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—--A-fragment.of.graph-theory(C:A.R+Hoare) -

We define a graph as a quadruple (E, V, source, target), where F is the
set of its edges, V is the set of its vertices, and source and target arve total
functions from £ to V which identify the ends connected by each edge. An
n-graph is one with n vertices: it is complete if it contains at least one edge
between each of the n (n—1)/2 distinct pairs of vertices. A complete 3-graph
is called a triangle, and a complete 4-graph is a tetrahedron.
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One graph is a subgraph of another if it consists of a subset of the edges
and vertices, with the corresponding restrictions of the source and target
functions. A subgraph is called a clique if it is a subgraph of a complete
subgraph; i.e. the parent graph has enough edges to connect every pair of its
Vertices.,(,So every subgraph of a clique is a clique; and a subgraph with the
same vertices as a clique is a clique. '

A nearly complete 7i-graph is one in which all but one of the pairs of dis-
tinct vertices are connected by an edge; an example is the nearly complete

tetrahedron:

A graph is said to be nearly linear if every subgraph which is a nearly com-
plete tetrahedron is a clique; in other words, the missing diagonal can be
found in the parent graph,; In the remainder of this note, we shall deal with
a fixed but unnamed near}%r linear graph; all other graphs mentioned will be
assumed to be subgraphs/ of it. The fundamental theorem of nearly linear
graphs shows that they decompose into complete subgraphs that share no
edges.
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——Theorem-1--If-A-and-B-are cliques-and-A0:-B-contains-an-edge-then-A B

is also a clique.

Proof If the vertices of one of A and B are a subset of the vertices of the
other, then the union has the same vertices as one of the operands, and is
therefore a clique. Otherwise we need to demonstrate existence of an edge
between an arbitrary vertex selected from (A — B), and one selected from
(B — A). Because A and B are cliques, both the selected vertices are con-
nected by four edges to both ends of the shared edge. The five mentioned .

edges from a near-tetrahedron. Near linearity provides the sixth edge con- k .

necting the arbitrary vertex of (A — B) with the arbitrary vertex of (B—A).  { wwetv¥ |
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A path of length n is defined in the usual way as a set of n + 1 vertices \\, 4

organised as a sequence, with an edge between each adjacent pair. Two paths
may be concatenated (by ) if the last vertex of the first path is the same
as the first vertex of the other. Let e be an edge, and let p be a path whose
ends are the source and target of e. If pU {e} is a clique, then p is said to be .
a chain on e. The path (e} is defined to consist of e together with its two end [’ﬂh L M

vertices, and it is always a chain on e. The path containing any two sides of = (.. s
a triangle is a chain on the third side. Chains can be arbitrarily shortened. l
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If p"¢"r is a chain on e, then the clique property ensures the existence of an

edge f such that p*{f)"r is also a chain on e. In a nearly linear graph, chains \‘Lﬂﬁ’fﬂ“ﬁtﬁ

can be combined in various interesting ways, as described by the theorems

that follow. \ &9 E\
UW‘LL Yiry)

Theorem 2. (Chain insertion) If p is a chain on e and ¢"(e)"r is a chain d”",

on f, then ¢*pr is also a chain on f. L -
[ ALAAA (A

Proof By construction, p shares with ¢"{(e)*r the edge e. By Theorem

1, the union of all the vertices of p, ¢, r form a clique, containing all the €. !'ti)g,({”\ﬁ-f

vertices of ¢*(e)}*r. So ¢"p*r is a clique. It has the same endpoints as f, and H«\

so satisfies the definition. g Wt e
le\{&'ywﬁ o

Theorem 3. (Chain crossover) If p*q and r"s are both chains on e, then

; velir
so is pM{f)"s for some edge f. e Pfﬂv

Proof By definition of a chain, the two cliques containing the paths p’g S \)OL wy

and r*s share the edge e. Their union is therefore a clique, and existence of [ "
the required edge f is assured, g Whkek Witay
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~——All-definitions-and-theorems-given so far-apply equally to directed and
undirected graphs. Considerations of direction permit finer distinctions to
be made; in particular we can find graphs for which certain kinds of near
tetrahedra are cliques, but others are not. We will concentrate attention
primarily on acyclically directed subgraphs. There is essentially only one
complete acyclic n-graph, as shown by the following theorem. (E.W.Dijkstra,

private communication)

Theorem 4. In a complete acyclic n-graph, there is a vertex with indegree
i, for each i between 0 and n — 1. Its outdegree is (n ~ i — 1),

Proof Consider the relation L, where 2Ly means that there exists an edge
directed from z to y. By the acyclic condition

~(zLy & yLz) (strictness)
By the definition of completeness
zly V yLbz V z=y (totality)

If there is a directed path from z to y, the acyclic condition rules out two of
the three possibilities listed above

zlw & wly = xLy (tr)é,nsitivity)

L is therefore a finite strict total ordering. The i*! vertex in the ordering is
the target for i — 1 edges from vertices below it, and the source of an edge
to the n — 1 — 1 vertices above it. O

A nearly complete n-graph is obtained by removing just a single edge
from a complete n-graph. In the undirected case, all ways of doing this lead
to the same result. In the acyclically directed case, removal of each of the
n{n — 1)/2 edges leads to a different graph. This is because the source and
target vertices of the missing edge can be identified from their degrees, as
shown by the following theorem.

Theorem 5. A nearly complete acyclic n-graph has n — 2 vertices with de-
gree n— 1, and two with degree n — 2. A complete graph can be oblained by
incrementing the higher of the anomalous outdegrees, and the indegree of the
other anomalous vertex,




Proof Removal of an edge decrements the outdegree of its source (the lower

vertex) and the indegree of its target {the higher vertex). In the original
complete graph, all vertices had degree n — 1, so now two of them have
degree n — 2, O
On removal from a complete acyclic graph of an edge between two vertices
adjacent in the ordering, these two anomalous vertices acquire the same
indegree and the same outdegree. In this case, the missing edge can be
restored in either of the two directions, maybe opposite to the original. In
all other cases, acyclicity determines the direction.

Figure 1 displays and names the six varieties of directed near-tetrahedron.
Their essential distinctness can be checked by counting indegrees and outde-
grees, as shown, A graph is said to have property B2 if any of its subgraphs
matching diagram B2 is a clique, i.e. the graph contains the missing diagonal.
(In this case it may be in either of the two directions, without violation of
acyclicity). Similar definitions can be given for five other properties, based
on the other five diagrams. All six properties are mutually independent, as
shown by the following theorem.

Theorem 6. For each of the siz properties defined by Fig 1, there exists a
graph which violates it, but satisfies all the other five properties.

Proof Consider the graph containing just the five edges of just one of the
diagrams. Absence of the sixth edge causes violation of the corresponding
property. All the other properties are satisfied vacuously, because no diagram
matches any other. W




(1,1).

(0,3).

(0,2).

(1,2)!

(0,2).

(2,1)i4
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B1

C1

v (1)

1 (2,0)

.. (2,1)

- (2,0)

.. (3,0)

. (0,2)

(12, - (LY
(0,2). v x1(3,0)
(0,3). .. (1,1)
(1,1] = . (3,0)
(0,3). - . (2,0)
i
(2,0): - & +(1,2)
Figure 1:
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