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Fluid flows that are smaoth at low speeds become unstable and then turbulent at higher
speeds. This phenomenon has traditionally been investigated by linearizing the equations
offlow and testing for unstable eigenvalues of the linearized problem, but the results of such
investigations agree poerly in many cases with expetiments. Nevertheless, linear effects
play a central role in hydradynamic instability. A reconciliation of these findings with the
traditional analysis is presented based on the “pseudospectra” of the linearized problem,
which imply that small perturbations to the smoath flow may be amplified by factors on the
arder of 10% by a linear mechanism even though all the eigenmades decay maonotanically.
The methods suggested here apply also to other problems in the mathematical sciences

that involve ngnorthogenal eigenfunctions.

Hydrodynamic stability theory is the study
of how laminar fluid flows become unstable,
the precursor to turhulence. [t is well known
that turbulence is an unsolved problem, but
nat sa well known that despite the efforts of
generations of applied mathematicians, be-
ginning with Kelvin, Rayleigh, and Rey-
nolds, many of the presumably simpler phe-
nomena of hydrodynamic stability also re-
main incompletely understood (I, 2).

The traditional starting point of an
investigation of hydrodynamic stahility is
eigenvalue analysis, which proceeds in
two stages: (i) linearize about the laminar
solution and then (ii) look for unstable
eigenvalues of the linearized problem. An
“unstable eigenvalue™ is an eigenvalue in
the complex upper half-plane, correspond-
ing to an eigenmode of the linearized
problem that grows exponentially as a
function of time . It is natural to expect
that a flow will hehave unstably if and only
if there exists such a growing eigenmode,
and over the years much has been learned
about which flows passess such modes, a
distinction chat depends on the gecmetry,
the Reynalds number, and sometimes oth-
er parameters.

For some flows, notably thase with in-
stabilities driven by thermal or centrifugal
forces, the predictions of eigenvalue analy-
sis match laboratary experiments. Examples
ate Rayleigh-Bénard convection (a station-
ary flujid heated from below) and Taylor-
Couette flow (between a stationary outer
and a rotating inner cylinder). For other
flows, natably thase driven by shear forces,
the predictions of eigenvalue analysis fail to
match most experiments. We consider the
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two. most studied examples of this kind:
{plane) Couette flow, the flow with a linear
velocity profile between two infinite flat
plates moving parallel ta one another, and
{plane) Poiseuille flow, the flow with a
parabolic velocity profile between two sta-
tionary plates (Fig. 1). Other examples for
which eigenvalue analysis fails include pipe
Poiseuille flow (in a cylindrical pipe) and,
to a lesser degree, Blasius boundary layer
flow {near a flat wall}.

For Poiseuille flow, eigenvalue analysis
predicts a critical Reynolds number R =
5772 at which instability should first occur
{3), but in the lahoratory, transition to
turhulence is observed at Reynolds numbers
as low as R = 1000 (4). For Couertte flow,
eigenvalue analysis predicts stability for all
R (5}, but transition is observed for Rey-
nolds numbers as low as R = 350 (6). These
anomalies of “subcritical transition to tur-
bulence” have been recognized for many
years, and the explanation has traditionally
been attributed to step (i) above. If linear-
ization has failed, the reasoning goes, one
must look mare closely at the nonlinear
terms or perhaps linearize about a solution
other chan the laminar one {the theory of
“secondary instability” (7-9}].

Recently it has emerged, however, that
the failure of eigenvalue analysis may more
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Fig. 1. velocity profies for two laminar flows
findependent of x and 7). The geometry is an
infinite 3D slab of viscous incompressible fluid
bounded by parallet walls. The laminar solu-
tians satisfy the Navier-Stokes equations for all
Reynolds numbers, but for higher A, the flows
are unstable and rapidly become turbulent.
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justly be attributable to step (ii). It is a fact
of linear algebra that even if all of the
eigenvalues of a linear system are distinct
and lie well inside the lower half-plane,
inputs ta that system may be amplified by
arhitrarily large factots if the eigenfunctions
are not orthogonal to one anather. A ma-
ttix or operator whose eigenfunctions are
orthogonal is said to be “normal™ (10), and
the linear operators that arise in the Bénard
and Taylor-Couette problems are in this
category. By contrast, Reddy ec al. (11)
discovered in 1990 that the operatars that
arise in Poiseuille and Couerte flow are in a
sense exponentially far from normal. At
ahout the same time, the startling discovery
was made by Gustavsson (12), Henningson
et al. (13}, and Butler and Farrell (14) that
small perturbations to these flows may be
amplified by factors of many thousands,
even when all the eigenvalues are in the
lower half-plane (Fig. 2}. The elegant paper
by Butler and Farrell discusses many details
omitted hete and, together with a more
recent paper by Reddy and Henningson
(15), forms the foundation of the present
wotk (16).

The shaded region in Fig. 2 has appeared
in many publications (17) and carresponds
to parameters for which unstable eigen-
mades exist. The contours outside the shad-
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Fig. 2. Maximal resonant amplification of 3D
perturbations in linearized Poiseuille flow as a
function of Reynolds number A and xz wave-
number magnitude k = Va2 + g2 (Eq. 8). Inthe
shaded region, with leftmost paint A = 6772,
unstable eigenmades exist and unbounded
amplification is possible. The contours autside
that region, from outer to inner, carrespond to
finite amplification factors of 103, 10* {dashed),
105, 2 x 108, ..., 1.3 x 10% For éxample,
amplification by a factor of 1000 is passible for
all A = 549. In the laboratory, transition to
turbulence is observed at A = 1000. The anal-
agous picture far Couette flow looks qualitative-
ly similar except that there is no shaded region.





















