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The SOR iteration for solving linear systems of equations depends upon an
overrelaxation factor w. We show that, for the standard model problem of
Poisson’s equation on a rectangle, the optimal w and corresponding convergence
rate can be obtained rigorously by Fourier analysis. The trick is to tilt the
space—time grid so that the SOR stencil becomes symmetrical. The tilted grid also
gives new insight into the relationships between the Gauss—Seidel and Jacobi
iterations and between the lexicographic and red-black orderings, and into the
modified equation analysis of Garabedian.

1. Introduction

Fourier analysis has been used for nearly fifty years to test the stability of
time-dependent finite-difference formulae—the ‘von Neumann method’.® More
recently, it has also become a standard tool for estimating the convergence rate of
multigrid iterations.> But the analysis of the more classical iteration known as
successive overrelaxation—SOR—has been carried out by other means.*®1%!
The reason is that the behaviour of SOR, unlike the other two problems, is
dominated by low-frequency modes that are controlled by boundary conditions.
The obvious application of Fourier analysis treats the boundary conditions
incorrectly, and leads to an incorrect prediction of the optimal convergence rate.

In this note we show that, if the computational grid is tilted by a certain angle
in space and time, then Fourier analysis becomes exact for the standard SOR
model problem: the five-point discretization of Poisson’s equation on a rectangle
with Dirichlet boundary conditions, with the variables taken in the natural
(lexicographic) ordering.

The SOR model problem was first analysed by Frankel in 1950.® Our approach
leads to no quantitative results that Frankel did not have, but makes it clear why
the eigenvectors of the SOR iteration have the form they do. This analysis is
restricted to the rectangular model problem, so it in no way supplants the much
more general theory of matrix iterations developed by Young in the early
19505_10,11

In 1956, Garabedian proposed a new analysis of SOR, which today could be
described as an early application of the idea of ‘modified equations’.” He
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observed that the SOR iteration is a consistent finite-difference approximation of
a time-dependent partial differential equation, so that its rate of convergence
should approximate the rate of decay of solutions to that equation. To determine
this rate, he introduced a new timelike variable s = ¢ + 4x + 1y which reduces the
differential equation to a canonical form that can be analysed by Fourier
methods. Our tilting of the grid corresponds exactly to Garabedian’s introduction
of the variable s. Thus, for the SOR model problem, the consideration of a
partial differential equation is unnecessary, and indeed the analysis in the discrete
domain has the advantage that it is exact rather than approximate. Garabedian’s
idea, however, provides additional insight. (Neither tilted grids nor modified
equations are sufficient to analyse all iteration formulae, such as the SOR
iteration for the nine-point Laplacian.?)

Approximate Fourier analysis of SOR (on the usual grid) has been discussed
previously by Kuo® and Chan & Elman* and probably others. Our tilted grid is
also equivalent to the ‘data flow times’ considered by Adams & Jordan for
reasons of parallelizability.!

2. Jacobi iteration

Consider the discrete Poisson problem

1 ,
W2 Wkt et U1 tuj e —4p)=fir (1<jk<sN-1),

1)
u]k=Fik (]=0,N or k=0,N),
on the square [0, n]?, with h =m/N. Let @} denote the approximation to the
exact discrete solution u of (1) at the n th step of an iteration, with corresponding
eITOT Vj = i — uy. Define also x; =jh and y, =kh for 0<jk<N.
The Jacobi iteration is an example in which Fourier analysis works

straightforwardly.'®!! The errors evolve according to

VT =k U F U1 Y USks) (IS ASN-1),

vi=0 (j=0,N or k=0, N).

Let us consider what solutions of the form v}, =g(&, n)"e"®¥*™ this iteration
admits if we ignore the boundary conditions. We obtain immediately

g(&, n) =3e ™ + e'** + 7" + &%) = {(cos Eh + cos nh). 3)

. This is the amplification-factor function for the Jacobi iteration. The essential
property is that it is an even function of £ and 7:

@)

g(& n)=g(-& n)=g(& —n)=g(-& —n). )
If we take as initial data the linear combination
sin £x; sin ny; = —}(e® 0 _ gl-Brrmn) _ giy—m) 4 gi-Ey-mw)  (5)

where £ and 7 are integers in the range 1< &,7 <N — 1, then the homogeneous






