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1 The Need for Numerical Computation

Everyoneknowsthat whensciertists and engineersneednumerical answersto math-
ematical problems, they turn to computers. Nevertheless,there is a widespread
misconceptionabout this process.

The power of nhumbers has been extraordinary. It is often noted that the sci-
entic revolution was set in motion when Galileo and others made it a principle
that everything must be measured. Numerical measuremets led to physical laws
expressedmathematically, and, in the remarkable cycle whosefruits are all around
us, ner measuremets led to re ned laws, which in turn led to better technology
and still ner measuremets. The day haslong sincepassedwhen an advancein the
physical sciencescould be achieved, or a signi cant engineeringproduct developed,
without numerical mathematics.

Computers certainly play a part in this story, yet there is a misunderstanding
about what their role is. Many peopleimagine that sciertists and mathematicians
generateformulas, and then, by inserting numbersinto these formulas, computers
grind out the necessaryresults. The reality is nothing like this. What really goes
on is a far more interesting processof execution of algorithms. In most caseghe job
could not be done even in principle by formulas, for most mathematical problems
cannot be solved by a nite sequenceof elemerary operations. What happens
instead is that fast algorithms quickly cornverge to \approximate” answers that
are accurate to three or ten digits of precision, or a hundred. For a sciertic or
engineeringapplication, such an answer may be as good as exact.

We can illustrate the complexities of exact versusapproximate solutions by an
elemenary example. Supposewe have one polynomial of degree4,

p(z) = o+ 1z + Coz? + c3z° + cazt;
and another of degreeb,
A(z) = do+ d1z + dpz? + dgz® + dyz* + dsz°:

It is well known that there is an explicit formula expressingthe roots of p in terms
of radicals (discovered by Ferrari around 1540), but no such formula for the roots of
g (asshaovn by Ru ni and Abel morethan 250yearslater; seeThe Insolubility
of the Quintic for more details). Thus, in a certain philosophical sensethe root-
nding problemsfor p and g are utterly dierent. Yetin practice they hardly di er
at all. If a sciertist or a mathematician wants to know the roots of one of these
polynomials, he or shewill turn to a computer and get an answer to 16 digits of
precision in lessthan a millisecond. Did the computer use an explicit formula?
In the caseof q, the answer is certainly no, but what about p? Maybe, maybe
not. Most of the time, the user neither knows nor cares, and probably not one
mathematician in a hundred could write down formulas for the roots of p from
memory.

Here are three more examplesof problemsthat can be solved in principle by a



nite sequenceof elemenary operations, like root nding for p.
(1) Linear equations: solve a systemof n linear equationsin n unknowns.

(2) Linear programming: minimize a linear function of n variables subject to
m linear constraints.

(3) Traveling salesmanproblem: nd the shortest tour betweenn cities.

And here are v e that, like root nding for g, cannot generally be solved in this
manner.

(4) Find an eigervalue of ann  n matrix.

(5) Minimize a function of seweral variables.

(6) Evaluate an integral.

(7) Solve an ordinary di erential equation (ODE).
(8) Solwve a partial di erential equation (PDE).

Can we concludethat (1){(3) will be easierthan (4){(8) in practice? Absolutely
not. Problem (3) is usually very hard indeed if n is, sa, in the hundreds or
thousands. Problems (6) and (7) are usually rather easy at least if the integral is
in one dimension. Problems (1) and (4) are of almost exactly the samedi cult y:
easywhen n is small, like 100, and often very hard when n is large, like 1000000.
In fact, in these matters philosophy is such a poor guide to practice that, for each
of the three problems (1){(3), when n and m are large one often ignoresthe exact
solution and usesapproximate (but fast!) methods instead.

Numerical analysisis the study of algorithms for solving the problems of cortin-
uous mathematics, by which we mean problemsinvolving real or complexvariables.
(This de nition includes problemslike linear programming and the traveling sales-
man problem posed over the real numbers, but not their discrete analogues.) In
the remainder of this article we shall review someof its main branches, past ac-
complishmerts, and possiblefuture trends.

2 A Brief History

Throughout the certuries, leading mathematicians have beeninvolved with scien-
tic applications, and in many casesthis has led to the discovery of numerical
algorithms still in usetoday. Gauss, asusual, is an outstanding example. Among
many other contributions, he made crucial advancesin least-squaresdata tting
(1795), systemsof linear equations (1809), and numerical quadrature (1814), as
well asinventing the fast Fourier transf orm (1805), though the last did not
becomewidely known until its rediscovery by Cooley and Tukey in 1965.

Around 1900,the numerical side of mathematics started to becomelessconspic-
uous in the activities of researdy mathematicians. This was a consequenceof the
growth of mathematics generally and of great advancesin elds in which, for tech-
nical reasons,mathematical rigor had to be the heart of the matter. For example,
many advancesof the early twertieth certury sprang from mathematicians' new



ability to reasonrigorously about in nit y, a subject relatively far from numerical
calculation.

A generation passed,and in the 1940scomputers were invented. From this
moment numerical mathematics beganto explode, but now mainly in the hands of
specialists. New journals werefounded such as Mathematics of Computation (1943)
and Numerische Mathematik (1959). The revolution was sparked by hardware, but
it included mathematical and algorithmic dewvelopmerts that had nothing to do
with hardware. In the half-certury from the 1950s,machines sped up by a factor
of around 10°, but sodid the best algorithms known for someproblems, generating
a combined increasein speedof almost incomprehensiblescale.

Half a certury on, numerical analysishasgrown into one of the largest branches
of mathematics, the specialty of thousands of researhers who publish in dozens
of mathematical journals as well as applications journals acrossthe sciencesand
engineering. Thanks to the e orts of these people going badk many decades,and
thanks to ever more powerful computers, we have reached a point wheremaost of the
classicalmathematical problems of the physical sciencescan be solved numerically
to high accuracy Most of the algorithms that make this possible were inverted
since 1950.

Numerical analysisis built on a strong foundation: the mathematical subject of
approximation theory. This eld encompasseslassicalquestionsof interpolation,
seriesexpansions,and harmonic anal ysis assaiated with Newton , Fourier |,
Gauss,and others; semiclassicalproblems of polynomial and rational minimax ap-
proximation assaiated with namessud as Chebyshev and Bernstein; and major
newer topics including splines, radial basisfunctions, and wavelets . We shall not
have spaceto addressthese subjects, but in almost every area of numerical anal-
ysisit is a fact that, sooner or later, the discussioncomesdown to approximation
theory.

3 Machine Arithmetic and Rounding Errors

It is well known that computers cannot represert real or complex numbers exactly.
A quotient like 1=7 evaluated on a computer, for example, will normally yield an
inexact result. (It would be dierent if we designedmachinesto work in base7!)
Computers approximate real numbers by a system of o ating-point arithmetic, in
which ead number is represerted in a digital equivalent of sciertic notation, so
that the scaledoes not matter unlessthe number is so huge or tiny asto cause
over ow or under ow. Floating-point arithmetic was invented by Konrad Zusein
Berlin in the 1930s,and by the end of the 1950sit was standard acrossthe computer
industry.

Until the 1980s,di erent computers had widely di erent arithmetic properties.
Then, in 1985, after years of discussion, the IEEE (Institute of Electrical and
Electronics Engineers)standard for binary oating-p oint arithmetic wasadopted, or
IEEE arithmetic for short. This standard hassubsequetly becomenearly universal
on processorsof many kinds. An IEEE (double precision) real number consists of
a 64-bit word divided into 53 bits for a signedfraction in base2 and 11 bits for a



signedexponert. Since2 %2 1:1 10 6 |[EEE numbersrepresen the numbers
of the real line to a relative accuracy of about 16 digits. Since2 2° 10 3%, this
systemworks for numbers up to about 10°°® and down to about 10 308,

Computers do not merely represer numbers, of course; they perform opera-
tions on them such asaddition, subtraction, multiplication, and division, and more
complicated results are obtained from sequencef these elemenary operations.
In oating-p oint arithmetic, the computed result of eat elemenary operation is
almost exactly correct in the following sense:if \ " is one of thesefour operations
in its ideal form and\ " is the sameoperation asrealized on the computer, then
for any oating-p oint numbers x and y, assumingthat there is no under ow or
over ow,

X y=(x y@a+"):

Here" is a very small quartit y, no greater in absolute value than a number known
asmachine epsilon, denotedby "mach, that measuresthe accuracy of the computer.
In the IEEE system,"mach = 2 °2  1:1 10 16,

Thus, on a computer, the interval [1; 2], for example,is approximated by about
10'® numbers. It is interesting to comparethe neness of this discretization with
that of the discretizations of physics. In a handful of solid or liquid or a balloonful of
gas,the number of atoms or moleculesin a line from one point to another is on the
order of 108 (the cube root of Avogadro'snumber). Suc a systembehavesenough
like a continuum to justify our de nitions of physical quartities sud as density,
pressure,stress, strain, and temperature. Computer arithmetic, howewer, is more
than a million times ner than this. Another comparisonwith physicsconcernsthe
precisionto which fundamental constarts are known, suc as (roughly) 4 digits for
the gravitational constart G, 7 digits for Planck's constart h and the elemenary
charge e, and 12 digits for the ratio = g of the magnetic momert of the electron
to the Bohr magneton. At preser, almost nothing in physicsis known to more than
12 digits of accuracy Thus IEEE numbers are orders of magnitude more precise
than almost any number in science.(Of course,purely mathematical quartities like

are another matter.)

In two sensesthen, oating-p oint arithmetic is far closerto its ideal than is
physics. It is a curious phenomenonthat, nevertheless,it is oating-p oint arith-
metic rather than the laws of physicsthat is widely regardedas an ugly and dan-
gerous compromise. Numerical analysts themseles are partly to blame for this
perception. In the 1950sand 1960s,the founding fathers of the eld discovered
that inexact arithmetic can be a source of danger, causingresults to be in error
that \ought" to beright. The sourceof such problemsis numerical instability : that
is, the ampli cation of rounding errors from microscopicto macroscopicscale by
certain modes of computation. These men, including von Neumann, Wilkinson,
Forsythe, and Henrici, took great pains to publicize the risks of carelessreliance
on macdine arithmetic. Theserisks are very real, but the messagewas commu-
nicated all too successfully leading to the current widespreadimpressionthat the
main businessof numerical analysis is coping with rounding errors. In fact, the
main businessof numerical analysisis designing algorithms that corverge quickly;
rounding-error analysis, while often a part of the discussion,is rarely the certral



issue. If rounding errors vanished, 90% of numerical analysis would remain.

4 Numerical Linear Algebra

Linear algebrabecamea standard topic in undergraduate mathematics curriculums
in the 1950sand 1960s,and hasremainedthere ever since. There are se\eral reasons
for this, but | think oneis at the bottom of it: the importance of linear algebrahas
exploded sincethe arrival of computers.

The starting point of this subject is Gaussian elimination, a procedure that
can solve n linear equations in n unknowns using on the order of n3 arithmetic
operations. Equivalertly, it solvesequationsof the form Ax = b, whereA isann n
matrix and x and b are column vectors of sizen. Gaussianelimination is invoked
on computers around the world almost every time a system of linear equationsis
solved. Even if n is as large as 1000, the time required is lessthan one second
on a typical 2006 desktop macdiine. The idea of elimination was rst discovered
by Chinese scholars about 2000 years ago, and more recert cortributors include
Lagrange , Gauss,and Jacobi. The modern way of describing suc algorithms,
however, was apparertly introduced as late as the 1930s. Supposethat, sa,
times the rst row of A is subtracted from the secondrow. This operation can be
interpreted asthe multiplication of A on the left by the lower-triangular matrix M ;
consisting of the identity with the additional nonzeroentry my; = . Further
analogousrow operations correspond to further multiplications on the left by lower-
triangular matrices M. If k stepscornvert A to an upper-triangular matrix U, then
we have MA = U with M = My MMy, or, upon setting L = M 1,

A= LU:

HereL is unit lower-triangular, that is, lower-triangular with all its diagonal ertries
equalto 1. SinceU represetts the target structure and L encadesthe operations
carried out to get there, we can say that Gaussianelimination is a processof lower-
triangular upper-triangularization .

Many other algorithms of numerical linear algebra are also basedon writing a
matrix as a product of matrices that have special properties. To borrow a phrase
from biology, we may say that this eld hasa certral dogma:

algorithms ! matrix factorizations:

In this framework we can quickly describe the next algorithm that needsto be
considered. Not every matrix has an LU factorization; a 2 2 counterexample is

the matrix
01

10

Soon after computers cameinto useit was obsened that even for matrices that
do have LU factorizations, the pure form of Gaussianelimination is unstable, am-
plifying rounding errors by potentially large amounts. Stability can be achieved
by interchanging rows during the elimination in order to bring maximal ertries to

A=



the diagonalla processknown as pivoting. Since pivoting acts on rows, it again
corresponds to a multiplication of A by other matrices on the left. The matrix
factorization corresponding to Gaussianelimination with pivoting is

PA = LU;

where U is upper-triangular, L is unit lower-triangular, and P is a permutation
matrix, i.e., the identit y matrix with permuted rows. If the permutations are chosen
to bring the largestentry below the diagonalin columnk to the (k; k) position before
the kth elimination step, then L hasthe additional property j';;j 1foralliandj.

The discovery of pivoting came quickly, but its theoretical analysis has proved
astonishingly hard. In practice, pivoting makes Gaussianelimination almost per-
fectly stable, and it is routinely doneby almost all computer programsthat needto
solve linear systemsof equations. Yet it wasrealizedin around 1960by Wilkinson
and othersthat for certain exceptional matrices, Gaussianelimination is still unsta-
ble, even with pivoting. The lack of an explanation of this discrepancyrepreserts
an embarrassinggap at the heart of numerical analysis. Experiments suggestthat
the fraction of matrices for which Gaussian elimination ampli es rounding errors
by a factor greaterthan n 72 isin a certain senseexponertially small asa function
of as ! 1, wheren is the dimension (for example, among random matrices
with independert normally distributed ertries), but a theorem to this e ect has
never beenproved.

Meanwhile, beginning in the late 1950s,the eld of numerical linear algebra
expandedin another direction: the use of algorithms basedon or thogonal or
unit ary matrices, that is, real matrices with Q * = QT or complex ones with
Q '= Q ,whereQ denotesthe conjugate transpose. The starting point of such
developmerts is the idea of QR factorization. If Aisanm n matrix with m n,
a QR factorization of A is a product

A = QR;

whereQ hasorthonormal columnsand R is upper-triangular. One caninterpret this
formula asa matrix expressionof the familiar idea of Gram{Schmidt orthogonaliza-
tion, in which the columnsa; op;::: of Q are determined one after another. These
column operations correspond to multiplication of A on the right by elemenary
upper-triangular matrices. One could say that the Gram{Schmidt algorithm aims
for Q and gets R as a by-product, and is thus a processof triangular orthogonal-
ization. A big event waswhen Householdershowed in 1958that a dual strategy of
orthogonal triangularization is more e ectiv e for many purposes.In this approad,
by applying a successionof elemenary matrix operations ead of which re ects
R™ acrossa hyperplane, one reducesA to upper-triangular form via orthogonal
operations: one aims at R and gets Q as a by-product. The Householdermethod
turns out to be more stable numerically, becauseorthogonal operations presene
norms and thus do not amplify the rounding errors intro duced at ead step.

From the QR factorization spranga rich collection of linear algebra algorithms
in the 1960s. The QR factorization can be used by itself to solve least-squares
problems and construct orthonormal bases. More remarkable is its use as a step

7



in other algorithms. In particular, one of the certral problems of numerical linear
algebrais the determination of the eigenv alues and eigenvectors of a square
matrix A. If A hasa complete set of eigervectors, then by forming a matrix X

whose columns are these eigervectors and a diagonal matrix D whose diagonal
ertries are the corresponding eigervalues, we obtain

AX = XD;
and hence,since X is nonsingular,
A= XDX 1

the eigenvaluedecomposition. In the special casein which A is hermitian, a com-
plete set of orthonormal eigervectors always exists, giving

A=QDQ;

where Q is unitary. The standard algorithm for computing these factorizations

was deweloped in the early 1960sby Francis, Kublanovskaya, and Wilkinson: the

QR algorithm. Becausepolynomials of degree5 or more cannot be solved by a

formula, we know that eigervalues cannot generally be computed in closedform.

The QR algorithm is therefore necessarilyan iterativ e one, involving a sequence
of QR factorizations that is in principle innite. Nevertheless, its corvergence
is extraordinarily rapid. In the symmetric case,for a typical matrix A, the QR

algorithm cornvergescubially, in the sensethat at eat step the number of correct

digits in one of the eigervalue{eigenvector pairs approximately triples.

The QR algorithm is one of the great triumphs of numerical analysis, and its
impact through widely usedsoftware products has beenenormous. Algorithms and
analysis basedon it led in the 1960sto computer codesin Algol and Fortran and
later to the softwarelibrary EISPACK (\Eigensystem Padkage") and its descendah
LAPACK. The samemethods have also beenincorporated in general-purpose nu-
merical libraries such asthe NAG, IMSL, and Numerical Recipes collections,and in
problem-solving ervironments such as MATLAB, Maple, and Mathematica. These
developmerts have been so successfulthat the computation of matrix eigervalues
long ago becamea \black box" operation for virtually every scientist, with nobody
but a few specialists knowing the details of how it is done. A curious related story
is that EISPACK's relative LINPACK for solving linear systemsof equationstook
on an unexpectedfunction: it becamethe original basisfor the benchmarks that all
computer manufacturers run to test the speed of their computers. If a supercom-
puter is lucky enoughto make the TOP500 list, updated twice a year since 1993, it
is becauseof its prowessin solving certain matrix problems Ax = b of dimensions
ranging from 100into the millions.

The eigervalue decomposition is familiar to all mathematicians, but the dewvel-
opment of numerical linear algebra has also brought its younger cousin onto the
scene: the singular value decomposition (SVD). The SVD was discovered by Bel-
trami, Jord an, and Syl vester in the late nineteerth certury, and made famous



by Golub and other numerical analysts beginning in around 1965.If Aisanm n
matrix with m n, an SVD of A is a factorization

A=U V,;

where U is m n with orthonormal columns, V is n n and unitary, and is
diagonal with diagonal entries 3 2 n 0. One could compute the
SVD by relating it to the eigervalue problemsfor AA and A A, but this proves
numerically unstable; a better approacd is to use a variant of the QR algorithm
that doesnot squareA. Computing the SVD is the standard route to determining
the norm kAk = 1 (here k k is the Hilber t-space or \2" norm), the norm of
the inversekA 'k = 1= , in the casewhere A is squareand nonsingular, or their
product, known asthe condition numker,

(A) = KAKKA k= 1= :

It is alsoa step in an extraordinary variety of further computational problemsin-
cluding rank-de cient least-squarescomputation of rangesand nullspaces,determi-
nation of ranks, \total least-squares,"low-rank approximation, and determination
of anglesbetween subspaces.

All the discussionabove concerns\classical" numerical linear algebra, born in
the period 1950{75. The ensuing quarter-certury brought in a whole new set of
tools: methods for large-scaleproblems basedon Krylov subspce iterations. The
idea of these iterations is as follows. Suppose a linear algebra problem is given
that involves a matrix of large dimension, say n 1000. The solution may be
characterized as the vector x 2 R" that satis es a certain variational property
such as minimizing 3xTAx  xTb (for solving Ax = bif A is symmetric positive
de nite) or being a stationary point of (xT Ax)=(x"x) (for solving Ax = x if A
is symmetric). Now if Ky is a k-dimensional subspaceof R" with k  n, then it
may be possibleto solve the samevariational problem much more quickly in that
subspace.The magical choice of Ky is a Krylov subsmce

for an initial vector g. For reasonsthat have fascinating connectionswith approxi-
mation theory, solutions in thesesubspace®ften convergevery rapidly to the exact
solution in R" ask increasesi|f the eigernvaluesof A are favorably distributed. For
example, it is often possibleto solve a matrix problem involving 10° unknowns to
10-digit precisionin just a few hundred iterations. The speedupas comparedwith
the classicalalgorithms may be a factor of thousands.

Krylov subspaceiterations originated with the conjugate gradient and Lanczos
iterations publishedin 1952,but in thoseyearscomputerswerenot powerful enough
to solve problems of a large enoughscalefor the methods to be competitiv e. They
took o in the 1970swith the work of Reid and Paige and especially van der Vorst
and Meijerink, who made famousthe idea of preconditioning. In preconditioning a
systemAx = b, onereplacesit by a mathematically equivalent systemsud as

MAXx = Mb



for somenonsingular matrix M. If M is well chosen,the new problem involving
M A may have favorably distributed eigervalues and a Krylov subspaceiteration
may solve it quickly.

Sincethe 1970s,preconditioned matrix iterations have emergedasan indispens-
able tool of computational science.As one indication of their prominence we may
note that in 2001, Thomson ISI announcedthat the most heavily cited article in
all of mathematics in the 1990swas the 1989 paper by van der Vorst intro ducing
Bi-CGStab, a generalization of conjugate gradients for nonsymmetric matrices.

Finally, we must mention the biggest unsolved problem in numerical analysis.
Can an arbitrary n  n matrix A beinverted in O(n ) operations for every > 2?
(The problems of solving a system Ax = b or computing a matrix product AB
are equivalert.) Gaussian elimination has = 3, and the exponent shrinks as
far as 2:376 for certain recursive (though impractical) algorithms published by
Coppersmith and Winograd in 1990. Is there a \fast matrix inverse" in store for
us?

5 Numerical Solution of Dieren tial Equations

Long before much attention was paid to linear algebra, mathematicians developed
numerical methods to solve problems of analysis. The problem of numerical inte-
gration or quadmature goesbad to Gaussand Newton , and evento Ar chimedes.
The classic quadrature formulas are derived from the idea of interpolating data
at n+ 1 points by a polynomial of degreen, then integrating the polynomial ex-
actly. Equally spacedinterpolation points give the Newton{Cotes formulas, which
are useful for small degreesbut diverge at a rate as high as2" asn! 1 : the
Runge phenomenon If the points are chosenoptimally, then the result is Gauss
quadmrature, which convergesrapidly and is numerically stable. It turns out that
these optimal points are roots of Legendre pol ynomials , which are clustered
near the endpoints. Equally good for most purposesis Clenshaw{Curtis quadra-
ture, wherethe interpolation points becomecogj =n), 0 j n. This quadrature
method is also stable and rapidly corvergert, and unlike Gaussquadrature can be
executedin O(nlogn) operations by the fast Fourier transform. The explanation
of why clustered points are necessaryfor e ectiv e quadrature rules is related to the
subject of potential theory.

Around 1850another problem of analysis beganto get attention: the solution
of ODEs. The Adams formulas are basedon polynomial interpolation in equally
spacedpoints, which in practice typically number fewer than 10. These were the
rst of what are now called multistep methads for the numerical solution of ODEs.
The idea here is that for an initial value problem u®= f (t; u) with independert
variable t > 0, we pick a small time step t > 0 and considera nite set of time
values

th=nt n O
Wethen replacethe ODE by an algebraicapproximation that enablesusto calculate
a successiorof approximate values

v oou(ty); no O

10



(The superscript hereis just a superscript, not a power.) The simplest suc ap-
proximate formula, going badk to Euler , is

vt = v ot (g V");
or, using the abbreviation f " = f (t,; V"),
VARSIE VLIRS | 5

Both the ODE itself and its numerical approximation may involve one equation or
many, in which caseu(t; x) and v" becomevectors of an appropriate dimension.
The Adams formulas are higher-order generalizationsof Euler's formula that are
much more e cien t at generatingaccurate solutions. For example, the fourth-order
Adams{Bashforth formula is

vith = v+ L t(B5f" 59N T+ 37" 2 of M d):

The term \fourth-order" re ects a new elemert in the numerical treatment of prob-
lems of analysis: the appearanceof questionsof corvergenceas t! 0. The for-
mula above is of fourth order in the sensethat it will normally corverge at the
rate O(( t)*). The orders employed in practice are most often in the range 3{6,
enabling excellent accuracy for all kinds of computations, typically in the range
of 3{10 digits, and higher-order formulas are occasionally used when still more
accuracyis needed.

Most unfortunately, the habit in the numerical analysis literature is to speak
not of the convergene of these magni cently e cien t methods, but of their error,
or more preciselytheir discretization or truncation error asdistinct from rounding
error. This ubiquitous language of error analysis is dismal in tone, but seems
ineradicable.

At the turn of the twertieth certury, the secondgreat classof ODE algorithms
known as Runge{Kutta or one-step methads was deweloped by Runge, Heun, and
Kutta. For example,hereare the formulas of the famousfourth-order Runge{Kutta
method, which advancea numerical solution (again scalaror system)from time step
th to th+1 with the aid of four evaluations of the function f:

a= tf (th;v");

b= tf(tn+ 3 v+

c= ti(th+ 3 v+

d= tf (th+ t;Vv"+0);
v = v+ L(a+ 20+ 2c+ d):

a);
b);

1
2
1
2

Runge{Kutta methods tend to be easierto implement but sometimesharder to
analyze than multistep formulas. For example, for any s, it is a trivial matter
to derive the coe cien ts of the s-step Adams{Bashforth formula, which has order
of accuracy p = s. For Runge{Kutta methods, by cortrast, there is no simple
relationship betweenthe number of \stages" (i.e., function evaluations per step)
and the attainable order of accuracy The classicalmethods with s = 1;2; 3; 4 were

11



known to Kutta in 1901and have order p = s, but it wasnot until 1963that it was
proved that s = 6 stagesare required to achieve order p = 5. The analysis of such
problemsinvolvesbeautiful mathematics from graph theory and other areas,and a
key gure in this areasincethe 1960shasbeenJohn Butcher. For ordersp = 6;7;8
the minimal numbersof stagesares = 7;9; 11, while for p > 8 exact minima are not
known. Fortunately, these higher orders are rarely neededfor practical purposes.

When computers beganto be usedto solve di erential equations after World
War 11, a phenomenonof the greatest practical importance appeared: once again,
numerical instability . As before, this phraserefersto the unbounded ampli cation
of local errors by a computational process,but now the dominant local errors are
usually those of discretization rather than rounding. Instabilit y typically manifests
itself as an oscillatory error in the computed solution that blows up exponertially
as more numerical stepsare taken. One mathematician concernedwith this e ect
was Germund Dahlquist. Dahlquist sav that the phenomenoncould be analyzed
with great power and generality, and some people regard the appearance of his
1956 paper as one of the events marking the birth of modern numerical analysis.
This landmark paper introduced what might be called the fundamental theorem of
numerical analysis:

consistency+ stability = cornvergence

The theory is basedon precisede nitions of thesethree notions along the following
lines. Consistency is the property that the discrete formula haslocally positive or-
der of accuracyand thus modelsthe right ODE. Stability is the property that errors
introduced at onetime step cannot grow unboundedly at later times. Convemgene
is the property that as t! O, in the absenceof rounding errors, the numerical
solution corvergesto the correct result. Before Dahlquist's paper, the idea of an
equivalence of stability and corvergencewas perhapsin the air in the sensethat
practitioners realized that if a numerical scheme was not unstable, then it would
probably give a good approximation to the right answer. His theory gave rigorous
form to that idea for a wide classof numerical methods.

As computer methods for ODEs were being deweloped, the samewas happening
for the much bigger subject of PDEs. Discrete numerical methods for solving PDEs
had beeninvented around 1910 by Richardson for applications in stress analysis
and meteorology and further deweloped by Southwell; in 1928 there was also a
theoretical paper on nite-di erence methods by Courant , Friedrichs, and Lewy.
But although the Courant{F riedrichs{Lewy work later becamefamous, the impact
of these ideas before computers came along was limited. After that point the
subject developed quickly. Particularly in uential in the early yearswerethe group
of researders around von Neumann at the Los Alamos laboratory, including the
young Peter Lax.

Just as for ODEs, von Neumann and his colleaguesdiscovered that some nu-
merical methods for PDEs were subject to catastrophic instabilities. For example,
to solve the linear wave equation u; = ux numerically we may pick spaceand time
steps x and t for aregular grid,

Xi=] X th=n1t j;n 0
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and replacethe PDE by algebraic formulas that compute a successiorof approxi-
mate values:

vl ou(tex); jin O

A well-known discretization for this purposeis the Lax{Wendro formula:

an+1 =V (o VD3 AV 2+ )
where = t= X, which can be generalizedto nonlinear systemsof hyperbolic
consenation laws in one dimension. For u; = uy, if is held xed at a value less
than or equalto 1, the method will corvergeto the correct solution as x; t'!
0 (ignoring rounding errors). If is greater than 1, on the other hand, it will
explode. Von Neumann and others realized that the presenceor absenceof suc
instabilities could be tested, at least for linear constart-coe cient problems, by
discrete Fourier anal ysis in x: \v.on Neumann analysis." Experienceindicated
that, asa practical matter, a method would succeedf it wasnot unstable. A theory
soon appeared that gave rigor to this obsenation: the Lax equivalene theorem,
published by Lax and Richtmyer in 1956, the same year as Dahlquist's paper.
Many details weredi erent|this theory wasrestricted to linear equationswhereas
Dahlquist's theory for ODEs also applied to nonlinear ones|but broadly speaking
the newresult followedthe samepattern of equating corvergenceto consistencyplus
stability. Mathematically, the key point was the uniform boundednessprinciple.

In the half-certury since von Neumann died, the Lax{W endro formula and
its relatives have grown into a breathtakingly powerful subject known as compu-
tational uid dynamics. Early treatments of linear and nonlinear equationsin one
spacedimension scon moved to two dimensionsand evertually to three. It is now
a routine matter to solve problemsinvolving millions of variables on computational
grids with hundreds of points in ead of three directions. The equationsare linear
or nonlinear; the grids are uniform or nonuniform, often adaptively re ned to give
special attention to boundary layers and other fast-changing features;the applica-
tions are everywhere. Numerical methods were used rst to model airfoils, then
whole wings, then whole aircraft. Engineersstill use wind tunnels, but they rely
more on computations.

Many of these successefave beenfacilitated by another numerical technology
for solving PDEs that emergedin the 1960sfrom diverseroots in engineeringand
mathematics: nite elemers. Instead of approximating a di erential operator by a
di erence quotient, nite-element methods approximate the solution itself by func-
tions f that can be broken up into simple pieces. For instance, one might partition
the domain of f into elemenary setssuch astriangles or tetrahedra and insist that
the restriction of f to ead pieceis a polynomial of small degree. The solution is
obtained by solving a variational form of the PDE within the corresponding nite-
dimensional subspace,and there is often a guarantee that the computed solution
is optimal within that subspace. Finite-element methods have taken advantage
of tools of functional analysisto dewvelop to a very mature state. These methods
are known for their exibilit y in handling complicated geometries,and in partic-
ular they are ertirely dominant in applications in structural mechanics and civil
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engineering. The number of books and articles that have been published about
nite-element methods is in excessof 10000.

In the vast and mature eld of numerical solution of PDEs, what aspect of the
current state of the art would most surprise Richardsonor Courant, Friedrichs and
Lewy? | think it is the universal dependenceon exotic algorithms of linear alge-
bra. The solution of a large-scalePDE problem in three dimensionsmay require a
systemof a million equationsto be solved at ead time step. This may be achieved
by a GMRES matrix iteration that utilizes a nite-di erence preconditioner im-
plemerted by a Bi-CGStab iteration relying on another multigrid preconditioner.
Sud stading of tools was surely not imagined by the early computer pioneers. The
needfor it ultimately tracesto numerical instabilit y, for asCrank and Nicolson rst
noted in 1947, the crucial tool for combating instabilit y is the use of implicit for-
mulas, which couple together unknowns at the new time step th+1, and it is in
implemenrting this coupling that solutions of systemsof equations are required.

Here are someexamplesillustrating the successfuteliance of today's scienceand
engineeringon the numerical solution of PDEs: chemistry (Schredinger equation);
structural medanics(equationsof elasticity); weather prediction (geostrophicequa-
tions); turbine design (Navier{Stok es equations); acoustics (Helmholtz equation);
telecomnunications (Maxwell equations); cosmology(Einstein equations); oil dis-
covery (migration equations); groundwater remediation (Darcy's law); integrated
circuit design (drift di usion equations); tsunami modelling (shallow-water equa-
tions); optical b ers (nonlinear wave equations); image enhancemeh (Perona{
Malik equation); metallurgy (Cahn{Hilliard equation); pricing nancial options
(Black{Scholes equation).

6 Numerical Optimization

The third great branch of numerical analysisis optimization, that is, the minimiza-
tion of functions of seweral variables and the closely related problem of solution of
nonlinear systemsof equations. The dewelopmen of optimization has beensome-
what independert of that of the rest of numerical analysis, carried forward in part
by a community of scholars with closelinks to operations researdt and economics.

Calculus students learn that a smooth function may achieve an extremum at a
point of zero derivative, or at a boundary. The sametwo possibilities characterize
the two big strands of the eld of optimization. At one end there are problems of
nding interior zerosand minima of unconstrained nonlinear functions by methods
related to multiv ariate calculus. At the other are problems of linear programming,
wherethe function to be minimized is linear and therefore easyto understand, and
all the challengeis in the boundary constraints.

Unconstrained nonlinear optimization is an old subject. Newton introducedthe
idea of approximating functions by the rst few terms of what we now call their
Taylor series;indeed, Arnol'd has argued that Taylor serieswere Newton's \main
mathematical discovery." To nd a zerox of a function F of a real variable X,
everyone knows the idea of Newtoris methad: at the kth step, given an estimate
x®)  x , usethe derivative F{x()) to de ne a linear approximation from which
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to derive a better estimate x(k*1) :

Newton (1669) and Raphson (1690) applied this idea to polynomials, and Simpson
(1740) generalizedit to other functions F and to systemsof two equations. In
today's language,for a system of n equationsin n unknowns, we regard F as an
n-vector whosederivative at a point x¥) 2 R" isthe n n Jacobian matrix with
ertries

@i

Jij(x("))=@(x(")); 1 0j
J

This matrix de nes a linear approximation to F(x) that is accurate for x =~ x(.
Newton's method then takesthe matrix form

xk* D) = x &) (3 (x®)) Fx®);

which in practice meansthat to get x**1) from x(K), we solve a linear system of
equations:
J(xMN(x®H ) x My = (xK)y:

As long asJ is Lipschitz cortinuous and nonsingular at x and the initial guessis
good enough, the corvergenceof this iteration is quadratic:

kx*D x k= O(kx™  x K?): 1)

Students often think it might be a good idea to dewvelop formulas to enhancethe
exponert in this estimateto 3 or 4. Howe\er, this is an illusion. Taking two stepsat
atime of a quadratically convergert algorithm yields a quartically converger one|
sothe di erence in e ciency betweenquadratic and quartic is at best a constart
factor. The samegoesif the exponert 2, 3, or 4 is replacedby any other number
greaterthan 1. The true distinction is betweenall of thesealgorithms that corverge
superlinearly, of which Newton's method is the prototype, and those that corverge
linearly or geometrically, where the exponert is just 1.

From the point of view of multiv ariate calculus, it is a small step from solving
a system of equationsto minimizing a scalar function f of a variable x 2 R": to
nd a (local) minimum, we seeka zero of the gradient g(x) = r f (x), an n-vector.
The derivative of g is the Jacobian matrix known asthe Hessian of f , with ertries

@f .
gy = @ (k)Y : .
Hij (x*) @i@j(x ) S M T o
and one may utilize it just as beforein a Newton iteration to nd a zero of g(x),
the new feature being that a Hessianis always symmetric.

Though the Newton formulas for minimization and nding zeroswere already
established,the arrival of computerscreateda new eld of numerical optimization.
One of the obstaclesquickly encourtered was that Newton's method often fails if
the initial guessis not good. This problem has been comprehensiely addressed
both practically and theoretically by the algorithmic technologiesknown as line
sarchesand trust regions.
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For problems with more than a few variables, it also quickly becameclear that
the cost of evaluating Jacobians or Hessiansat every step could be exorbitant.
Faster methods were neededthat might make use of inexact Jacobiansor Hessians
and/or inexact solutions of the assaiated linear equations, while still achieving
superlinear convergence. An early breakthrough of this kind was the discovery of
guasi-Newtonmethads in the 1960sby Broyden, Davidon, Fletcher, and Powell, in
which partial information is usedto generate steadily improving estimates of the
true Jacobianor Hessianor its matrix factors. An illustration of the urgency of this
subject at the time is the fact that in 1970the optimal rank-two symmetric positive-
de nite quasi-Newton updating formula was published independertly by no fewer
than four di erent authors, namely Broyden, Fletcher, Goldfarb, and Shanno;their
discovery has beenknown ever since as the BFGS formula. In subsequeh years,
asthe scaleof tractable problems hasincreasedexponertially, new ideashave also
becomeimportant, including automatic di er entiation, a technology that enables
derivatives of computed functions to be determined automatically: the computer
program itself is \di eren tiated" sothat aswell asproducing numerical outputs, it
also producestheir derivatives. The idea of automatic di erentiation is an old one,
but for various reasons,partly related to advancesin sparselinear algebra and to
the dewvelopmert of \reversemode” formulations, it did not becomefully practical
until the work of Bischof, Carle, and Griewank in the 1990s.

Unconstrained optimization problemsare relatively easy but they are not typi-
cal; the true depth of this eld is revealedby the methods that have beendeveloped
for dealingwith constraints. Supposeafunctionf : R" ! R isto be minimized sub-
ject to certain equality constraints ¢j(x) = 0 and inequality constraints dj(x) O,
wheref ¢; g and f d;j g are also functions from R" to R. Eventhe problem of stating
local optimality conditions for solutions to sud problems is nontrivial, a matter
involving Lagrange multipliers and a distinction between active and inactive
constraints. This problem was solved by what are now known as the KKT con-
ditions, introduced by Kuhn and Tucker in 1951 and also 12 years earlier, it was
subsequetly realized, by Karush. Developmert of algorithms for constrained non-
linear optimization continuesto be an active researd topic today.

The problem of constraints brings us to the other strand of numerical opti-
mization, linear programming. This subject was born in the 1930sand 1940swith
Kantorovich in the Soviet Union and Dantzig in the United States. As an outgrowth
of his work for the U.S. Air Forcein the war, Dantzig invernted the famoussimplex
algorithm  for solving linear programsin 1947. A linear program is nothing more
than a problem of minimizing a linear function of n variables subject to m linear
equality and/or inequality constraints. How can this be a challenge? One answer is
that m and n may be large. Large-scaleproblems may arise through discretization
of continuous problems and also in their own right. A famous early example was
Leortiev's theory of input{output modelsin economics,which won him the Nobel
Prize in 1973. Evenin the 1970s,the Soviet Union usedan input{output computer
model involving thousands of variables as a tool for planning the econony.

The simplex algorithm made medium- and large-scaldinear programming prob-
lems tractable. Sudh a problem is de ned by its objective function, the function

16



f (x) to be minimized, and its feasibleregion, the set of vectorsx 2 R" that satisfy
all the constraints. For a linear program the feasible region is a polyhedron, a
closeddomain bounded by hyperplanes,and the optimal value of f is guaranteed
to be attained at one of the vertex points. (A point is called a vertex if it is the
unique solution of somesubsetof the equationsthat de ne the constraints.) The
simplex algorithm proceedsby moving systematically downhill from one vertex to
another until an optimal point is reached. All of the iterates lie on the boundary
of the feasibleregion.

In 1984, an upheaval occurred in this eld, triggered by Narendra Karmarkar
at AT&T Bell Laboratories. Karmarkar shoved that one could sometimesdo much
better than the simplex algorithm by working in the interior of the feasibleregion
instead. Once a connectionwas shovn betweenKarmarkar's method and the loga-
rithmic barrier methods popularized by Fiacco and McCormick in the 1960s,new
interior methods for linear programming were devisedby applying techniques pre-
viously viewed as suitable only for nonlinear problems. The crucial idea of working
in tandem with a pair of primal and dual problemsled to today's powerful primal-
dual methods, which can solve cortin uous optimization problems with millions of
variables and constraints. Starting with Karmarkar's work, not only hasthe eld
of linear programming changed completely, but the linear and nonlinear sides of
optimization are seentoday as closelyrelated rather than essetially dierent.

7 The Future

Numerical analysissprangfrom mathematics; then it spavnedthe eld of computer
science. When universities beganto found computer sciencedepartmerts in the
1960s,numerical analysts were often in the lead. Now, two generationslater, most
of them are to be found in mathematics departments. What happened? A part of
the answer is that numerical analysts deal with contin uous mathematical problems,
whereascomputer scientists prefer discrete ones,and it is remarkable how wide a
gap this can be.

Nevertheless,the computer scienceside of numerical analysisis of crucial im-
portance, and | would like to end with a prediction that emphasizeshis aspect of
the subject. Traditionally one might think of a numerical algorithm as a cut-and-
dried procedure,aloop of somekind to be executeduntil awell-de ned termination
criterion is satis ed. For somecomputations this picture is accurate. On the other
hand, beginning with the work of de Boor, Lyness, Rice and others in the 1960s,
a lessdeterministic kind of numerical computing beganto appear: adaptive algo-
rithms. In an adaptive quadrature program of the simplest kind, two estimates of
the integral are calculated on ead portion of a certain mesh and then compared
to produce an estimate of the local error. Basedon this estimate, the mesh may
then be re ned locally to improve the accuracy This processis carried out it-
eratively until a nal answer is obtained that aims to be accurate to a tolerance
speci ed in advanceby the user. Most such computations comewith no guarantee
of accuracy but an exciting ongoing developmert is the advance of more sophisti-
cated techniquesof a posteriori error control that sometimesdo provide guarantees.
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When combined with techniques of interval arithmetic, there is even the prospect
of accuracy guaranteed with respect to rounding as well as discretization error.

First, computer programs for quadrature becameadaptive; then programs for
ODEs. For PDEs, the move to adaptive programs is happening on a longer
timescale. More recertly there have been related developmerts in the computa-
tion of Fourier transforms, optimization, and large-scalenumerical linear algebra,
and someof the new algorithms adapt to the computer architecture aswell asthe
mathematical problem. In a world where se\eral algorithms are known for solving
every problem, we increasingly nd that the most robust computer program will
be onethat hasdiversecapabilities at its disposal and deploys them adaptively on
the y. In other words, numerical computation is increasingly embeddedin intelli-
gert corntrol loops. | believe this processwill corntinue, just as has happenedin so
many other areasof technology, removing sciertists further from the details of their
computations but o ering steadily growing power in exchange. | expect that most
of the numerical computer programs of 2050will be 99% intelligent \wrapp er" and
just 1% actual \algorithm," if sud a distinction makes sense.Hardly anyone will
know how they work, but they will be extraordinarily powerful and reliable, and
will often deliver results of guaranteed accuracy

This story will have a mathematical corollary. One of the fundamental dis-
tinctions in mathematics is between linear problems, which can be solved in one
step, and nonlinear ones, which usually require iteration. A related distinction
is between forward problems (one step) and inverse problems (iteration). As nu-
merical algorithms are increasingly embeddedin intelligent control loops, almost
every problem will be handled by iteration, regardlessof its philosophical status.
Problems of algebrawill be solved by methods of analysis; and betweenlinear and
nonlinear, or forward and inverse,the distinctions will fade.

App endix: Some Ma jor Numerical Algorithms

The list in Table 1 attempts to identify someof the most signi cant algorithmic (as
opposedto theoretical) developmerts in the history of numerical analysis. In eadh
casesomeof the key early gures are cited, more or lesschronologically, and a key
early date is given. Of course,any brief sketch of history like this must be an over-
simpli cation. Distressing omissionsof namesoccur throughout the list, including
many early contributors in elds sud as nite elemeris, preconditioning, and au-
tomatic di erentiation, aswell as more than half of the authors of the EISPACK,
LINPACK, and LAPACK libraries. The datestoo are somewhatarbitrary; the fast
Fourier transform is listed as 1965, for example, sincethat is the year of the paper
that brought it to the world's attention, though Gauss made the samediscovery
160 yearsearlier. Nor should one imagine that the yearsfrom 1991to the presen
have beena blank! No doubt in the future we shall identify developmerts from this
period that desene a placein the table.

18



Table 1: Somealgorithmic developmerts in the history of numerical analysis.

Year Developmernt Key early gures
263 Gaussianelimination Liu, Lagrange, Gauss,Jacobi
1671 Newton's method Newton, Raphson, Simpson
1795 Least-squarestting Gauss,Legendre
1814 Gaussquadrature Gauss,Jacobi, Christo el, Stieltjes
1855 Adams ODE formulas Euler, Adams, Bashforth
1895 Runge{Kutta ODE formulas Runge, Heun, Kutta
1910 Finite dierences for PDE Richardson, Southwell, Courant, von Neumann, Lax
1936 Floating-point arithmetic Torresy Quewedo, Zuse, Turing
1943 Finite elemerns for PDE Courant, Feng, Argyris, Clough
1946 Splines Sdcoerberg, de Casteljau, Bezier, de Boor
1947 Monte Carlo simulation Ulam, von Neumann, Metrop olis
1947 Simplex algorithm Kantorovich, Dantzig
1952 Lanczosand CG iterations Lanczos,Hestenes,Stiefel
1952 Sti ODE solvers Curtiss, Hirschfelder, Dahlquist, Gear
1954 Fortran Backus
1958 Orthogonal linear algebra Aitk en, Givens, Householder,Wilkinson, Golub
1959 Quasi-Newton iterations Davidon, Fletcher, Powell, Broyden
1961 QR algorithm for eigervalues Rutishauser, Kublanovskaya, Francis, Wilkinson
1965 Fast Fourier transform Gauss, Cooley, Tukey, Sande
1971 Spectral methods for PDE Chebyshev, Lanczos, Clenshaw, Orszag, Gottlieb
1971 Radial basisfunctions Hardy, Askey, Duchon, Micchelli
1973 Multigrid iterations Fedorenlo, Bakhvalov, Brandt, Hackbusch

1976 EISPACK, LINPACK, LAPACK Moler, Stewart, Smith, Dongarra, Demmel, Bai
1976 Nonsymmetric Krylov iterations  Vinsome, Saad, van der Vorst, Sorensen
1977 Preconditioned matrix iterations van der Vorst, Meijerink

1977 MATLAB Moler

1977 |EEE arithmetic Kahan

1982 Wavelets Morlet, Grossmann,Meyer, Daubedies
1984 interior-p oint methods Fiacco, McCormick, Karmarkar, Megiddo
1987 Fast multip ole method Rokhlin, Greengard

1991 Automatic di erentiation Iri, Bischof, Carle, Griewank
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