' Basic Theorems_about Predicate Transformers

M is the set of all possibiéslmachihe states, assumed
countable. Small letters from the begining of the alphabet will
be used to represent subsets of M { a,be2M ) and small letters from
the middle of the alphabet to represent individual machine states
'('m,neM ). '

Definition

For some family of sets F we define
‘ IIF = ¢ if P = ¢
n {f | feF} - otherwise

1

Definition

A function S : oMyof s a predicate transformer. S is
multiplicative if and only if = -
S(H{b;] ier}) = I{S(b,) | iel}

whebe bieQM yiel', an arbitrary index set.

- In all that follows, S is a multiplicative predicate transformer.

Theorem 1 (Strictness)

I

S(9)
Proof
S(¢) = S(H{bil ieop 1) def of 0
= M{s(b,) | ie¢} multiplicative
= ¢ " def of I
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Theorem 2 Cﬂéﬁofoniéify)b

acb ¢ s(a) ¢ 8(b)

Proof
ach ® a = anb
% s(a) = s(anb)
¢ S(a) = SCa) n S(b)
& S(a) ¢ S(b)
Definition
RIS
gt: M»2" is given:by . .
s'(m) = 1 {b | meS(p) }

Lemma 1.

(3b. meS() ) » m e S(S'(m)

Proof

il

S(n (b | mesSbY B
1 { S(p) ] meS(b) }
n { 5(b) | meS(b) 1}

S(S'(m))

Nn{ a | mea }

Clearly m ¢ N{ a | mea }, so m e S(S'(m)).

v

Theorem.3
meS(b) # S'(mleb A St{m)#¢

Proof =
(1) meS(b) = meS(S'(m))
= $(S'(m)) # ¢
= S'(m) # ¢
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oy ” '1ef”néS?(ﬁi”

enella| meS(a) } ~ def of ST
emnen{al msSa) ) [ a| meSCa) } + ¢
¢ ya ( meS(a) = nea )} props of N
= ( meS(b) = neb ) . props of y
= heb ' ' . meS(b)
LH yn (neS'(m) = neb )
$'(m). ¢ b _ o o  . def of ¢
Proof <« _

S'(m) # ¢ = I{ b | meS(b) } # ¢ def of S!
= { b | meS(b) } # ¢ | def of T
> 3b, meS(b) - |

, L = meS(ST(m)) . : - : Lemma 1

S'(m) ¢ b = S(S'(m)} ¢ S(b) S . monotonicity

oM o€

S(b) -

Corollary
meS{S'{(m)) = St(m)#¢ .
Proof
Put b = S'(m) in Theorem.
Now meS{St(m)) ¢ S'(m)ecS'(m) A S'{(m)#$
' meS(8t(m)) ¢ S'{m)#
Definitions

Define a relation p ¢ MxM corresponding to 8
.  p={ (m,n) | neS'(m) }
Define the binary operators a, e: EZMXM xZM] > ZM
pab={meM| 3n. (m,ndep A neb }
= { meM | In. neS'(m) A neb }
= { meM | S'(m)nb # ¢ }

and
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T

p g€ b=~(p a~b | ;
= {meM | S'(m) n ~b = ¢ }
= {meM | $'(m) ¢ b}

Theorem Y

S(b) (p a2 blda(p e b)

Proof )
(p a bdn(p & b)

{ meM | S'"Gn)nb # ¢ A S'(mlchb }
{ meM | meS(b) } Theorem 3
s(b) :

'Definition

S is . continucus if, given an. ascending chain of bieZM

(ive., 'yieN, b, ¢ b, 4)
S( Ub,) ¢ U S(b.)
ieN * ieN 7

Thebrem 5

If S is continuous, S'(m) is a finite set ymeM.

Proof
Either (i) | Ab. meS(bj
or (11 ib. meS(b)

CIf (i), S'(m) = ¢ by definition

S'{m) is finite

If (i1), let b, be an ascending chain of finite sets such that

Ub., = b
. ) 1
el
(This can be done because M countable = b countable.)
Then meS8(b) # meS{ VU bi)

1eN
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-5 -

iel
# JieN, meS(bi) def of U
= JielN. S'(m)_r;,b:.L Theorem 3

but b, is finite, so S'(m) is also finite.

Theorem 6
If S'(m) is finite ymeM, then S is continuous.

Proof
meS( Y bi) = S'{(m) ¢ V bi A SV {m)#¢ Theorem 3
el ieN

= JieN. (S'Um)cbhb,) A S'{m)#¢ St({m) finite
and b, is an ascending chain
= S(S'(m))gS(bi) A S'(m)#¢ monotonicity
= S(S'(m))gs(bi) A meS(S!'(m)) Corollary
to Theorem 3

= meS(bi)
= me U S(b;) props of U

Since this holds ymeM, del
S( u bi) e U S(bi)
ieN iei

So S is continuous,
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