x: - M:m))o(Jm ®id) o (id ® Jmy) o JA

—([d@Ff(x:m+M:m))

Similarly, it also strictly preserves — x 7.

FX(I) =1 by (O1).

Fé(axyz) = JF (axy.z) = JaXyy =0a%yy

where * hold because F{f strictly preserves finite products by Lemma [27| and { holds

because J strictly preserves premonoidal structure.

Similarly
FE(\x) =S
E g (x) = P
Ff(sxy) = sky-
So indeed Fgﬁ strictly preserves the symmetric premonoidal structure. O]

Lemma 29. F{% and Fg?E strictly preserve the closed structure.
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Proof. The exponential object is preserved by (O4).

F¥ (eval)
= Ff(z: (1 = ) x 1 b (ma)(mx) : )
—evalo (id® Ff (z: (1 = 7o) X1 F mx = 7))
o(Ff(z:(m—m)xnkFme:n —n)®id) o JA
=evalo (id® Jm) o (Jmy ®id) o JA

= eval

Ff(AMz:TxmFM:n))
:Fé(yITFAZ.M[$'—)<y,Z>]:7_1_>7—2)
:A(Fg(y:T,z:ﬁI—M[a?*—)<y72>]372))

:A(Fgﬁ(l':TXTll_MITQ))

So F{f and Fé# strictly preserve the closed structure, as required. O
Lemma 30. Ff and FE satisfy (C4).

Proof. Using (MC1),

Fi(Js(x -m bV n)=Fi(x:nbtV:n)=JF (z:nFV:n).

Lemma 31. FYf and FE satisfy (C5).

Proof. For any 3 € Syype,

FE(uB) = F{(8) = F(B)
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by (02).

Similarly, for any (7, cprim) € Sprim, using (MVT),

F&#(L(Cprim)) = F\#( = Cprim T) = F<Cprim)7

and any (7, Cefop) € Sefop, using (MV6),

F(#(L(Cefoza)) = F(#( = Cefop T) = F<06f0p)~

O

Hence F'# satisfies all of the requirements (C'1) , (C2), (C3), (C4) and (C5).

4.6.2 F7 is unique

We are going to prove that F7 as defined above is unique by showing that each
of the above rules has to hold for F# with the required properties.
For rules O1-O4 we will only argue for F{% , but using that J; and J, are

identities-on-object, and by C4, Fé# has to behave the same way.
O1 has to hold because F{f strictly preserves finite products.
02 has to hold by (C5).
O3 has to hold to because F{% strictly preserves finite products.
O4 has to hold to because F{% strictly preserves the closed structure.
MV1 has to hold because F@E strictly preserves finite products, and it is a functor,

SO

F{%(x:((Tl><72)--~><Tn)|—7rix:Ti)
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:wioFQ%(:v:((71><7-2)---><7'n)|—x:((71xrg)---xm))

= T0;.

MV2 has to hold because F{% strictly preserves the unique morphism into the

terminal object.

MV3 has to hold because F{% strictly preserves finite products, so F{f (x:1m X1k

T T;) = m;, S0 using the substitution lemma,

FETF (mx)z— V] :7)
:F{%(a::ﬁ XTQI—Wix:Ti)oFé(FI—V)

=moFE(TFV).

MV4 has to hold because F@E strictly preserves finite products.

MV5 has to hold, because

FE(Flet z < V; in V)
= F{(T F Vil = Vi)
= FITFWT =Tz W)
= FE(DFlet y < (T, 14) in V3)
= FH(D,z:mFVa)o(TH(, V) 7 x 1))
:F{f(F,szll—%)oF@E(Fl—@,%):T><7'1)

=FfT,z:mFVa)o(id, FE(TFV;: 7).
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MV6 has to hold because Ff and F{ strictly preserves closed structure, so

FECHFMeM:m — 1) =ANFED,z:m b M:n)).

MVT has to hold by (C5).
MC1 has to hold by (C4).

MC2 has to hold because

Ff(p: 1k let x < M in My[q — (p, )]
= Ff(p:7Flet < M, inlet ¢ < (p,z) in M,)
L Ff(p:7Flet g < (let z < M, in (p,z)) in My)
LEF(p:7Flet g < (p, My) in M,)
:F(#((q:TXTlI—MQ:TQ)o(p:TI—<p7M1>;7—><7—1))
—Fl(q:mxmbMy:m)oFf(p:mF (p, M) : 7 x7)
:Fg(q:TXTll_MQ:TQ)
o FE(r:7F (m(r,r), My[p — mo(r,r)]) : 7 X 71)
—Ff(g:7xm b M:m)
o Ff(r:7Flet t < (r,r) in (mt, M[p — myt]))
:F%%(q:TXTlI—MQ:Tg)oFﬁ(t:TXTl—(Wlt,M[p>—>7r2t}>)
o FE(r:7hF (rr)

:Fc#(qiTXTl"MziTz)O(id®F§(Tl—M1:Tl))oJA.

MC3 has to hold because

FE (T FmM)
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(21'

P EH(T F let y < M in my)
ZFEDy:nxnbry 7)o(d®@ Ff(TFM:n xm))oJA
= JmioJmyo(id® F(TFM: 1 x 1)) oJA
:Jﬂ_ioFéé(Fl_M:TlXTQ)OJT(-QOJA

= JmioFf(THM:m x )

where * holds as (MC2) holds.

MC4 has to hold because

FH (T F (My, M) - 7 X 73)

LEF(T Flet 2 < My inlet y < M, in (z,y) : 7 X 7)

—Ff(T,z:mblety< Myin (z,y) i1 X )o(id® FF (T + M : 1))
o JA

—Ff Tz :m,y: mF(zy) :nxn)o(ide F(D,z:mnF M))oJA
o(id@ Ff(TF M, : 7))o JA

— J{myomy,m) o (id® (FE (T F My) o Jm)) o JA
o(id® Ff(IF M, : 7))o JA

= (Jmy®id) o (id @ Ff (D' F M) o (id ® Jmy) o JA
o(id® FE(TF M 7))o JA

= (id® FZ(I'F My)) o J(my, m) o (id® FF (T My : 7)) o JA

Z(id® F(TF M) o (F(TF M, : 1) ®id) o J{my, ) o JA

= (id® FA(TF My))o (FF(TF M, : 1) ®id) o JA
C C

where * holds because J(m2, 71) = Sz, .1,-
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MC5 has to hold because the closed structure is strictly preserved, so

Ff(z: (= m) x 1 F (mz)(m) : ) = eval

so we need

FETF MM, : 1)
L FF(T Flet < M, inlet y < M in zy : 7)
= FH(TFlet x <= M in let y <= My in let z <= (z,y) in (m12)(m2) : 72)
= FH (T Flet z < (let & <= My in let y <= M, in (z,y)) in (m12)(m2))
= FH(T F let z < (M, M) in (m,2)(m22))
= F(z: (1 = 1) X7 b (m2)(m22) : 72) o FX (T + (My, M)

—evalo (Id@ FF(TF My :m)) o (FE(TF M, : 1y = 1) ®id) o JA.

MC6 has to hold by (C5).

Hence F@E and Fg£ are indeed unique.

Hence the syntactic closed Freyd-category is indeed the free closed Freyd-category
over a signature.

Note that this proves that A¢ is an internal language of Freyd-categories, and
we can use it to prove statements about Freyd-categories the same way we can

use the STLC to prove statements about CCCs.
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The computational lambda calculus in the

monadic metalanguage

This chapter describes and proves how to translate the computational lambda
calculus to the monadic metalanguage in a semantically justified way.

By [22], [13], for K a cartesian category with a strong monad 7" and Kleisli-
exponentials, X °— Kr is a closed Freyd-category.

Chapter |3| characterized the syntactic CCC with a strong monad of the monadic
metalanguage. Chapter 4| characterized how to interpret the computational lambda
calculus in a Freyd-category. By interpreting the computational lambda calculus
in the Freyd-category we get from the syntactic CCC with a strong monad of the
monadic metalanguage, we get a mapping from computational lambda calculus
terms to monadic metalanguage terms that is synthesized from purely semantic

concerns. In particular, if My =g, Ms in Ac, then using the soundness result of A¢,

97
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98 metalanguage
Computational lambda calculus Monadic metalanguage
x:TEM:T x:THM:TT
rz:Thk():1 x:7H[(O]r:T1
17T M T v:7kHlet y< Min [myly : TT

r:7hFlet 2y < My in (let 2y <= My in (2, 29))
:T(T1 X T3)
z:TEMNM T =T r:7E M Mlp:T(7 — T7)

x:7ThE (M, M) : 1 X 7o

r:7klet 2y <= My in (let 2y < My in 2129)
:T(7 X T2)
z:7Hlet z <= M in My : 1y x:Thlet z<= M, in My : T7

[L’ZT}_MlMQZ’TlXTQ

Figure 5.1: Translation of the computational lambda calculus to the monadic metalan-

guage

[Mi]¢ = [Ma]e in the syntactic Freyd-category of Ay, so My =g, My in Ay
The resulting translation is summarized recursively in Figure and the

derivation is described in Section [5.2

5.1 Description of the Freyd-category structure
derived from the monadic metalanguage

This section describes the the Freyd-category structure obtained from the syntactic
CCC with a strong monad of the monadic metalanguage. It is derived by instantiating
the structure of the syntactic CCC with a strong monad of the monadic metalanguage
described in Chapter [3] in the standard construction of a Freyd-category from a

CCC with a strong monad as in [22].
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Finite products in K:

o Terminal object: 1

o Binary product of objects 7y, 7:
(M X7, (x:m Xk me:n),(v:1 X1k me:n)).
Premonoidal structure in Cr:

TI® Ty i=T1 X Ty

For an object 7, for (x : m F E : Tn) € K(n,T1) = Kr(1, 1)

TX(r:mbEE:Tn) € Kr(T X 1,7 X T)

Tx(x:mEE:Tr)=(y:7xmnkFlet z< Elx— my| in [(my,2)]r: T(T X 1))

(x:mbEE:Trn)x1eKp(m X 7,7 XT)

(x:mbFE:Tn)x1:=(y:m x71klet 2z < Elx — my| in [(z, my)|r : T(12 X 7))

Closed structure in X L= Kr:

T1T = T : = T —>T7’2

eval € Kr((11 = 1) x 11, m2) = K((11 = T1e) X 71, TT9)

eval .=z : (1 = Tmp) x 7 b (max)(mex) : Ty
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A((z:TxnkEE:Tn)) € K(r,11 = )

A((z:7xnkFE:Tn)=y: 7t Xz:1.E:m — Tn

5.2 Derivation of the translation

This section describes how the translation in Figure is derived. In particular, to
get the translation of a term M, which we denote by M, we take its interpretation in
the syntactic Freyd-category of the monadic metalanguage derived from its syntactic

CCC with a strong monad and formulate it as a monadic metalanguage term.

Theorem 14. Interpreting the computational lambda calculus in the syntactic Freyd-

category of the monadic metalanguage synthesises the translation in Figure |5. 1.

Proof. For each of the term-constructors of the computational lambda calculus, we
are going to confirm that the interpretation agrees with the monadic metalanguage

term in Figure [5.1}

e Case: unit
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« Case: proj

x:TFmM:TT,
=Jz:7FmM:7]e
=(momN)ox, [t:TFHM: 7 xn]c
=Mmo(z: A xTbEmr: 7)ok, (x:THM:TT X 13)
=(y: A xnmbt[rylr:T7) ok, (x: T M : TT X 75)

=x:7klety< M in [ry)r : T7

o Case: pair

w7k My, M) : TH X7
=[z:7F (M, M) : 1 X 1]c
=@ x[r:7F My 7))ok, ([r:7E M ]c X T) ok, (noA)
=T x(x:THM 7)) ox, (x:7F M :7) XT)
ok, (x: T F [(z,2))7 : T(T x 7))
= (Y2 : 71 X T I let 25 <= Mp[z = moys] in [(miys, 20)]r : T (7 X 72))
ok, (y1 : T X TElet 21 <= M|z muyi] in [(z1, mayi)]r : T(71 X 7))
oy (X :TF [(z,2)]7 : T(T X7T))
= (y2: 71 X T I let 25 <= My = moys] in [(miya, 2)]7 : T(71 X 72))
ok, (x: 7T let yy < [(z,2)|r in (let z; < M|z — Ty
in [(z1, myn)|r) : T(T1 X 7))
v (yo : 71 X T F let 29 <= My[z > moyp] in [(m1ys, 20)|7 : T(T1 X 72))

ok, (x: T let 2y < M|z m(z,x)] in [(z1, m(z, 2))]r : T(71 X 7))

p:B (y2 T X T F let 29 <= HQ[%’ —> 7T2y2] in [<7T1y2, Z?)]T : T(ﬁ X 7'72))
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oy (x:THlet 2y < M, in [(z1,2)]r : T(71 X T))
=2 :7F let yo < (let 21 < My in [(z1, 2)|7)
in let 29 < M|z — moys] in [(m1ya, 22)] 7 : T (T X T2)
L 27k let 21 <= My in (let y, <= [(21, 2)]7
in (let zo < E[x — ToYo] in [(m1Y2, 22)|7))
Y w7 let 2 < M in (let 2o < Mz — mo[(z1, 2)]7]
in [(m1[(z1, 2)]7, 22)]7)

T F let 21 <= M in (let zp <= My in [(21, 20)|7) : T (70 X T2)

e Case: abst

2 TEXM T =75
=[z:7F X2 M7 = B¢
=noflz:7E Xz M 1 = n]v
=nolA([r:7m,z:nFM:7n)c)
=noA(Jy:7xmE Mz~ my,z— my|: n]c)
=nolA(y:7 X1k Mz my,z— my|: )
=nolAy:TxTF Mz my,z— my|: )
=nolAx:T,z:7+M:T%)
=no(y: Tk Xz M:7 —T7)

= (y:7F e Mlp: T — T5))

o Case: app

z:THE MM, :TT
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= [[ZL':TI_MlMQITz]]C
=evalog, [z : 7+ (M, M) : (11 = 1) X 11]e
=(y:(m=m) X7t (my)(mny) : T7)

oy (@ :TH(My, M) : T((1y = 72) X 11))
=(y:(n=m)xmkE (my)(my) : T73)

oKy (m:?l—let 21 <:ﬁ1

in (let zp <= My in (21, 29)) : T((11 = T2) X 71))
=z :7Flet y < (let z; <= M in (let 29 < M; in (21, 22)))

in (my)(my): TT

a

T:TE
let z; <= M, in let y < (let 2, <= M, in (21, 20))

in (my)(my): TT

T:TH

a

let 21 <= M in (let 2o <= My in (let y < (21, 22) in (my)(my))) : T

=x:7Flet 2y & M in (let 20 & My in 2129) : T

Case: let

rz:THlet z <=M, in My :T7

=[z:7Flet 2 <= M in M; : )¢
=[z:mz:mk My:nfoox, ([7] x [z :7F M 7i]c) oy (n0A)

=(z:T,z:T My :TR) o, (Fx(x:TF M :Tm))

oy (o (w:7TH(r,x): 7))

=(x:T,z: T - My :TT)
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o, (Y : T XThlet 2 < M|z — my] in [my]rz : T X 77)
oy (o (@7 + (2,2} : 7))
=(x:T,z: T My :TT)
o, (Y : T X T let 2 <= Mi[w — moy] in [(my, 2)]r: T X 77)
o(x:Tk (x,x):7)
=(r:T,z: T My : TT)
ok, (:7: T xTElet 2 <= Mz — mo(z, x)]
in [(m(z,z), 2)|7r: T X 77)
=(x:Tz: T My : TT)
ok, (z:TFlet 2 <= My in [(x,2)|r : 7 X 77)
=z:Tklet y < (let 2 <= My in [(z,2)]7) in Myl — my, 2 — moy] : T
Zz:7klet 2« M, in (let y < [(z,2)]r in Mz — my, z — my]) : T

Y :Fhlet 2« M in Mz — m{x, 2), 2 — mo(x, 2)]

%7k let 2 <= B in (let y < [(z, 2)]7 in Malz — my, 2z — my]) : TT

ﬁx:?l—letz@MinE[m»—)x,z»—)z]:TTS

=z:Tklet z =M, in My, : T7

Hence the interpretation indeed synthesises the above translation. O



Conclusion

This dissertation studied the category-theoretic semantics of simply-typed pro-
gramming languages. It surveyed some of the key results relating to the simply-
typed lambda calculus and the monadic metalanguage and their category-theoretic
semantics. It then formalized the corresponding result relating to the computational
lambda calculus and Freyd-categories. Finally, it used these semantics to give
a semantically-justified translation from the computational lambda calculus to
the monadic metalanguage.

While it has been known that Freyd-categories provide a sound and complete
semantics of the computational lambda calculus, this is the first full description
and proof of the denotational semantics directly in Freyd-categories and the first
derivation of the translation of the computational lambda calculus to the monadic
metalanguage using it.

Directions for future work could include formalizing further translations between

105
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other pairs of languages based on their semantics, such as a translation between the
fine-grain call-by-value and the computational lambda calculus. Another direction
could be showing that the semantics given indirectly by translating to another
language first, such as in [13], is indeed equivalent to the one directly given in this
dissertation. Additionally, other aspects found in real languages, such as sum types,

or more ambitiously, object-oriented features could be explored.



107



108 A. Notation

Notation

O An empty context.
In a cartesian category C, for an object X, a morphism A : X — X given

= Holds by the inductive hypothesis.

Holds by the weakening lemma.

[l

Holds by the substitution lemma.

=

Holds by let/.

=

Holds by letn.

IE,

Holds by prodg.

2 Holds by prods.

£ Holds by fng.

o Holds by fnn.

P Holds by comppair.
@ Holds by compapp.
D Holds by compproj.

Holds by assoc.

Holds by unit.
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